MATHI103

Mathematics for Business
and Economics - |

Linear Functions, Graphs in Rectangular
Coordinates and Lines




Graphs in Rectangular
An ordered pair of real num

Coordinates
pers Is a pair of

real numbers in which the order iIs specified,

and Is written by enclosing a
parentheses and separating th

nalr of numbers In
em with a comma.

The ordered pair (a, b) has first component a
and second component b. Two ordered pairs

(X, y) and (a, b) are equal If a
andy = D.

ndonlyifx=a

The sets of ordered pairs of real numbers are
Identified with points on a plane called the
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gordinate plane or the Cartesian plane.



Definitions

We begin with two coordinate lines, one
horizontal (x-axis) and one vertical (y-axis), that
Intersect at their zero points. The point of
Intersection of the x-axis and y-axis iIs called the
origin. The x-axis and y-axis are called
coordinate axes, and the plane formed by them
IS sometimes called the xy-plane.

The axes divide the plane into four regions called
guadrants, which are numbered as shown In the
next slide. The points on the axes themselves do
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Definitions

The figure shows how each ordered pair (a, b)
of real numbers Is assoclated with a unique
point in the plane P, and each point in the plane
IS assoclated with a unique ordered pair of real
numbers. The first component, a, Is called the
X-coordinate of P and the second component,
b, Is called the y-coordinate of P, since we
have called our horizontal axis the x-axis and
our vertical axis the y-axis.




Definitions

The x-coordinate indicates the point’s distance to
the right of, left of, or on the y-axis. Similarly, the
y-coordinate of a point indicates its distance above,
below, or on the x-axis. The signs of the x- and V-
coordinates are shown in the figure for each
guadrant. We refer to the point corresponding to
the ordered pair (a, b) as the graph of the ordered
pair (a, b) in the coordinate system. The notation
P(a, b) designates the point P in the coordinate
nlane whose x-coordinate Is a and whose
qordinate Is b.
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EXAMPLE 1 Graphing Points

Graph the following points in the xy-plane:
A(3,1), B(-2,4),C(-3,-4), D(2,-3), E(-3,0)
Solution

A(3,1) 3 units right, 1 unit up

B(-2,4) 2 units left, 4 units up

C(-3,—4) 3 units left, 4 units down
D(Z,—3) 2 units right, 3 units down
E(-3,0) 3 units left, 0 units up or down




EXAMPLE 1 Graphing Points

Solution continued

.
= o

EdEabesEesrarabateirabetsdribatatn At
N M H H N M

...... ...... ...... E ...... 1 ...... e * ..... R ......

H : : . : Ex : : : : S
7—6-5-4-3-—2-10 1 23456 7 8 x

EEERY

+

LY ZUVU/ redrson caucduorn, inc. ruplisning ds redrson
‘ Addison-Wesley Slide 2.1- 8



Definitions

The points where a graph intersects (crosses or touches) the
coordinate axes are of special interest in many problems.
Since all points on the x-axis have a y-coordinate of O, any
point where a graph intersects the x-axis has the form (a, 0).
The number a is called an x-intercept of the graph. Similarly,
any point where a graph intersects the y-axis has the form (0O,
b), and the number b is called a y-intercept of the graph.

PROCEDURE FOR FINDING THE INTERCEPTS OF A GRAPH

Stepl  To find the x-intercepts of an equation, sety =0 In
the equation and solve for x.

tep 2 To find the y-intercepts of an equation, set x =0 in
={he equation and solve fory.




EXAMPLE 1 Finding Intercepts

Find the x- and y-intercepts of the graph of v = 2x + 3,

Solution: If y = O, then

= 2y 43 sothat x = —

I

Thus, the x-intercept is (w%, ). If x = {}, then

y=2(0)4+3 =3




EXAMPLE 2 Finding Intercepts

Find the x- and y-intercepts of the graph of the
equationy = x¢ — x — 2.

Solution
Step 1 To find the x-intercepts, set y = 0, solve
for x. O=x>—x=2

O:(x+1)(x—2)
x+1=0 or x—-2=0

x=-—1 or x=2

Elgtercepts are —1 and 2.



EXAMPLE 2 Finding Intercepts

Solution continued

Step 2 To find the y-intercepts, set x = 0, solve
fory.

y=0>-0-2
y=-2
The y-intercept Is —2.

.



The graph of the linear equation(Line)

The following steps can be used to draw the graph of
a linear equation.

Stepl ) Select at least 2 values for x

Step2 ) Substitute them in the equation and find the
corresponding values fory

Step3 ) Plot the points on cartesian plane

Step4 ) Draw a straight line through the points.




EXAMPLE 1 [ sketch the graph of y=2x +3,

X | 2 | 1 | 0 | 1
y -1 1 3 5

[t e




Example

Draw the graph wilth equation y = 2x + 3.

