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1
Introduction
1.1 Introduction and History

The automobile, or horseless carriage, as it was originally known, appeared at
the end of the 19th Century, approximately one hundred years ago, a direct con-
sequence of the availability of suitable internal-combustion engines.

The design of automobiles evolved from that of the horse-drawn carriage,
itself the culmination of several thousand years of slow evolution from early
carts and chariots. At the time of arrival of the automobile, carriages already had
suspension systems, very desirable in view of the poor roads at the time. There
was therefore already a body of knowledge regarding ride quality and suspension
systems. However, virtually no published material existed concerning investiga-
tion of handling qualities.

It is interesting to speculate what sort of concept of handling the earliest char-
iot engineers may have had. Perhaps the most obvious requirement of a high-per-
formance chariot is a small mass. Certainly, the importance of this was
appreciated at least 2000 years ago. The wheels were so light that they were
removed when not in use (e.g., overnight) to obviate eccentricity and lack of
roundness due to creep.

Early carts had steering in which the entire front axle pivoted about a vertical
central pivot. Lightweight chariots were two-wheeled, so yawing could be
achieved by relative rotation of the wheels, and the need for steering as such did
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not arise. The traditional horse-drawn carriage of the 18th and 19th Centuries had
rigid axles front and rear; steering of the complete front axle about its central
pivot naturally left the wheels perpendicular to radii from a notional center of the
path arc. However, steering by movement of the complete axle was inconvenient,
requiring large clearance around the wheels, so steering by pivoting the wheels
separately on stub axles was introduced. In 1816 Georges Langensperger stated
the geometric condition required for stub-axle steering to maintain the wheels
perpendicular to their arc of motion. Such an arrangement was highly desirable
to minimize friction at the wheels during low-speed maneuvering on small radii.
This is still the case, although conditions are different at higher speeds. Acker-
mann recognized the importance of this invention; by agreement with Lan-
gensperger, acting as his agent in London, he took out British patents in 1817,
and hence this arrangement is widely known as Ackermann steering. Some sixty
years later, Amadée Bollée, in designs of 1873 and 1878, achieved a similar
effect, possibly independently. From 1878 to 1881 Jeantaud arrived at the same
arrangement, and performed some more scientific assessments. As a result, Lan-
gensperger's principle is known in France as the Jeantaud diagram. In 1893 Benz
was granted a German patent for another arrangement, similar to Bollée's later
type. By the time of the introduction of the automobile, then, stub axle steering
was well established, and cars adopted this system from the beginning.

The above steering designs were all kinematic in concept, in that there was no
recognition of a need for side forces or of the means by which such forces might
arise. The dynamic concept of cornering began only at the start of the 20th Cen-
tury. In 1907 Lanchester used the term "oversteer" in a paper to the Institution of
Automobile Engineers (IAE):

"In practice even the inertia of the hand and arm of the driver of a
car with bath-chair steering tells its tale in the slightly zigzag course
to which such cars are liable, each small steering effort becomes
overdone, the car 'oversteers,' and its track is reminiscent of the
motion of a water-fly."

The first significant steps toward a modern dynamic concept of cornering, rather
than just a kinematic concept, had to be the recognition of the need for lateral
forces and the presence of the slip angle that produces them. The term "slip" was
used in an IAE paper by Kersey (1921)1, in relation to toe-in and camber, with

1. References are generally given at the end of the book; early historical references are not all
given here, but may be found in Milliken & Whitcomb (1956).
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emphasis on the effective lateral velocity component. Healey (1924) included
several pages on handling effects, but did not mention the terms understeer or
oversteer. Credit for recognition of the concept of slip angle and its significance
is usually given to Georges Broulhiet, who called it envirage in his 1925 paper
to the French Institution of Civil Engineers.

Bradley and Allen (IAE 1930) investigated the friction properties of road sur-
faces and published what is probably the first graph of a tire side force against an
angle, although the angle shown is not precisely that of the wheel relative to its
ground motion, but the rigging angle of a motorcycle sidecar wheel. In fact, they
were not interested in cornering per se, but in braking, and simply considered a
rotating wheel at a large slip angle to be a good way to investigate the effects of
road surface properties on maximum grip, the rotation preventing local overheat-
ing and excessive wear. This paper was conspicuously more scientific than much
that went before regarding tire forces, and includes investigation of the effect of
tread form and speed on tire friction with various surfaces.

In 1931 a study of steering vibrations by Becker, Fromm and Maruhn drew
further attention to the mechanical properties of the tire. This included results of
tests of tires on a rotating steel drum, and was the first paper to record some of
the characteristics of tire cornering stiffness. Broulhiet presented a paper to the
Society of Automotive Engineers (SAE) in 1933 on European ideas about inde-
pendent suspension, including a description of his envirage. Olley (1934),
describing work at Cadillac, included a diagram, Figure 1.1.1, and some discus-
sion that indicates that the significance of the relationship between front and rear
slip angles was understood, at least in principle.

It is interesting that the terms understeer and oversteer were not used in the
1934 paper, although they were used in an unpublished General Motors report by
Olley in 1937, which indicated that in 1931 roll steer and tire pressures were
known to be very important in controlling stability. Olley is generally given
credit for the concept and interpretation of linear understeer and oversteer.
Olley's 1934 paper shows that the basic relationships governing tire forces and
slip angles were known, but it remained for Evans of Goodyear to make compre-
hensive investigations, which were published in 1935; Figure 1.1.2 shows his
principal result.

