Design of Engineering Experiments
Some Basic Statistical Concepts

 Describing sample data
— Random samples
— Sample mean, variance, standard deviation
— Populations versus samples
— Population mean, variance, standard deviation
— Estimating parameters

« Simple comparative experiments
— The hypothesis testing framework

— The two-sample t-test
— Checking assumptions, validity
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Portland Cement Formulation (page 26)

m TABLE 2.1

Tension Bond Strength Data for the Portland
Cement Formulation Experiment

Modified Unmuodified
Mortar Mortar
J Yy Y3
1 16.85 16.62
2 16.40 16.75
3 17.21 17.37
4 16.35 17.12
5 16.52 16.98
6 17.04 16.87
7 16.96 17.34
8 17.15 17.02
9 16.59 17.08
10 16.57 17.27
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Graphical View of the Data
Dot Diagram, Fig. 2.1, pp. 26
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Chapter 2

Dot diagram for the tension bond strength data in Table 2.1
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If you have a large sample, a
histogram may be useful
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m FIGURE 2.2 Histogram for 2(0) observations on metal recovery (yield) from
a smelting process
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Box Plots, Fig. 2.3, pp. 28
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m FIGURE 2.3 Box plots for the Portland cement
tension bond strength experiment
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The Hypothesis Testing Framework

» Statistical hypothesis testing Is a useful
framework for many experimental
situations

 Origins of the methodology date from the
early 1900s

« We will use a procedure known as the two-
sample t-test
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The Hypothesis Testing Framework
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m FIGURE 2.9 The sampling situation for the two-sample 7-test

« Sampling from a normal distribution
« Statistical hypotheses: H, o, =,

A, T #
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Estimation of Parameters

1< . .
y = y. estimates the population mean u

n =1

‘ -

5% =

=212 (yI y)? estimates the variance o~
n-—
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Summary Statistics (pg. 38)

Modified Mortar Unmodified Mortar
“New recipe” “Original recipe”
y, =16.76 y, =11.04
52 =0.100 S; =0.061
S, =0.316 S, =0.248
n, =10 n, =10
Chapter 2 Design & Analysis of Experiments
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How the Two-Sample t-Test Works:
Use the sample means to draw inferences about the population means
y,—-Y,=16.76-17.04 =-0.28

Difference in sample means
Standard deviation of the difference in sample means

2 2 2
(o) o, _ — .
o,=—, ando;_, =—1+-2y andy, independent
1~Y2
n n, )
This suggests a statistic:
Zo — 71 B 72

02 0'2

©1 4, %

nl n2

If the variances were known we could use the normal distribution as the basis of a test
Z, has a N(0,1) distribution if the two population means are equal

Chapter 2 Design & Analysis of Experiments 10
8E 2012 Montgomery



If we knew the two variances how would we use Z,to test H,?

Suppose that ¢, = ¢, = 0.30. Then we can calculate

L _ %Y, _ 028 028 _
R PRI \/0.32 032 0.1342
01,0 n
n n, 10 10

How “unusual” is the value Z, = -2.09 if the two population means are equal?

It turns out that 95% of the area under the standard normal curve (probability)
falls between the values Z, ,,- = 1.96 and - Z 5, = -1.96.

So the value Z, = -2.09 is pretty unusual in that it would happen less that 5%
of the time if the population means were equal
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I Cumulative Standard Normal Distribution’

Standard Normal Table (see appendix)

