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2. Confidence interval on 𝝁, 𝝈𝟐𝑼𝒏𝒌𝒏𝒐𝒘𝒏 

If 𝑥̅  and s are the mean and standard deviation of a random sample of size n from a normal 

population with unknown variance 𝝈𝟐, a        100(1 − 𝛼)% confidence interval for 𝝁 is given by  

𝑋̅ − 𝑡𝛼
2⁄ ,𝑛−1

𝑠

√𝑛
< 𝜇 < 𝑋̅ + 𝑡𝛼

2⁄ ,𝑛−1

𝑠

√𝑛
 

Where 𝑡𝛼
2⁄ ,𝑛−1 is the t-value with n-1 (Degree of Freedom), leaving an area of 𝛼 2⁄  to the right and 

equal to 𝑡 =
𝑥̅−𝜇
𝑠

√𝑛⁄
 

Example: the contents of 7 similar containers of sulfuric acid are 9.8, 10.2, 10.4, 9.8, 10.0, 10.2 and 

9.6 Lıters.  

- Find a 95% confidence interval for the mean contents of all such Containers, assuming an 

approximately normal distribution. 

- Find a 95% Lower and Upper bound for the mean contents of all such Containers. 

𝑥̅ =
∑ 𝑥𝑖

𝑛
𝑖=1

𝑛
=

9.8 + 10.2 + 10.4 + 9.8 + 10 + 10.2 + 9.6

7
=

70

7
= 10 

𝑠 = √
∑ (𝑥𝑖 − 𝑥̅)2𝑛

𝑖=1

𝑛 − 1

= √
(9.8 − 10)2 + (10.2 − 10)2 + (10.4 − 10)2 + (9.8 − 10)2 + (10 − 10)2 + (10.2 − 10)2 + (9.6 − 10)2

7 − 1

= 0.283 

𝑇𝑤𝑜 𝑠𝑖𝑑𝑒𝑑: 𝑝 (𝑋̅ − 𝑡𝛼
2⁄ ,𝑛−1

𝑠

√𝑛
< 𝜇 < 𝑋̅ + 𝑡𝛼

2⁄ ,𝑛−1

𝑠

√𝑛
) = 1 − 𝛼 

𝑝 (10 − 2.447
0.283

√7
< 𝜇 < 10 + 2.447

0.283

√7
) = 0.95 

𝑝(9.74 < 𝜇 < 10.26) = 0.95 

𝑈𝑝𝑝𝑒𝑟: 𝑝 (𝜇 < 𝑋̅ + 𝑡𝛼,𝑛−1

𝑠

√𝑛
) = 1 − 𝛼 → 𝑝 (𝜇 < 10 + 1.943

0.283

√7
) = 0.95 → 𝑝(𝜇 < 10.2078)

= 0.95 

𝐿𝑜𝑤𝑒𝑟: 𝑝 (𝜇 > 𝑋̅ − 𝑡𝛼,𝑛−1

𝑠

√𝑛
) = 1 − 𝛼 → 𝑝 (𝜇 > 10 − 1.943

0.283

√7
) = 0.95 → 𝑝(𝜇 > 9.7922)

= 0.95 

3. Confidence interval the difference between mean of two populations 

3-1 confidence interval for 𝝁𝟏 − 𝝁𝟐, 𝝈𝟏
𝟐 and 𝝈𝟐

𝟐 known 

If 𝑥̅1 and 𝑥̅2 are means of independent random samples of size 𝑛1 and 𝑛2 from populatıons with 

known variances  𝜎1
2 and 𝜎2

2, respectively, a 100(1 − 𝛼)% confidence interval for 𝜇1 − 𝜇2 is given by 

https://www.google.com.cy/url?sa=t&rct=j&q=&esrc=s&source=web&cd=10&cad=rja&uact=8&ved=0ahUKEwihovmy1Y3XAhXM0xoKHU2KDPMQFghXMAk&url=https%3A%2F%2Fwww.ubuntu.com%2Fcontainers&usg=AOvVaw0coNH73XYItb7f96R0CbH1
https://www.google.com.cy/url?sa=t&rct=j&q=&esrc=s&source=web&cd=10&cad=rja&uact=8&ved=0ahUKEwihovmy1Y3XAhXM0xoKHU2KDPMQFghXMAk&url=https%3A%2F%2Fwww.ubuntu.com%2Fcontainers&usg=AOvVaw0coNH73XYItb7f96R0CbH1
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(𝑥̅1 − 𝑥̅2) − 𝑧𝛼
2⁄

√
𝜎1

2

𝑛1
+

𝜎2
2

𝑛2
< 𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑧𝛼

2⁄
√

𝜎1
2

𝑛1
+

𝜎2
2

𝑛2
 

Where 𝑧𝛼
2⁄  is the z value leaving an area of 𝛼 2⁄  to the right . 

Example: A study was conducted in which two types of engines, A and B, were compared. Gas 

mileage, in miles per gallon, was measured. 50 experiments were conducted using engine type A and 

75 experiments were done with engine type B. The gasoline used and other conditions were hold 

constant. The average gas mile age was 36 miles per gallon for engine A and 42 miles per gallon for 

engine B.  