In 1937, Bastow, giving a forward reference to Olley's 1938 paper, used the
terms understeer and oversteer, and discussed roll steer effects on independent
front suspensions and on leaf-spring supported axles. In 1938, in an IAE paper,
Olley gave a more detailed description of handling behavior, including graphs of
path curvature against speed, and of front wheel angle against lateral accelera-
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tion. The terms understeer and oversteer were included and described as "just
coming into general use (oversteer was first used in 1932)" [sic]. (Statement in
parentheses is incorrect.) Critical speed was included, with comments on the
effect of lateral load transfer. Mathematical simulation results were claimed to
be within 5%, presumably for steady state. Later in 1938, Law described factors
affecting tire cornering stiffness, commented on handling behavior, and stated:

"Automobile engineers have become familiar with the terms 'over-
steering' and 'under-steering'..."

Thus, by the mid-1930s, all the important ingredients of a theory of handling
were available, and by the late 1930s reasonable mathematical steady-state mod-
els were in use (Fox, 1937, and Olley, 1938) although details were not published.
Attention soon turned to transient behavior (Stonex, 1941), although it was to be
three decades before a comprehensive transient-response analysis was achieved,
even for low lateral accelerations.

Figure 1.1.1. Early handling analysis (Olley, 1934).
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Figure 1.1.2. The first true tire cornering force curve (Evans, 1935).

German activity of the 1930s had a strong aerodynamic element. In 1938 For-
ster described a truck-towed tire tester and gave results, and in 1940 Rieckert &
Schunk, Dietz & Harling, and Huber & Sawatzki all published details, mostly
working under the direction of Kamm who reviewed this work in 1953. In 1941,
von Schlippe published his model of the tire based on a stretched string analogy,
successfully explaining the relaxation distance, relevant to the handling dynam-
ics of the tires.

There was also activity in France during this period, with papers emerging
from deSeze in 1937 and Gratzmüller in 1942, and then with substantial progress
after the war, from Rocard in 1946, Julien in 1947 and 1948, and Lozano in 1951.

International political difficulties and language barriers obviously created
problems, and the significance of the tire in vehicle behavior was not appreciated
in Russia for a decade. By 1946, however, the European and American work was
known to them, and, as examples, Pevsner in 1946 described testing techniques
and Chudakov in 1947 included tire properties in his theoretical analysis. In the
U.K., a number of papers appeared after the war (Olley 1947, Hardman 1949,
Gough 1949). Progress became more rapid, not least in the area of tires (for
example Joy et al., 1956). The classic set of papers by Milliken, Segel and Whit-
comb (I.Mech.E) in 1956 and 1957, thirty years after Broulhiet's introduction of
envirage, applied linear control theory to give a frequency response analysis.
This gave a description of the linear response regime corresponding to normal
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driving, with lateral accelerations of up to 3 m/s2 (0.3g), completely apart from
aerodynamics.

The following decades saw attention turning to the high lateral acceleration
regime, requiring nonlinear analysis, and to the role of the driver, with closed-
loop control analysis including the driver supplementing the driverless open-
loop analysis. However, despite all this effort, there are still many interesting and
unsolved problems in vehicle handling.

The fundamental problems have, however, largely been solved, and there is
an accepted body of theory. This book presents the core theory of the subject. We
shall be concerned principally with the four-wheeled vehicle – the car or light
truck – operating on metalled roads. Vehicles with other than four wheels, and
road surfaces of a loose or viscous kind such as gravel, mud or snow, will be
mentioned only briefly. In the following part of this first chapter we shall gather
together some of the ideas necessary for use in the detailed handling analyses to
follow. The vehicle body will be examined for both structural stiffness and its
contribution to inertia. The engine and brakes will be considered because accel-
eration and deceleration forces must be produced by the tire, and the call for these
forces affects the ability of the tires to produce lateral forces for cornering. The
various types of differential are considered, and road characteristics will be stud-
ied because this is one-half of the tire–road interaction, and on a large scale it is
the principal cause of maneuvering requirements. The atmosphere will be con-
sidered because this affects aerodynamics, through density variations and wind
and wind gusts, and affects the tire–road contact patch through the presence of
water, ice and snow. This chapter then considers the driver, and finally intro-
duces testing methods.