I Cumulative Standard Normal Distribution (Continued)

o

D7) = ] ™2 gy
(Z) I \('12;

z 0.00 0.01 0.02 0.03 0.04 z

0.0 0.50000 0.50399 0.50798 051197 0.51595 0.0
0.1 0.53083 0.54379 0.54776 0.55172 0.55567 0.1
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.2
0.3 01.61791 0.62172 0.62551 0.62930 0.63307 0.3
0.4 0.65542 0.65910 0.66276 0.66640 0.67003 04
0.5 0.60146 0.69497 0.60847 0.70194 0.70540 0.5
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.6
0.7 0.75803 076115 0.76424 076730 0.77035 0.7
0.8 0.78814 0.79103 0.79389 0.79673 0.79954 0.8
0.9 0.81594 0.81859 0.82121 0.82381 0.82639 09
1.0 0.84134 0.84375 0.84613 0.84840 (0.85083 1.0
1.1 0.86433 0.86650 0.86864 087076 (0.87285 1.1
1.2 (1.884093 0.88686 0.88877 0.89065 0.89251] 1.2
1.3 0.90320 0.90490 0.90658 090824 0.90088 13
1.4 0.91924 0.92073 0.92219 092364 0.92506 14
1.5 0.93319 0.93448 0.93574 0.93690 0.93822 1.5
1.6 0.94520 0.94630 094738 004845 (0.94950 1.6
1.7 0.95543 0.95637 0.95728 005818 0.95007 1.7
1.8 0.96407 0.96485 0.96562 096637 096711 18
1.9 097128 097193 0.97257 097320 0.97381 19
2.0 0.97725 0.97778 0.97831 097882 0.97932 2.0
2.1 0.98214 0.98257 0.98300 098341 0.93882 2.1
22 0.98610 0.98645 0.98679 098713 0.98745 22
23 0.98028 0.98956 0.98983 099010 0.99036 23
24 1.99180 0.99202 0.99224 099245 0.99266 24
25 0.99379 0.99396 0.99413 0.99430 0.99446 25
2.6 0.99534 0.99547 0.99560 099573 0.99585 26
27 0.99653 0.99664 0.99674 009683 0.90693 2.7
28 01.99744 0.99752 0.99760 099767 0.99774 28
29 01.99813 0.99519 0.99825 099831 0.99836 29
3.0 0.99865 0.99869 0.99874 0.99878 0.99882 30
31 0.99903 0.99906 0.99910 099913 0.90916 KN
32 0.99931 0.99934 0.99936 009938 (0.99040 32
33 (1.99952 0.99953 0.99955 0.99957 0.99958 33
34 1.99966 0.99968 0.99969 099970 0.99971 34
35 0.99977 090078 090078 099979 099050 35
36 0.99984 0.90085 0.90085 0.99986 0.99986 16
37 0.99989 0.99990 0.99990 0.99990 (0.9909] a7
38 0.99993 0.99993 0.99993 0.99994 0.99994 LR
39 1.99995 0.99995 0.99996 099996 0.99996 39

"Reproduced with permission from Probability and Statistics in Engineering and Management Science, 3rd edition, by W. W. Hines
and D. C. Montgomery. Wiley, New Yark, 1990
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O(z) = ’ L e gy
S N 2ar