- Find a 96% confidence interval on 𝜇𝐵 − 𝜇𝐴 . where 𝜇𝐴 and 𝜇𝐵 are population mean gas 

mileages for engines A and B, respectively. Assume that the population standard deviations 

are 6 and 8 for engines A and B, respectively. 

- Find a 96% Upper and Lower bounds on 𝜇𝐵 − 𝜇𝐴 

𝑛𝐴 = 50, 𝑛𝑏 = 75, 𝑥̅𝐴 = 36, 𝑥̅𝐵 = 42, 𝜎𝐴 = 6, 𝜎𝐵 = 8, 1 − 𝛼 = 0.96 

𝑝 ((𝑥̅𝐵 − 𝑥̅𝐴) − 𝑧𝛼
2⁄

√
𝜎𝐵

2

𝑛𝐵
+

𝜎𝐴
2

𝑛𝐴
< 𝜇𝐵 − 𝜇𝐴 < (𝑥̅𝐵 − 𝑥̅𝐴) + 𝑧𝛼

2⁄
√

𝜎𝐵
2

𝑛𝐵
+

𝜎𝐴
2

𝑛𝐴
) = 1 − 𝛼 

𝑝 ((42 − 36) − 2.05√
64

75
+

36

50
< 𝜇𝐵 − 𝜇𝐴 < (42 − 36) + 2.05√

64

75
+

36

50
) = 0.96 

𝑝(3.43 < 𝜇𝐵 − 𝜇𝐴 < 8.57) = 0.96 

 𝑢𝑝𝑝𝑒𝑟:  𝑝 (𝜇𝐵 − 𝜇𝐴 < (𝑥̅𝐵 − 𝑥̅𝐴) + 𝑧𝛼√
𝜎𝐵

2

𝑛𝐵
+

𝜎𝐴
2

𝑛𝐴
) = 1 − 𝛼 

 

𝑝 (𝜇𝐵 − 𝜇𝐴 < (42 − 36) + 1.75√
64

75
+

36

50
) = 0.96 → 𝑝(𝜇𝐵 − 𝜇𝐴 < 8.88) = 0.96  

 

𝑙𝑜𝑤𝑒𝑟:  𝑝 (𝜇𝐵 − 𝜇𝐴 > (𝑥̅𝐵 − 𝑥̅𝐴) − 𝑧𝛼√
𝜎𝐵

2

𝑛𝐵
+

𝜎𝐴
2

𝑛𝐴
) = 1 − 𝛼 

𝑝 (𝜇𝐵 − 𝜇𝐴 > (42 − 36) − 1.75√
64

75
+

36

50
) = 0.96 → 𝑝(𝜇𝐵 − 𝜇𝐴 > 3.12) = 0.96  
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3-2 Confidence interval for𝝁𝟏 − 𝝁𝟐, 𝝈𝟏
𝟐 ≠ 𝝈𝟐

𝟐 but unknown 

If 𝑥̅1 and 𝑥̅2 are means of independent random samples of size 𝑛1 and 𝑛2 , respectively, from 

aproximately normal population with known and unequal variances, a 100(1 − 𝛼)% 

confidence interval for 𝜇1 − 𝜇2 is given by 

(𝑥̅1 − 𝑥̅2) − 𝑡𝛼
2⁄ ,𝑣   √

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2
< 𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼

2⁄ ,𝑣   √
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
 

Where 𝑡𝛼
2⁄  is the t value with 

Fisher approximation of  𝑣 =
(

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2
)2

1

𝑛1−1
(

𝑠1
2

𝑛1
)2+

1

𝑛2−1
(

𝑠2
2

𝑛2
)2

    

degrees of freedom.  leaving an area of 𝛼 2⁄  to the right . 

example: A study was conducted by the department of zoology at the Virginia Tech to 

estimate the difference in the amounts of the chemical orthophosphorous measured at two 

different stations on the James River. Orthophosphorous was measured in milligrams per 

liter. One sample with 15 observations were collected from station 1 and another sample 

with 12 observations were collected from station 2. First sample had an average 

orthophospgorous content of 3.84 milligrams per liter and a standard deviation of 3.07 

milligrams per liter, while second sample had an average orthophospgorous content of 1.49 

milligrams per liter and a standard deviation of 0.80 milligrams per liter. 

- Find a 95% confidence interval for the difference in the true average 

orthophosphorous contents at these two stations, assuming that the observations 

came from normal populations with different variances. 