1.2 Control, Stability and Handling
Control is action by the driver intended to influence the motion of the car. The

driver seeks to exercise control over the vector velocity of the vehicle, and hence
over its path. Stability refers to the unwillingness of a car to be deflected from its
existing path – usually a desirable trait, in moderation. Handling is the ability of
a car to round corners successfully, the study of how this occurs, and the study
of the driver's perception of the vehicle's cornering behavior. The vehicle as a
whole can be influenced only by forces exerted by the road, by the atmosphere
and by gravity, and as a consequence we shall be interested in the aerodynamic
properties of the body and the cornering force characteristics of the tires. For
most practical cases the tire forces are the dominant ones, with aerodynamics
playing a secondary role in handling behavior.
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The road vehicle, contrasted with the air-borne or water-borne vehicle, is
characterized by the all-important presence of the tire; it is essentially for this
reason that road vehicle dynamics can be regarded as a separate subject in its own
right. The total force exerted on the tire by the road depends on many factors
including the dimensions, structure and materials of the tire, and the angle of pre-
sentation of the tire to the road. Hence it is necessary to consider in detail the tire
itself, and also the suspension system characteristics. Vehicle dynamics involves
the study of both lateral and longitudinal motions. Lateral motions are the subject
of interest here, so most of the standard results of longitudinal motion will be
taken for granted. "Cornering," then, is the main subject. The term "roadholding"
is used to mean the ultimate ability of a car to execute a given maneuver given a
perfect driver. "Handling" is used in a narrow sense to mean the ease with which
a real driver can realize desired maneuvers, including straight running when sub-
ject to disturbances, and is also used in a wider sense to mean the same as cor-
nering. Handling, then, is a qualitative assessment of the "manners" of a car, and
will depend on both the driver and the application. We shall deal here with road-
holding and handling rather than with ride, which is the ability of a car to reduce
the discomfort arising from road roughness.

Figure 1.2.1 shows the driver-vehicle system as a block diagram. The section
to the right of the dotted line is the open-loop system; this represents the vehicle
and its behavior in response to control inputs or disturbances from the road or
atmosphere. The complete system includes the driver. Because the driver takes
feedback information from the vehicle motion and the steering, this is called the
closed-loop system. Handling analysis may be based on the open loop alone,
where tests are intended to reveal the vehicle characteristics, or on the closed
loop which also involves the performance of the driver.

1.3 Axis Systems and Notation
To study the response of a vehicle to control inputs or to disturbances it is nec-

essary to specify one or more coordinate systems to measure the position of the
vehicle. The method recommended by SAE will be described here (see SAE
J670e in Appendix E). It was originally developed from aeronautical practice.
Broadly similar methods are used throughout engineering dynamics analysis.

First there is an Earth-fixed axis system XYZ (Figure 1.3.1). Upper-case let-
ters are used to denote Earth-fixed coordinates. For all ground vehicles the Earth
may be considered to be stationary. This is not true in an absolute sense – the
Earth spins about its own axis, and also moves around the Sun – but the associ-
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Figure 1.2.1. Driver-vehicle system block diagram

ated accelerations are small, so for our purposes the XYZ system is an inertial
coordinate system, i.e., it has negligible acceleration. The X-axis is chosen lon-
gitudinally forward in the horizontal plane; Y is then 90° clockwise from X as
viewed from above, and also in the horizontal plane. To form a right-hand coor-
dinate system, the Z-axis is vertically downward, because this is the direction of
motion of a right-hand screw turning X to Y. The origin of the XYZ system may
be at any convenient point, typically in the ground plane. This is the SAE system.
In the International Organization for Standardization (ISO) system, the Y-axis is
to the left and the Z-axis is upward. There is also an axis system xyz (lower-case
letters) fixed to the vehicle (Figure 1.3.2).

The use of upper-case XYZ for the Earth-fixed inertial system and lower-case
xyz for the vehicle-fixed system follows widely accepted conventions. The origin
of the xyz system is usually placed at the vehicle center of mass. The x-axis is
approximately in the central plane, pointing forward, and is horizontal when the
vehicle is in its usual pitch attitude; thus the pitch angle is the angle of x to the
horizontal plane. The y-axis points to the driver's right, and is horizontal when
the vehicle has zero roll angle; thus the roll angle is the angle between the y-axis
and the horizontal plane. The z-axis is downward, again to give a right-hand sys-
tem of mutually perpendicular axes. In general the vehicle has some acceleration,
so the xyz system is a non-inertial system.
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Figure 1.3.1. Axis systems.

Figure 1.3.2. Vehicle-fixed axes.

The position of the vehicle, i.e., of the moving xyz axes, relative to the Earth-
fixed XYZ axes, is measured by three coordinates giving the position of the origin
of xyz in XYZ, and three rotations of xyz in XYZ. Angular rotations are taken as
right-handed by convention, so a positive rotation corresponds to the rotation of
a right-hand screw when advancing in the positive direction of the corresponding
axis. The three rotations defined as standard by the SAE, starting from a position
with xyz aligned with XYZ, are, in sequence:
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(1) A yaw rotation ψ about the z-axis

(2) A pitch rotation θ about the y-axis

(3) A roll rotation Φ about the x-axis

Note that the rotations are taken about the vehicle-fixed axes. (A nomenclature
list for each chapter appears in Appendix A.) Roll angle Φ is positive for a
clockwise rotation seen from the rear. Pitch angle θ is positive for a nose-up
position.

The translational velocity of the vehicle is taken as the velocity of its center
of mass G, at the origin of xyz, measured in the system XYZ. For convenience the
velocity is resolved into components along each of the xyz axes (Figure 1.3.2).
There is:

(1) A longitudinal velocity u along the x-axis

(2) A side velocity v along the y-axis

(3) A normal velocity w along the z-axis

Because the x and y axes are not generally exactly parallel to the ground plane,
other terms are also defined as follows. Forward velocity is the velocity
component in the ground plane perpendicular to y; essentially this is the
longitudinal velocity resolved into the ground plane. Lateral velocity is the
velocity component in the ground plane perpendicular to the x-axis; essentially
this is the side velocity resolved into the ground plane. The total velocity in the
horizontal plane is the velocity tangential to the path of the vehicle center of
mass. It is also convenient to define the heave velocity as the velocity component
perpendicular to the ground plane, positive away from the ground (–VZ). Special
care is required with definition of terms if the ground plane is not horizontal.