z 0.05 0.06 0.07 0.08 0.09 z
0.0 051004 052302 052790 0.53188 3 0.0
0.1 055062 056356 056749 0.57142 057534 0.1
02 050871 060257 060642 0.61026 0.61400 0.2
03 063683 064038 064431 0.64803 0.65173 0.3
04 067364 067724 068082 0.68438 0.68703 0.4
05 0.70884 071226 0.71566 0.71904 0.72240 0.5
0.6 0.74215 0.74537 0.74857 0.75175 0.75490 0.6
0.7 0.77337 0.77637 0.77935 0.78230 0.78523 0.7
08 0.80234 0.80510 0.80785 0.81057 081327 0.8
09 0.82894 083147 0.83397 083646 0.83891 0.9
10 085314 0.85543 0.85769 0.85003 0.86214 L0
ZO 025 = 196 11 0.87493 0.87697 0.87900 0.88100 083297 L1
: 12 0.89435 0.89616 0.80796 0.89973 090147 1.2
13 091149 091308 0.91465 0.91621 091773 L3
14 092647 002785 092022 0.93056 0.93189 L4
093043 090462 094179 0.94295 0.94408 L5
: 005154 005254 0.05352 0.95448 16
17 0.96080 096164 0.96246 0.96327 17
18 HI685G 096026 0.96995 0.97062 1.8
19 097441 097538 0.97615 0.97670 1.9
20 097982 TR 098077 0.98124 098169 20
2.1 098422 098461 0.98500 0.98537 098574 21
22 098778 098509 098840 0.98870 0.98899 22
23 099061 099086 099111 0.99134 099158 2.3
24 099286 009305 099324 0.09343 0.99361 24
25 099461 009477 099492 0.99506 0.99520 25
26 0.99508 0.99609 099621 0.99632 0.99643 26
27 099702 009711 099720 0.09728 099736 27
28 099781 099788 099795 0.99801 0.99807 2.8
29 099841 099846 099851 0.99856 0.99861 2.9
30 099886 099889 0.99893 0.99897 0.99900 3.0
3.1 099918 099921 099924 0.99926 099929 31
32 099042 000944 099946 0.09948 0.99950 32
33 099960 099961 0.99962 0.99964 0.99965 3.3
34 099972 099973 099974 0.99975 099976 34
35 099081 09981 099982 0.09083 0.99083 3.5
36 0.99087 009087 0.99088 0.99988 0.99989 36
37 099991 009992 099992 0.99992 0.99992 37
38 099994 0.09994 0.99905 0.09995 0.99995 3.8
39 099996 0.09996 099906 0.99997 0.99997 3.9
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So if the variances were known we would conclude that we should reject
the null hypathesis at the 5% level of significance

Ho oy = 14
Hyfm # 1
and conclude that the alternative hypothesis is true.

This is called a fixed significance level test, because we compare the value
of the test statistic to a critical value (1.96) that we selected in advance
before running the experiment.

The standard normal distribution is the reference distribution for the test.

Another way to do this that is very popular is to use the P-value approach.
The P-value can be thought of as the observed significance level.

For the Z-test it is easy to find the P-value.

Chapter 2 Design & Analysis of Experiments 13
8E 2012 Montgomery



Normal Table

I Cumulative Standard Normal Distribution (Continued)

. [ 1 _en
P(z) = — " du

S\ 27

z 0.05 0.06 0.07 0.08 0.09 z . I
0.0 051004 052302 052790 0.53188 0.53586 0.0 Flnd the prObabIIIty above ZO
0.1 0.55062 056356 056740 0.57142 0.57534 0.1
02 050871 060257 0.60642 0.61026 0.61400 0.2 —_ _2 09 f m th t bl
03 0.63683 0.64058 0.64431 0.64803 065173 0.3 . ro e a- e
04 0.67364 067724 0.68082 0.68438 0.68703 0.4
0.5 0.70854 071226 0.71566 0.71904 0.72240 0.5 . .
06 0.74215 074537 0.74857 075175 075490 0.6 Th IS IS 1 _ O 98169 — O 01832
07 0.77337 0.77637 0.77935 0.78230 078523 0.7 . .
08 0.80234 0.80510 0.80785 0.81057 081327 0.8
09 0.82894 0.83147 0.83397 0.83646 0.83891 0.9
1.0 0.85314 085543 0.85760 0.85003 086214 1.0 Th P_ I t th
1.1 0.87493 0.87697 0.87900 0.88100 088207 L1 e Va ue IS che IS
12 0.89435 089616 0.89796 0.80073 090147 1.2 —_—
13 0.01149 001308 0.01465 0.91621 0.91773 1.3 prObablllty Or O 03662
14 092647 092785 092922 0.93056 093189 1.4 ! - '
1.5 0.93043 000462 0.04179 0.04205 0.94408 L3
16 0.95053 005154 0.05254 0.05352 095448 L6 .