Solution

First, find the coordinates of some
points on the graph. This can be

done by calculating y for a range
of x values as shown 1n the table.

X -2 | -1 0 1 2 3

rﬂ,,
h
-1
O

h —1 1

The points can then be plotted on a set of axes
and a straight line drawn through them.

9
8
7
5 == o
5
4
3
1
=
—1 2 4 |x




Remark An equation can be graphed by finding the intercepts, plotting the
points and drawing a straight line through the intercepts.

EYAMPLE 1 [ sketch the graph of v =2x + 3,

X-intercept
y=0 & 0=2x+3 Y
x= 2/3 A

(2/3, 0) is x-intercept ~
y- intercept .
x=0 = y=2.0+3

y=3 y-intercept

(0,3) y-intercept

X-intercept

\




Example Graph Dy — ﬂy = 0.

Solution To find the x intercept we sef y = 0 and solve the equation for
T
2r—3dy = 6,
20 = 6.
_ b 4
r = 43
A

Hence, the x intercepts 15 (3,0) .

To find the y mtercept we set © =0 and solve the equation for L

e —3y = 6, B
-3y = 6, ¥
y = -2 .

which 1mplies the y intercept 15 (0, —2) .




LINES

Slope of a Line

Many relationships between quantities can be represent conveniently

by straight lines.
The slope of a nonvertical line that passes through the points P(x,, y;)

and Q(X,, Y,) Is denoted by m and is defined by

_vertical change Y 4
Horizontal change
L Vertical
y yl Change
X, — xl Y1 AHo————- -
X5 >X

Horizontal
Change




Vertical and Horizontal Lines

Either the “rise” or “run” could be zero
y)\
m is undefined

m (slope) is positive

m=0

M (slope) is negative

» X

We can characterize the orientation of a line by its slope.

Zero Slope horizontal line
Undefined slope vertical line
Positive slope line rises from left to right
Negative slope line falls from left to right




EXAMPLE 1 Finding and Interpreting the Slope of a Line

Sketch the graph of the line that passes through the points
P(1, —-1) and Q(3, 3). Find and interpret the slope of the
line.

YA
Solution

Any two points determine a
line; the graph of the line 03, 3)
passing through the points | Vertical Change 4

P(1,-1) and Q(3, 3) is | >
sketched here.

O| ¢ - - X

Horizontal Change =2

P(1, —1)




EXAMPLE 1 Finding and Interpreting the Slope of a Line

Solution continued

P(1, -1) and Q(3, 3)

change in y-coordinates vy, -y,
change in x-coordinates X, — X,

(3)-(-1) 3+1 4
— — :—:2
3-(1) 3-1 2

m =

Interpretation

The slope of this line is 2; this means that the value of y
Increases by exactly 2 units for every increase of 1 unit in the
alLle of X. The graph is a straight line rising by 2 units for every
L Wemag to the right.




EXAMPLE 2 Finding and Interpreting the Slope of a Line

The line in Figure 3.4 shows the relationship benveen the price p of a widget (in
dollars) and the quantity q of widgets (in thousands) that consumers will buy at
‘that price. Find and interpret the slope. -

p (price)
i
n--»-..-«.,“‘ (2' 4) .
“u_  Increase of 1 unit
~o |}
|
\\?lh\{m;rease of 7 unit
N mxu(ﬁ, 1 )

™~ » g {quantity)

FIGURE 3.4 Price-quantity line,




Solution: In the slope formula (1), we replace the x's by ¢'s and the y’s by p's.
Either point in Figure 3.4 may be chosen as (q1. ;1) Letting (2. 4) = (¢1. p1)
and (8, 1) = (g2, p2), we have

The slope is negative, — 4. This means that, for each 1-unit increase in quantity
(one thousand widgets), there corresponds a decrease in price of 4 (dollar per
widget). Because of this decrease, the line falls from left to right.

Equations of Lines

Point-Slope Form: To find the equation of a line, when you
only have two points. The point-slope form of the equation of

aline is
Y=Y = m(x- X1)

slope and (X4, y,;) IS a given point.




EXAMPLE 1 Finding an Equation of a Line with Given Point and Slope

Find the point—slope form of the equation of the line passing
through the point (1, —2) and with slope m = 3. Then solve fory.

Solution
We have x; =1,y, =-2,and m = 3.
Y= = m(x_xl)

y=(2)=3(x-1)
y+2=3x-3
y=3x-95




EXAMPLE 2 Finding an Equation of a Line with Given Point and Slope

Find the equation of a line that passes through the point (1,-3)
with slope of 2

Solution: Using a point-slope form with m =2 and (x. y;} = (1, =3) gives
¥ -y o= Y — Xy}

y—(—3)=2(x— 1)

V3= 2~ 2
which can be rewritten as

28 =y =5 =4{




=2 EE=El Finding an Equation of a Line Passing Through Two Given Points

Find the point—slope form of the equation of the line | passing
through the points (-2, 1) and (3, 7). Then solve fory.