It is sometimes convenient to use the terms heave and sway from ship dynam-
ics. These refer, respectively, to vertical and lateral motions in linear translation
without rotation.

Because the xyz axes are attached to the vehicle, the position of G is constant
and it has zero velocity and acceleration in these axes. The actual acceleration of
the vehicle in the XYZ system is again resolved into components parallel to the
xyz axes, there being a longitudinal acceleration u along x, a side acceleration v
along y, and a normal acceleration w along z. There are also lateral, forward and
heave linear accelerations. Figure 1.3.3, with exaggerated attitude angle, shows
how the total horizontal acceleration may be resolved into forward and lateral
components, or into tangential and centripetal components. The centripetal
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acceleration is the component parallel to the road plane and perpendicular to the
vehicle path, i.e., directed toward the path center of curvature.

The angular velocities of the vehicle are naturally measured relative to the
inertial XYZ system, but are resolved about the xyz axes for convenience, to give:

(1) The roll angular speed p

(2) The pitch angular speed q

(3) The yaw angular speed r

These are expressed as rad/s or deg/s. In rotation there are roll (p), pitch (q) and
yaw (r) angular accelerations.

Figure 1.3.3. Acceleration components.

Referring again to Figure 1.3.1, looking down on the horizontal XY plane, we
have:

(1) The angular position ψ (psi) of the projected x-axis relative to
the X-axis, called the heading angle, measured positive clock-
wise.

(2) The angular position β (beta) of the forward velocity, relative
to the projected x-axis, called the attitude angle (sometimes
sideslip angle), again positive clockwise.

(3) The angular position of the velocity vector, which is tangential
to the path and denoted by v (nu), called the course angle.
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Consequently

The terminology introduced here becomes familiar only with regular use. Its
complexity reflects the fact that the vehicle motion is itself complex. The com-
plete system of notation is called for only in the general approach to vehicle
dynamics. Happily, many problems can be treated without the full generality,
and therefore in a more easily understood form; this latter approach is the one
that will be adopted throughout most of this book.

1.4 Vehicle Forces and Notation
The motion of the vehicle is governed by:

(1) The total resultant force acting on the vehicle,

(2) The total resultant moment acting on the vehicle,

(3) The translation and rotational inertial properties of the vehicle.

Expressed in its most general form we have two vector equations that can be
written for the vehicle motion: force equals rate of change of linear momentum,
and moment about the center of mass equals rate of change of angular
momentum:

These are the basic laws of motion as expressed by Euler. Newton's three laws
of motion can all be deduced from the first of these. In practice in three-
dimensional mechanics the first of Euler's two equations is much easier to apply
than the second. Considering F = first, by approximating the vehicle as
having constant mass, this can be expressed as F = mA, or as applied in practice
in a coordinate system, in three equations of the form Fx = mAx where Fx is the
sum of all force components in the x-coordinate direction. Thus if all the forces
on the vehicle are known with reasonable accuracy, the vehicle acceleration can
be determined. In practice, in most cases the center of mass can be taken as
having a fixed location relative to the vehicle body. However, this is not exact,
as discussed in Section 1.6 on body inertia. The total force acting is a
combination of the forces exerted by the ground on the tires, detailed in Chapter
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2, of the forces exerted by the air on the body, Chapter 3, and of the weight force
exerted by gravity.

The response of the vehicle to the total moment acting about the center of
mass is much more difficult to determine. This is because of several factors. By
neglecting the fact that there are rotating wheels, engine and drivetrain, i.e.,
neglecting associated gyroscopic effects (which is not necessarily a good approx-
imation), and by using the same approximations as for the translational analysis,
the vehicle can be treated as a rigid body. However, the detailed equations of
motion are still complex, not least because the principal axes of inertia of the
vehicle do not in general coincide with the body-fixed axes. Fortunately, most
practical handling problems arc adequately analyzed by dealing with simplified
cases, for example by treating the vehicle as being in approximately plane motion
parallel to the ground plane, so that the full generality of the equations is not
required. For those readers interested in the general approach, the bibliography
at the end of this chapter gives references.

Notation for forces on the vehicle follows a similar pattern to kinematic nota-
tion, including the use of the various subscripts for axis directions, and terms
such as longitudinal force and side force. Notation for forces in the ground plane
follows the acceleration notation of Figure 1.3.3. The centripetal force FC gives
the centripetal acceleration that causes path curvature. The tangential force FT

controls the acceleration along the path.
Figure 1.4.1(a) shows the free-body diagram of the vehicle in the ground

plane, viewed in the XYZ inertial coordinate axes. The free-body diagram shows
the chosen free body with the relevant forces that act on it. As a result of the net
forces in Figure 1.4.1(a) the vehicle experiences accelerations AT and AC accord-
ing to F = mA in the inertial XYZ system. For example, the equation of motion
perpendicular to the path is

If we now view the vehicle in a non-inertial coordinate system, having an
acceleration relative to XYZ, the measured vehicle acceleration in this system
will be different. Thus the acceleration calculated from F = mA will be wrong –
Newton's second law fails in an accelerating coordinate system. This difficulty
may be overcome by "adjusting" the free-body diagram, by adding
compensation forces, or fictitious forces or d'Alembert forces as they are
sometimes known, to bring the value of F into agreement with the measured mA
in the accelerating coordinate system. The value of the compensation force
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needed equals the mass of the body times the acceleration of the coordinate
system seen in non-accelerating coordinate axes. The compensation force must
be added to the free-body diagram acting in the opposite direction to the true
acceleration of the free body.