9590 9 g 9624 2 .
17 oowu 0% owle  osis 0T 17 So we would reject the null
18 0.96784 006856 0.06926 0.96995 097062 1.8
19 0.97441 097500 0.07558 0.97615 097670 1.9 h h - I I f
2.0 097982 0.98030 0.98077 0.98124 0.98169 2.0 ypOt ESIS at any eve O
2.1 0.98422 098461 0.98500 0.98537 098574 21 : L. .
22 0.98778 098500 0.98840 0.98870 0.98899 22 f th t I th
23 0.99061 099086 099111 0.99134 099158 23 Slgnl ICance a IS arger an
24 0.00286 009305 0.00324 0.00343 0.99361 2.4
2.5 0.99461 0.99477 0.09492 0.00506 0.99520 2.5 Or equal to O 03662
26 0.99508 0.09600 0.99621 0.00632 0.99643 26 ' *
27 0.99702 099711 0.09720 0.00728 099736 27
28 0.99781 009788 0.09705 0.99801 0.99807 28 . .
209 0.99841 099546 099851 0.09356 099861 29 Typlcal Iy O 05 IS used aS the
3.0 0.99886 099889 0.99893 0.99897 0.99900 3.0 -
3.1 0.99918 099921 0.99924 0.99926 0.99929 3l
32 0.99942 099944 0.99946 0.99948 0.99950 32 CutOI I .
33 0.99960 099961 0.99962 0.99964 0.99965 3.3
34 0.99972 099973 0.99974 0.99975 0.99976 3.4
35 0.09081 009981 0.00082 0.00083 0.99983 3.5
36 0.99087 0.09987 0.09088 0.90088 099989 3.6
3.7 0.99901 099992 0.99992 0.99992 0.99902 37
38 0.09904 099904 0.00005 0.00005 0.99905 3.8
39 0.99996 099996 0.99996 0.99997 0.99997 3.0
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The t -Test

The Z-test just described would work perfectly if we knew
the two population variances.

Since we usually don’t know the true population variances,
what would happen if we just plugged in the sample
variances?

The answer is that if the sample sizes were large enough
(say both n > 30 or 40) the Z-test would work just fine. It
IS a good large-sample test for the difference in means.

But many times that isn’t possible (as Gosset wrote 1n
1908, ““...but what if the sample size 1s small...?).

It turns out that if the sample size is small we can no longer
use the N(0,1) distribution as the reference distribution for
the test.

Chapter 2 Design & Analysis of Experiments 15
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How the Two-Sample t-Test Works:
Use S7 and S? to estimate o, and o
71 . 72
S/ S’
Vn "n,
However, we have the case where ¢ = o, = o°
Pool the individual sample variances:
_ (nl _1)812 T (nz _1)822

n+n,—-2

The previous ratio becomes

SZ

p

Chapter 2 Design & Analysis of Experiments 16
8E 2012 Montgomery



How the Two-Sample t-Test Works:

The test statistic IS
to — 71 o 72

Sp\/1+1
nl n2

Values of t, that are near zero are consistent with the null
hypothesis

Values of t,that are very different from zero are consistent
with the alternative hypothesis

t,is a “distance” measure-how far apart the averages are
expressed In standard deviation units

Notice the interpretation of t,as a signal-to-noise ratio

Chapter 2 Design & Analysis of Experiments 17
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The Two-Sample (Pooled) t-Test

gz _ (0 ~1)SZ+(n,-1)SZ?  9(0.100) +9(0.061) 0.081
° n +n,—2 10+10-2 |
S, =0.284
t -y, _ 16.76-17.04 590

S, 1+1 0.284,/1+l
n n, 10 10

The two sample means are a little over two standard deviations apart
Is this a "large™ difference?