- Find a 90% uper and lower bounds on the difference between the population means 

for the two samples 

𝑣 =
(
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
)2

1
𝑛1 − 1 (

𝑠1
2

𝑛1
)2 +

1
𝑛2 − 1 (

𝑠2
2

𝑛2
)2

=
(
3.072

15
+

0.82

12 )2

1
15 − 1

(
3.072

15
)2 +

1
12 − 1 (

0.82

12 )2

= 16.3 ≅ 16 

𝑝 ((𝑥̅1 − 𝑥̅2) − 𝑡𝛼
2⁄ ,𝑣   √

𝑠1
2

𝑛1
+

𝑠2
2

𝑛2
< 𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼

2⁄ ,𝑣   √
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
) = 1 − 𝛼 

𝑝 ((3.84 − 1.49) − 2.12√
3.072

15
+

0.82

12
< 𝜇1 − 𝜇2 < (3.84 − 1.49) − 2.12√

3.072

15
+

0.82

12
) = 0.95 

𝑝(0.6 < 𝜇1 − 𝜇2 < 4.1) = 0.95 
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𝑢𝑝𝑝𝑒𝑟: 𝑝 (𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼,𝑣   √
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
) = 1 − 𝛼 

𝑝 (𝜇1 − 𝜇2 < (3.84 − 1.49) + 1.337√
3.072

15
+

0.82

12
) = 0.9 → 𝑝(𝜇1 − 𝜇2 < 3.45) = 0.9 

𝑙𝑜𝑤𝑒𝑟: 𝑝 (𝜇1 − 𝜇2 > (𝑥̅1 − 𝑥̅2) − 𝑡𝛼,𝑣   √
𝑠1

2

𝑛1
+

𝑠2
2

𝑛2
) = 1 − 𝛼 

𝑝 (𝜇1 − 𝜇2 > (3.84 − 1.49) − 1.337√
3.072

15
+

0.82

12
) = 0.9 → 𝑝(𝜇1 − 𝜇2 > 1.25) = 0.9 

3-3  Confidence interval for 𝝁𝟏 − 𝝁𝟐, 𝝈𝟏
𝟐 = 𝝈𝟐

𝟐 but unknown 

If 𝑥̅1 and 𝑥̅2 are means of independent random samples of size 𝑛1 and 𝑛2 , respectively, from 

aproximately normal population with unknown but equal variances, a 100(1 − 𝛼)% 

confidence interval for 𝜇1 − 𝜇2 is given by 

(𝑥̅1 − 𝑥̅2) − 𝑡𝛼
2⁄ ,𝑣   𝑠𝑝√

1

𝑛1
+

1

𝑛2
< 𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼

2⁄ ,𝑣   𝑠𝑝√
1

𝑛1
+

1

𝑛2
 

𝑠𝑝
2 =

(𝑛1 − 1)𝑠1
2 + (𝑛2 − 1)𝑠2

2

𝑛1 + 𝑛2 − 2
 

Where𝑠𝑝 is the pooled estimate of the population standard deviation and  𝑡𝛼
2⁄  is the t value 

with 𝑣 = 𝑛1 + 𝑛2 − 2 degrees of freedom.  leaving an area of 𝛼 2⁄  to the right . 

Example: one article published in an journal, to determine the relationship between 

different factors. Two independent sampling stations were chosen to this study, one located 

downstream from the acid mine discharge point and the other located upstream. For 12 

monthly onservations collected at the downstream station, the species diversity index had a 

mean value 𝑥̅1 = 3.11 and a standard deviation 𝑠1 = 0.771, while 10 monthly observations 

collected at the upstream station had a mean index value 𝑥̅2 = 2.04 and a standard 

deviation 𝑠2 = 0.448.  

- Find a 90% confidence interval for the difference between the population means for 

the two locations, assuming that the populations are approximately normally 

distributed with equal variances. 

- Find a 90% uper and lower bounds on the difference between the population means 

for the two locations 

-  
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𝑠𝑝
2 =

(𝑛1 − 1)𝑠1
2 + (𝑛2 − 1)𝑠2

2

𝑛1 + 𝑛2 − 2
=

(12 − 1)0.7712 + (10 − 1)0.4482

12 + 10 − 2
= 0.417 

𝑝 ((𝑥̅1 − 𝑥̅2) − 𝑡𝛼
2⁄ ,𝑣   𝑠𝑝√

1

𝑛1
+

1

𝑛2
< 𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼

2⁄ ,𝑣   𝑠𝑝√
1

𝑛1
+

1

𝑛2
) = 1 − 𝛼 

𝑝 ((3.11 − 2.04) − 1.725 × √0.417√
1

12
+

1

10
< 𝜇1 − 𝜇2 < (3.11 − 2.04) + 1.725 × √0.417√

1

12
+

1

10
) = 0.90 

𝑝(0.593 < 𝜇1 − 𝜇2 < 1.547) = 0.90 

𝑢𝑝𝑝𝑒𝑟: 𝑝 (𝜇1 − 𝜇2 < (𝑥̅1 − 𝑥̅2) + 𝑡𝛼
2⁄ ,𝑣   𝑠𝑝√

1

𝑛1
+

1

𝑛2
) = 1 − 𝛼 

𝑢𝑝𝑝𝑒𝑟: 𝑝 (𝜇1 − 𝜇2 < (3.11 − 2.04) + 1.325 × √0.417√
1

12
+

1

10
) = 0.90 → 𝑝(𝜇1 − 𝜇2 < 1.426)

= 0.90 

𝑙𝑜𝑤𝑒𝑟: 𝑝 (𝜇1 − 𝜇2 > (3.11 − 2.04) − 1.325 × √0.417√
1

12
+

1

10
) = 0.90 → 𝑝(𝜇1 − 𝜇2 > 0.714)

= 0.90 

 

 