This method is shown applied in Figure 1.4.1(b) for the special case of the
body-fixed axes. The true centripetal acceleration requires that we add the force
mAC opposing the true acceleration. Similarly mAT is added. Because xyz is a
body-fixed system, the vehicle has no acceleration in this system. From this free-
body diagram the equation of motion perpendicular to the path is

because there is no acceleration of the vehicle in the vehicle-fixed axes.
Comparing this with the equation from the XYZ system free body, we see it to be
correct: the acceleration in inertial axes is AC = FC/m.

Figure 1.4.1. Plan-view free-body diagram: (a) in XYZ, (b) in xyz.

The force mAC, balancing the centripetal acceleration, is called the centrifu-
gal force because it acts outward from the center of curvature. This centrifugal
force is a compensation force, and appears only in order to make Newton's sec-
ond law valid in the accelerated reference frame. Unfortunately, this special
nature of compensation forces is often overlooked, and they are believed to act
even in inertial coordinates such as XYZ, which leads to great confusion.
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Figure 1.4.2(a) shows the rear elevation of the same vehicle in the inertial
axes XYZ, simplified to one axle. Here FC gives the real centripetal acceleration
AC. Also there is lateral load transfer: N1 exceeds N2 to balance the moment of
FC about G because there is no angular acceleration in roll in the steady state.
Figure 1.4.2(b) shows the corresponding free-body diagram viewed in the accel-
erating body-fixed axes, and therefore including the compensation centrifugal
force mAC. By definition, in this axis system the vehicle has no acceleration, i.e.,
it is in equilibrium.

Both inertial and body-fixed accelerating coordinate systems will be used
here, according to which is more convenient at the time. In accordance with the
usual conventions, the inertial coordinate system XYZ is in use unless otherwise
stated.

Figure 1.4.2. Rear-view free-body diagram for a right-hand turn:
(a) in XYZ, (b) in xyz.

1.5 Body Stiffness
From a handling perspective, a high stiffness of the body or chassis is nearly

always preferred so that handling control may be realized by the design of the
suspension and tires. The body is loaded by the suspension at the transverse
planes of the axles, so it is the effective stiffness between these planes that is sig-
nificant. The principal loads are the vertical ones, applied primarily through the
springs, dampers and suspension links, and essentially equal to the vertical tire
forces. If the sums of the vertical forces on the two vehicle diagonals are not
equal then the body is in torsion. For cornering, the suspension is generally
designed to create such an effect, for example by anti-roll bars, so that the tire
normal forces influence the lateral forces in a desirable way. Because of this, the
body torsional stiffness can influence handling behavior, in particular if the stiff-
ness is inadequate, which prevents the suspension from acting in the desired
manner.
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The torsional stiffness of the body or chassis is measured by applying appro-
priate forces and torques in the vertical transverse planes of the two suspensions.
The most satisfactory way to do this is perhaps to support each axle wheel pair
on a transverse beam that can be inclined laterally, so that the torsion-causing
forces are fed into the body in a realistic way, and to measure the body distortion
with dial gauges.

The torsional stiffness of the body or chassis is not easily calculated because
of the complexity of the structure, and because of the difficulty of allowing for
the influence of imperfect connection between panels, which may have a large
effect. Since the 1950s most passenger vehicles have been based on an integral
monocoque stressed-skin structure, as opposed to the previous method of having
a chassis with a separate and relatively unstressed body, as is still used on trucks.
Because of the greater enclosed cross-sectional area of a body compared to that
of a chassis, torsional stiffness is much greater, e.g., 10 kNm/deg, and modern
car bodies can generally be treated as torsionally rigid for handling analysis. For
example, a vehicle of 12 kN weight in the most extreme possible steady-state
case would have vertical forces of 6 kN at each end of one diagonal, giving a
torque on the body about a longitudinal axis on the centerline of 4 to 5 kNm, but
the angular deflection would be only about 0.4°. In normal use it is even less.
Although the stiffness is measured between the suspension planes, the bodywork
beyond the suspensions can also contribute significantly to the stiffness.

Where a separate chassis is used, as on most trucks, the torsional compliance
is substantial, and certainly enough to influence handling. Many trucks and trac-
tor units tend to instability because of the stiff rear springs that are required, and
because there is insufficient torsional stiffness in many current designs to allow
this to be compensated effectively by front anti-roll bars. The typical truck chas-
sis construction uses a ladder-like assembly – a pair of side rails with connecting
crossmembers. The rails are typically steel or aluminum channels with the
flanges pointing inward, typically 200 mm × 70 mm, 6 mm thick. Such open
channels have much poorer torsional rigidity than closed tubes or boxes. Because
they pass just over the axle, and hence between the wheels, they are usually
rather close together, especially where double rear wheels are used, and this fur-
ther limits the rigidity that is achieved.