Chapter 2 Design & Analysis of Experiments 18
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The Two-Sample (Pooled) t-Test

We need an objective
basis for deciding how
large the test statistic t,
really is

In 1908, W. S. Gosset
derived the reference
distribution for t, ...
called the t distribution

Tables of the t distribution e

— see textbook appendix
page 614

t, = -2.20

m FIGURE 2.10 The/  distribution with 18 degrees of freedom
with the critical region = £ 4,5 ;s = * 2.101

Chapter 2 Design & Analysis of Experiments 19
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IT  Percentage Points of the ¢t Distribution®

v N 0.40 0.25 0.10 0.05 0.025 0.01 0.005 0.0025 0.001 0.0005
1 0.325 1000 3.078 6.314 12.706 31.821 63.657 127.32 31831 636.62
2 0.289 0816 1.886 2.920 4.303 6.965 9.925 14.089 23326 31.598
3 0.277 0.765 1.638 2.353 3182 4.541 5.841 7453 10.213 12.924
4 0.271 0.741 1.533 2.132 2776 3.747 4.604 5.598 7.173 8.610
5 0.267 0,727 1.476 2.015 2.571 3.365 4.032 4.773 5.893 6.869
6 0.265 0,727 1.440 1.943 2.447 3.143 3.707 4.317 5.208 5.959
7 0.263 0711 1.415 1.895 2.365 2.098 3.499 4.019 4.785 5.408
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3833 4.501 5.041
9 0.261 0.703 1.383 1.833 2.262 2.821 3.250 3.690 4.297 4.781

10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587
11 0.260 0.697 1.363 1.796 2.201 2718 3.106 3497 4.025 4.437
12 0.259 0.695 1.356 1.782 2.179 2.681 3.055 3428 3.930 4318
13 0.259 0.694 1.350 1.771 2.160 2.650 3.012 3.372 3.852 4221
14 0.258 0.692 1.345 1.761 2.145 2.624 2.977 3.326 3.787 4.140
15 0.258 0.691 1.341 1.753 2.131 2.602 2.947 3.286 3.733 4.073
16 0.258 0.690 1.337 1.746 2.120 2.583 2.921 3.252 3.686 4.015
17 0.257 0.689 1.333 1.740 2.110 2.567 2.898 3.222 3.646 3.965
18 0.257 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3610 3.922
19 0.257 0.688 1.328 1.729 2.003 2.539 2.861 3174 3.579 3883
20 0.257 0.687 1.325 1.725 2.086 2.528 2.845 3153 3552 3.850
21 0.257 0.686 1.323 1.721 2.080 2518 2.831 3.135 3.527 3819
22 0.256 0.686 1.321 1717 2.074 2308 2.819 3119 3505 3.792
23 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.767
24 0.256 0.685 1.318 1711 2.064 2492 2.797 3.091 3467 3.745
25 0.256 0.684 1.316 1.708 2.060 2.485 2,787 3.078 3.450 3.725
26 0.256 0.684 1.315 1.706 2.056 2479 2.779 3.067 3435 3.707
27 0.256 0.684 1.314 1703 2.052 2473 2.771 3.057 3.421 3.690
28 0.256 0.683 1.313 1.701 2,048 2467 2.763 3.7 3.408 3.674
29 0.256 0.683 1.311 1.699 2.045 2462 2.756 3038 3.396 3.659
30 0.256 0.683 1.310 1.697 2.042 2457 2.750 3.030 3.385 3.646
40 0.255 0.681 1.303 1.684 2.021 2423 2.704 2971 3.307 3.551
60 0.254 0.679 1.296 1.671 2.000 2300 2.660 2915 3.232 3.460
120 0.254 0.677 1.289 1.658 1980 2358 2.617 2.860 3.160 3373
e 0.253 0.674 1.282 1.645 1.960 2326 2.576 2.807 3.000 3.291

¥ = Degrees of freedom.