Solution 7_1 6 6

: : m = — N o~ -
First, find the slope. 3_ (_2) 342 5

We have x, =3,y, = 7.
y=y =mx—x)




EXAMPLE 4 Finding an Equation of a Line with two Given Points

Find the equation of the line through the points (-5,7) and (4,16).

Solution:

167
m =
4-(-5)

J
9

Now use the point-slope form with m = 1 and (x4, X,) = (4,16). (We could just as well
have used (-5,7)).

y—-16=1(x—-4)
y=X—-4+16=x+12




EXAMPLE 5 Finding an Equation of a Line with a Given Slope and y-intercept

Find the point-slope form of the equation of the line
with slope m and y-intercept b. Then solve fory.

Solution
The line passes through (0, b).

y=y =mx—x)
y—bzm(x—O)
y—b=mx
y=mx+b




SLOPE-INTERCEPT FORM OF THE
EQUATION OF A LINE

The slope-intercept form of the equation of the line with
slope m and y-intercept b is

y=mx+b.

EXAMPLE 1 Slope — Intercept Form

Find an equation of the line with slope 3 and y-intercept —4.

Solution: Using the slope~intercept form y = mx + b withm =3 and b = —4
gives

y = 3X 4 (—4)

y = 3x—4




EXAMPLE 2 Find the Slope and y-intercept of a line

Find the slope and y-intercept of the line with equation y = 3(3 — 2x).
Solution:
Strategy: We shall rewrite the equation so it has the slope~intercept form

y = mx -+ b. Then the slope is the coefficient of .x and the y-intercept is the
constant term.

We have
y = 5(3 — 2x)
y=15-10x
v 101 4 15

Thus, # = —10 and b = 15, so the slope is —10 and the y-intercept is 15.




If a vertical line passes through (a, b) (see Figure 3.8), then any other point
(x, y) lies on the line if and only if x = a. The y-coordinate can have any value.
Hence, an equation of the line is x = a. Similarly, an equation of the horizomal
line passing through (a, b) is y = b. (See Figure 3.9.) Here the x-coordinate can

have any value.

y y
A 4
A
P y=2b (X; ¥) .
¢ {a. b) b {a. b)
X=d
? {xl }") X
—
a
¥
FIGURE3.8 Verticalline through FIGURE3.9 Horizontal line through
(a.b). (a1, b).

EXAMPLE Equations of Horizontal and Vertical Lines

a. An equation of the vertical line through (~2,3) is r = —2. An equation of
e horizontal line through (=2, 3) is y = 3.

\,‘.\\\




TABLE 3.1 Forms of Equaticns of Straight Lines

Point-slope form Y- v == X — x1)
Slope--intercept form y == nx 4+ b
General linear form Av -+ By 4+ C =0
Vertical line X =a

Horizontal line V== b

PARALLEL AND PERPENDICULAR LINES

Let I, and |, be two distinct lines with slopes m,; and m,,respectively.

Then

l, Is parallel to |, if and only if m; = m.,.

l, Is perpendicular |, to if and only if myem, = -1.

two vertical Ilnes are parallel, and any horizontal line is
nditeagto any vertical line.




EXAMPLE 2 Find the equation of the line passes through (3,-1) and (-2,-9).

Solution:
The slope is m_yz—yl_—9+1_8
X, =% —2-3 5

The equation of this line is

y—ylzm(x—xl)
8
1=—(x-3
y+1=7(x-3)
8 24
=2x-=-1
Y 5X 5

Y = 8 X — 29 (slope intercept form)

5 5 .
he neral form of this equation is 8X — 5y — 29 =0




EXAMPLE 3 ?:rlg(-tshe equation of the line passes through (-3,2) and parallel to

Solution:
|, and |, are parallel |, //l,, m;=m, | : y=4x-5 m =4
m =m,=4
The equation of the line |2 IS
Y-V, = m(x—xl)
y—2=4(x+3)
y=4Xx+12+2
y=4x+14 (l,)
Find the equation of the line passes through (-3,2) and
perpendicular to y=4x-5.
) _ Y=Y = m(x - Xl)
|, Is perpendicular to |, 1
1 y—2=—2(x+@
=1, 4m,=-1 m, :_Z 1 5

=—=X+—
V=733



EXAMPLE 5 \Ijler;?icglle equation of the line passes through (2,-3) and it is

Solution:

Line passes through (2,-3) and it has no slope and y-
Interceptand it is vertical.

The equation of the line is x =2,

EXAMPLE 6 Find the equation of the line passes through (7,4) and
perpendicular to y=-4.
Solution:

Line passes through (7,4) and it is perpendicular to y=-4.
The slope of this line Is m, = 0. m.m,=-1 m, = _E — undefined
The equation of the line |, is x=7. 0