Truck chassis side rails also bend as beams in side view; in steady state this
has little effect on handling, although it can influence the steering mechanism. In
plan view there may be bending or lozenging; this may influence the geometric
relationship between the wheels and hence alter handling to some extent,
although probably less than torsional effects.
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1.6 Body Inertia
The inertia properties of a vehicle are usually represented by:

(1) The mass, m

(2) The position of the center of mass, G

(3) The second moment of mass about each axis

(4) The cross products of inertia

In practice, because of near symmetry, the cross products of inertia Ixy and Iyz

are usually taken as zero; Ixz is also small but sometimes considered. This is
equivalent to saying that the principal inertia axes are close to the xyz axes,
although the longitudinal principal axis is often slightly inclined, usually down
at the front.

The inertia properties depend on the loading condition, which can best be
dealt with by establishing values for the unloaded vehicle, and then incorporating
any particular loading condition as required. In general the vehicle is treated as a
rigid body, but in some cases it is desirable to include load shifting effects, for
example for large fluid loads.

The mass and center of mass may be found theoretically if the masses and
positions of the centers of mass of the component parts are known. In view of the
large number of parts this may be inconvenient, even if computerized, but is the
only way available at the design stage. In this method a coordinate system is
defined, typically measuring x back from the front suspension plane, y laterally
from the center plane, and z vertically upward from ground level. The total mass
moment for each axis may then be calculated by summing the contributions, e.g.,
Σx k m k where mk is the mass of the kth component. The center-of-mass position
is then

where m is the total mass. The second moment of mass can then be found for axes
through the center of mass. Considering now the standard body-fixed axes xyz,
using the parallel axes theorem gives, for example,
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where mk is the mass of each component and Ik is the second moment of mass of
the component about an axis through its own center of mass parallel to, in this
case, the x-axis. The second moment of mass of a uniform rectangular solid of
dimensions a by b by c about an axis through its center of mass perpendicular to
the side a by b is

The products of inertia can also be found, and then the principal axes and
principal moments of inertia follow from the usual transformation equations
(e.g., McLean & Nelson, 1962). This can all be rather laborious unless
computerized. However, steady-state handling problems depend only on the total
mass and the position of the center of mass.

If the vehicle already exists, the mass and center of mass are perhaps most
easily found by weighing. Each wheel vertical reaction can be measured, for
example the front-left reaction denoted by FVfL. The front axle reaction is then

Figure 1.6.1 shows the weight and axle reactions. For ground vehicles the center
of gravity (the point at which the weight force acts) and the center of mass (the
mean position of the mass elements) can be taken as coincident, although this is
not always an adequate approximation, for some space satellites for example.
This effectively common point will be denoted G.

From the free body of Figure 1.6.1, which is in equilibrium, it follows that W
= Nf + Nr. Of course, this is with zero vertical aerodynamic force. In the Interna-
tional System of Units (S.I.), the reaction forces should be expressed in newtons,
giving a weight force in newtons. The mass is then m = W/g where g, although
varying slightly over the Earth at ground level, is often standardized as 9.81 m/s2,
and m is in kilograms. In the most commonly used version of the Imperial sys-
tem, the forces are in pounds force (lbf, equals the weight of one pound mass in
the standard gravitational field), the mass is in slugs (1 slug equals 32.2 pounds
mass), and the standard gravitation is 32.2 ft/s2. Commercial spring-balance type
weighing devices may be calibrated in kg, intended to indicate mass directly, a
liberty that is allowable because they are used in a gravitational field that is close
to constant. Really they indicate forces in units of kilograms force (kiloponds),
the weight of one kilogram in the standard gravity, so in a scientific context the
force value in newtons should be found by multiplying by 9.81 N/kg.
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Figure 1.6.1. Side view static free-body diagram.

As a matter of interest, Figure 1.6.1 is, strictly, incomplete because it neglects
the atmospheric buoyancy force which acts vertically upward at approximately
the center of volume. If we include this, taking it to act at approximately the cen-
ter of mass, we then see that the sum of the measured reaction forces is actually

Thus the weight is really slightly greater than Nf + Nr. The buoyancy force is B
= ρ Vg where ρ is the air density and V is the volume. Considering the enclosed
air to be part of the vehicle, the total enclosed volume for a large car is about 8
m3, giving B 100 N. Thus the mass calculated in the ordinary way from the
apparent weight Nf + Nr is too small by about 10 kg. This is under 1%, although
up to 3% in the case of some light vehicles with abnormally large enclosed
volume. Normally this is neglected.

Returning to the simplified Figure 1.6.1, the longitudinal position of G fol-
lows by taking moments, for example about the front wheel contacts, neglecting
tire rolling resistance moment, the total moment being
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The lateral position of G follows similarly from the left and right totals of the
vertical tire forces on an end-view free body.