! Adapted with permission from Biametrika Tables for Statisticians, Vol. 1. 3rd edition. by E. 5. Pearson and H. O. Hartley, Cambridge University Press, Cambridge,
1966,
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The Two-Sample (Pooled) t-Test

A value of t, between
-2.101 and 2.101 is
consistent with
equality of means

It is possible for the
means to be equal and
t, to exceed either
2.101 or —2.101, but it
would be a “rare
event” ... leads to the
conclusion that the

ty=-2.20

Probability density
(=]
[(%]
[

Critical ]
region

m FIGURE 2.10 The/  distribution with 18 degrees of freedom

with the critical region = £ 4,5 ;s = * 2.101
means are different
Could also use the
P-value approach
Chapter 2 Design & Analysis of Experiments 21
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The Two-Sample (Pooled) t-Test

0.“-1 | T 1 T T 1 T
tO =-2.20 5 03F -
s [ ]
=
Q - —
= — —
z 02|~ .
S i
. \:’u’cm Critical ]
n region region ]
B -2.101 2.101 il
C A ~ N~ ]
0 | | L L | | | | | | | | | | | | | 1 L | |
-6 -4 -2 0 2 4 6

o

m FIGURE 2.10 The/  distribution with 18 degrees of freedom
with the critical region = £ 4,5 ;s = * 2.101

« The P-value is the area (probability) in the tails of the t-distribution beyond -2.20 + the
probability beyond +2.20 (it’s a two-sided test)

- The P-value is a measure of how unusual the value of the test statistic is given that the null
hypothesis is true

»  The P-value the risk of wrongly rejecting the null hypothesis of equal means (it measures
rareness of the event)

«  The exact P-value in our problem is P = 0.042 (found from a computer)

Chapter 2 Design & Analysis of Experiments 22
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Approximating the P-value

Our t-table only gives probabilities greater than positive values of t.
So take the absolute value of t, = -2.20 or |t,|= 2.20.

Now with 18 degrees of freedom, find the values of t in the table that
bracket this value.

These are 2.101 < |t;|= 2.20 < 2.552. The right-tail probability for t =
2.101 15 0.025 and for t = 2.552 is 0.01. Double these probabilities
because this is a two-sided test.

Therefore the P-value must lie between these two probabilities, or
0.05 < P-value < 0.02
These are upper and lower bounds on the P-value.

We know that the actual P-value is 0.042.

Chapter 2 Design & Analysis of Experiments
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Checking Assumptions —
The Normal Probability Plot

Percent (cumulative normal probability =< 100)

m FIGURE 2.11 Normal
probability plots of tension bond
strength in the Portland cement
experiment

|

Variable
e [\ clified
medims | nmodified

16.0

Chapter 2

16.2

16.4

16.6

16.8 170 172 174 176 178

Strength (kgffcm?)
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Importance of the t-Test

* Provides an objective framework for simple
comparative experiments

« Could be used to test all relevant hypotheses
In a two-level factorial design, because all
of these hypotheses involve the mean
response at one “side” of the cube versus
the mean response at the opposite “side” of
the cube

Chapter 2 Design & Analysis of Experiments 25
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Confidence Intervals (See pg. 43)

» Hypothesis testing gives an objective statement
concerning the difference in means, but 1t doesn’t
specify “how different” they are

 General form of a confidence interval
L<O&<U whereP(L<O<U)=1-«

 The 100(1- a)% confidence interval on the
difference in two means:

Yi— Y, _ta/2,n1+n2—28p\/(1/ n)+@/n,) <y —p, <

71 B VZ +ta/2,n1+n2—28p\/(1/ nl) + (1/ nz)

Chapter 2 Design & Analysis of Experiments 26
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The actual 95 percent confidence interval estimate for the difference in mean tension
bond strength for the formulations of Portland cement mortar is found by substituting in
Equation 2.30 as follows:

16.76 — 17.04 — (2.101)0.284V~ +

A

My = M
16.76 — 17.04 + (2.101)0.284V5 + 15
—028 - 027 = p, — w, = —028 +0.27

=

IA

—055 = p — pm = —0.0I

Thus, the 95 percent confidence interval estimate on the difference in means extends from
—0.35 to —0.01 kgl}’cnﬁ Put another way, the confidence interval is pu;, — p, = —0.28 =
0.27 kgffem®, or the difference in mean strengths is —0.28 kgf/cm®, and the accuracy of this
estimate is = 0.27 kgf/cm?. Note that because u, — w, = 01is not included in this interval, the
data do not support the hypothesis that w;, = w, at the 5 percent level of significance (recall
that the P-value for the two-sample 7-test was 0.042, just slightly less than 0.05). It is likely
that the mean strength of the unmodified formulation exceeds the mean strength of the mod-
ified formulation. Notice from Table 2.2 that both Minitab and JMP reported this confidence
interval when the hypothesis testing procedure was conducted.
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What If the Two Variances are Different?

exavpLE 2.1 [

Nerve preservation is important in surgery because acci-
dental injury to the nerve can lead to post-surgical problems
such as numbness, pain, or paralysis. Nerves are usually
identified by their appearance and relationship to nearby
structures or detected by local electrical stimulation (elec-
tromyography), but it is relatively easy to overlook them.
An article in Nature Biotechnology (“Fluorescent Peptides

Highlight Peripheral Nerves During Surgery in Mice.” Vol.
29, 2011) describes the use of a fluorescently labeled pep-
tide that binds to nerves to assist in identification. Table 2.3
shows the normalized fluorescence afier two hours for
nerve and muscle tissue for 12 mice (the data were read
from a graph in the paper).

We would like to test the hypothesis that the mean normalized fluorescence after two hours is
greater for nerve tissue then for muscle tissue. That is, if p; is the mean normalized fluorescence

for nerve tissue and 15 the mean normalized Auorescence for muscle tissue, we want to test

Hypy = s
Hy:py > py
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TABLE 2.3
Normalized Fluorescence After Two Hours

Ohbservation Nerve Muscle
1 6625 3000 -
N 3300 The descriptive statistics output from Minitab is shown below:
3 5450 3450
4 5200 3200
- - —
. S.l?n ;%[] Variable N HMeanm Sthew Hinimum Median Maximum
6 4‘;’{’” ;{f“” Nerve 12 4228 1918 450 4825 6625
7 s Ll Non-nerve 12 2534 961 1130 2650 3900
) 4500 2400
9 3985 2200
10 900 1200
11 450 1150
12 2800 1130
Variabla
—— [Erve
== Mon-narve
1 1 1 1 1 1 1 1 T T T
0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Mormalized Fluorescence
m FIGURE 2.14 Normalized Fluorescence Data from Tahble 2.3
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If we are testing
Hyipy = pg
H,; T F s

and cannot reasonably assume that the variances o] and o are equal, then the two-sample
-test must be modified slightly. The test statistic becomes

Yy — ¥
fy = ———— (2.31)
578
— 4+ —=
m 3

Thas statistic is not distributed exactly as . However, the distribution of t; is well approximat-

o L
U =—
(S, ) + (83/n, )

ed by t if we use

(2.32)

as the number of degrees of freedom. A strong indication of unequal variances on a normal
probability plot would be a situation calling for this version of the f-test. You should be able
to develop an equation for finding that confidence interval on the difference in mean for the
unequal variances case easily.

(1918) t (961
12 12
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The number of degrees of freedom are calculated from Equation 2.32:
£+E - HQIEJ'_I_ (961)°\*
m 12 12

V= + ¥ ) = 9 = = 5
(§7 7 ) i (53 /my  [(1918) s 12F N [(961)y s 12F
m— 1 n — 1 11 1

= 16.1955

If we are going to find a P-value from a table of the -distribution, we should round the degrees
of freedom down to 16. Most computer programs interpolate to determine the P-value. The
Minitab output for the two-sample f-test is shown below. Since the P-value reported is small
(0.015), we would reject the null hypothesis and conclude that the mean normalized fluores-
cence for nerve tissue is greater than the mean normalized Huorescence for muscle tissue.