In determination of the vertical forces it is not essential, although it is conve-
nient, to have four load cells. One pair, adjustable for the track, is suitable; a sin-
gle cell is possible, but less convenient. At the time of measurement, all wheels
must be acting against a flat plane, i.e., the load cell must be recessed into the
effective floor plane, or the suspension and tire stiffnesses will combine with the
wheel deflection to distort the results. The vehicle must be in its standard loading
condition, for example dry or fueled, with or without passengers, as appropriate.

Determination of the height of G is more difficult. One method is to hoist one
end of the vehicle, for example as in Figure 1.6.2, with a force F at point P, to an
angle θ. The vehicle may be rested on its rear wheels on columns mounted on
ground-level load cells, as an alternative to a hoist with a load cell. Because the
suspension forces change from their values in the horizontal position, the suspen-
sion should be locked in its normal standing position before hoisting, for example
by pinned-through dampers or screwed rods replacing the normal dampers.
Applying moment equilibrium to the free body of Figure 1.6.2 gives

Thus dimension c, from the front wheel center to the line of action of W, may
be determined, depending on the actual parameters measured. In conjunction
with the angle θ the line of W is determined, and in conjunction with the already
known value of a the height of G may be found using the geometric relationship

where RL is the loaded wheel radius, and H is the normal height of the center of
mass above the ground plane. This gives

so in this test the forward load transfer really indicates the height of G above the
wheel center. Hence, for some racing cars the load transfer in this test will be
small, or even negative.

The accuracy of this method depends on achieving an adequate value of θ,
preferably about 30°. Great care is required to achieve reasonable accuracy in H.
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Figure 1.6.2. Determination of height of the center of mass.

Because of the difficulty of doing this, particularly with large trucks, other meth-
ods are sometimes adopted. In some cases (e.g., trucks without their rear bodies)
it is feasible to rest the vehicle on knife edges at a point directly above G by an
unknown amount (Figure 1.6.3), the dimension a already being known, at which
point the vehicle hangs level. The addition of a known load me at the front or rear
will cause a measurable pitch angle position change θ, from which the distance
of the vertical center of mass position below the pivot is easily found by

Alternatively, if the knife edges are below the center of mass, for example
under the chassis rails, then in a pitched position there is a destabilizing moment
from W, which can be resisted by a load cell or balanced at the other end by a
weight. Alternatively, with appropriate precautions, using sharp-edged solid disc
wheels it is possible to incline the vehicle laterally until it is balanced on the
wheels of one side. In all of these methods, caution must be exercised in locking
the suspension, and in preventing or making allowance for fluid load shifting.

The part of the vehicle on the road side of the suspension is called the
unsprung mass, discussed in more detail in Section 4.14. It is usually summarized
as front and rear total unsprung masses designated mUf and mUr, basically found
by weighing with proportions of the partly moving elements, for example links.
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Figure 1.6.3. Alternative measurement of vertical C.G. height.

The unsprung masses may be a significant proportion of the total mass, espe-
cially for solid axles, so they are generally treated separately. The basic measured
data are total mass at height H positioned a distance a behind the front axle and
b in front of the rear axle on wheelbase

and also the unsprung masses mUf and mUr at heights HUf and HUr often taken as
equal to the wheel radius. From these may be deduced the total front and rear
end-masses:

The total unsprung mass is

The sprung mass is
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The front and rear sprung end-masses are

and, of course, the total sprung mass is

The distance of the sprung center of mass behind the front axle is aS, for which

It is sometimes convenient to think of the front and rear unsprung masses
combined as one unit. Then

The wheelbase is of course,

The sprung center of mass height HS follows by mass moments from ground
level, giving
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The measurement of second moment of mass must be done by investigating the
inertia directly rather than by weighing. The vehicle is put into oscillation about
a fixed axis, with a restoring moment due to the weight force or a spring, and the
natural frequency is measured. Knowing the restoring stiffness, the second
moment of mass about the fixed axis may be deduced, and from that the second
moment of mass about an axis through G parallel to the fixed axis can be
calculated using the parallel axes theorem. Appropriate fixed axes are therefore
chosen to investigate the inertia in yaw, pitch and roll oscillations.

For yaw, using the standard trifilar pendulum (Figure 1.6.4), the vehicle is
supported on a platform suspended by three equally spaced pendulum wires of
length LP. The vehicle G must be directly over the platform G, which must be
centrally positioned. Each wire has a tension W/3, where W is the total weight,
so when the platform is rotated by θ there is a restoring moment, because of wire
inclination, of

so the torsional stiffness is

It is usually acceptable to neglect the wine torsional stiffness in this method,
although a correction is easily added if desired. The natural frequency of
torsional vibration is therefore
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Figure 1.6.4. Trifilar pendulum.