Difference = mu {(Nerwe}) - mu (Non-nerwvel

Ezstimate for difference: 1694

25% Llower bound for difference: 613

T-Test of difference = 0 €ws *>}: T-Value = 2.74 P-Value = 0.007 DF

]
==
[
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Other Chapter Topics

« Hypothesis testing when the variances are
known

« One sample inference (t and Z tests)
» Hypothesis tests on variances (F tests)

» Paired experiments — this is an example of
nlocking
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s TABLE 2.4

Tests on Means with Variance Known
’

Fixed Significance Level

Hypothesis Test Statistic Criteria for Rejection P-Value
Hy: = o
Hy:p# o Zo| > Z =3l = (D(‘Zo’)]
Hy: o= o -
Hy:p < o =t =S 2 < -Z, P = 0(Z)
g o/Vn
0- M= Mo
Hi:p>p Zy> Z, P=1-®Z)
Hy: py = p
H:p # p Zo| > Zy P =2[1 — ®(|Z))]
H(): l'l'l - :UQ ; = ;
H:p <, === I) — Zy< —Z, P = ®(Z))
7y, T2
nm
Hy: = o
Hy:py > py Zy,> 2, P=1- ()
#
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m TABLE 2.°
Tests on Means of Normal Distributions, Variance Unknown

Fixed Significance Level

Hypothesis Test Statistic Criteria for Rejection P-Value
Hy: m = o sum of the probability
H,: p# Mo 2 e S above f, and below —f,
Hy: p = Mo e
Hl : IL < M() t() = :_—l TO < _’u_”;l probabllity bCIOW t()
b SIN'n
Hy: p = Ko
H,: p > By = it probability above 7,

(o]

. g~ 2
if o] = o3

H,: p, # w, : bl = a4 sum of the probability
/ above t,and below —1,
I"

C=1; +ny— 2

ifo; > o3

Hy: py = 2 3 el
H,:py < py R — e probability below 7,
S0 852
n; 1>
$2 _S3p
Hy: py = Ko n, 5
H;:: =it v = - ~ = = T =l robability above 7
i P (Si/ny)” (S5/n,)° ! P ¥ 0
i — | 1, = 1
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m TABLE 2.8

Tests on Variances of Normal Distributions

Fixed Significance Level

Hypothesis Test Statistic Criteria for Rejection
s e JATRYN) 2 2 .
H,: 0" =05 X0 = Xa2.n—1 OF
) 2 2 2
HII(T-#O'[) X0 <Xl—a/2.n—|
H,: 0> =0}
: : . (n—1)§? . 5
H,:0" <0y X0 = 5 Xo < Xi-an-1
2 2 a-()
Hyvo =07y
9, 2 2
HI:O'">0'(°) X()>Xa.n—l
1 2 )
H,: o] = 03 p S1 Fo> Fapn—1,m-1 0T
) 2 0 )
H, .01 # 03 3
1 L - S- F(J < Fl—a/'.‘.nl—l.n:—l
Hy o' ="d3 S3
n e F()_—; FO>Fa.n:—l.n,—l
H,:o1 < 03 S
2
Hy1 0% =07 Si
0 l . F() = — F() > Fa,nl—],n;—l
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Choice of Sample Size:

The choice of sample size and the probability of type II error p are
closely connected. Suppose that we are testing the hypothesis

Ho: p,=p,

Hit w#
And the means are not equal so that 0 = p;- n,

Since Ho is not true, we are concerned about wrongly failing to reject
Ho. The probability of type Il error depends on the true difference in
means 0.

A graph of B versus 0 for a particular sample size is called the
operating characteristic curve (or O. C. curve) for the test.

If B error is also a function of sample size, generally, for a given value
of 0, the B error decreases as the sample size increases.
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Operating characteristic curves for the two-sided
.05. (Reproduced with permission from ““Op-

erating Characteristics for the Common Statistical Tests of Sig-
nificance,”” C. L. Ferris, F. E. Grubbs, and C. L. Weaver, Annals

of Mathematical Statistics, June 1946.)
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