By observing the natural frequency, first for the platform alone, then for the
vehicle plus platform, I may be found for each case, and hence deduced for the
vehicle, using

The final result for the vehicle yaw inertia is

The advantage of the trifilar pendulum over the quadrifilar pendulum is that the
individual tensions are statically determinate. However, it may be more
convenient to use a quadrifilar pendulum. For this case, or for a trifilar pendulum
with non-centralized load,

where Tk is the tension of the wire at radius Rk from the vertical line of the center
of mass. For a quadrifilar pendulum with lateral symmetry



26 Tires, Suspension and Handling

If the vehicle is centralized so that all the radii are the same, then the indeter-
minacy does not matter, i.e., it is not necessary to know each tension individu-
ally. One practical advantage of the quadrifilar pendulum is that each wire can
be attached directly to each end of an axle; the effect of the center of mass posi-
tion on the various R values and tensions must then be allowed for. The quadrifi-
lar pendulum's natural frequency may be found from the general formula

Pendulum methods require a strong and rigid overhead structure, which may be
problematic for very large or massive vehicles. An alternative method is to
support the vehicle from below on a spherical air bearing, a hydrostatic oil
bearing, or a small steel ball of say 20 mm diameter. By placing this support a
small distance d behind the vertical line of G, a small supporting reaction is
required at the front wheels, met by a plate resting on balls or an air bearing. Thus
the vehicle is constrained to rotate about a vertical axis just behind G. A
horizontal spring with moment arm R and stiffness K provides a restoring
moment at deflection θ of

The natural frequency is therefore

where I0 is the second moment of mass about the fixed axis, which by the parallel
axes theorem is
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where x is the distance of the axis from G, allowing IZ to be deduced. A

correction may be made for the inertia contribution of the plates under the front

wheels.
Experimental determination of the pitch or roll second moments of mass is

usually performed by holding the vehicle in a cradle to form a pendulum, shown
for pitch in Figure 1.6.5. The restoring moment at deflection θ is

where W is the total weight and Z is the distance from the axis to the total center
of mass. By the parallel axes theorem the observed second moment of mass is

where IP is the desired vehicle pitch inertia, IC is the cradle inertia about the
pivot, and ZV is the pendulum length to the vehicle center of mass. The natural
frequency of pendulum motion is

Figure 1.6.5. Conventional pendulum

The cradle inertia is found by testing the cradle alone; then , and
hence IP may be deduced. It may be easier to pivot the cradle on knife edges
lower down nearer to the center of mass, in which case additional restoring
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stiffness may be provided by a suitable spring. This may also be more accurate,
because the term is much smaller.

As a matter of interest, by finding the pitch frequency for two pendulum
lengths, in principle both I P and the height of G may be deduced. However, this
requires great precision, and it is necessary to allow for inertia of the vehicle's
added mass arising from external air motion, for the internal air mass, and for
buoyancy forces. It is therefore not a practical method.

Because of approximate lateral symmetry, the only product of inertia that is
significant is I x z . This may be measured in the following way. The vehicle is
again tested for yaw inertia, but this time with the x-axis inclined upward at the
angle θ, say 30°, giving a result Ir. Then

The inclination of the principal axes from the xz axes is θp where

Denoting the second moment of mass about a vertical axis through G, i.e., the
yaw inertia, as IY, the radius of gyration for yaw is

and has a typical value of about 1.4 m. Similar radii of gyration are defined for
the other axes.

In analysis of transient dynamics, it is found that the significance of the yaw
radius of gyration depends on how it compares with the distance of the axles
from the center of mass. Specifically, where a is the distance from the front axle
to the vertical line of G, and b is the distance of the rear axle (Figure 1.6.1), the
ratio



Introduction 29

is called the yaw dynamic index, or just the dynamic index. The value is around
1.0 for a passenger car, but as low as 0.6 for a formula racing car.

The corresponding pitch dynamic index is

where kP is the pitch radius of gyration.
The roll dynamic index may be defined as

where kR is the roll radius of gyration and T is the mean track. Here ½T has been
preferred to T for the reference length so that the numerical values of iR can be
related better to those of iY and iP.

The influence of yaw dynamic index will be discussed in Chapter 7 on
unsteady-state handling, but briefly a high dynamic index, which tends to be
associated with large cars because of their proportionally greater front and rear
overhang, tends to lengthen the time constants of the response.

In rolling and pitching it is often the angular inertia of the sprung mass alone
that is of interest, which may be deduced by standard techniques found in
mechanics textbooks, mainly involving transformation to new axes and the addi-
tion or deletion of components. In yaw, the inertia of the whole vehicle is appro-
priate.

1.7 Loads
For a normal passenger car, addition of the driver, passengers and luggage

will have a substantial effect on the total mass, on the position of the center of
mass, and on the second moments of mass.

The process of finding the loaded properties is the same for all axes. The mass
is simply the sum of the masses, of course. The new center of mass is the point
about which the first moment of mass of the vehicle plus load is zero. The second
moment of mass about axes through the new center of mass is the sum of contri-
butions from the vehicle and the load, each found by the parallel axes theorem,
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The second moment of mass of a uniform rectangular load, a by b, about its own
center of mass, is m(a2 + b2) / 12.

For a typical sedan (saloon) the driver and front passenger arc near the longi-
tudinal center of mass and so have relatively little effect on the longitudinal prop-
erties. Two rear seat passengers have a total first moment of mass about the
center of mass of about 140 kg m, moving the center of mass back about 100 mm.
A full fuel tank may move G by 70 mm. A loaded trunk (boot) may move G by
100 mm rearward. The total movement of 250–300 mm is about 10% of the
wheelbase, and of considerable significance in influencing behavior.

Loading of a small or large commercial vehicle may have an even greater
effect on the inertia properties. Because of the large effect, each case must be
considered individually. The usual effect of adding load is to move G backward
and slightly upward.

The repositioning of even supposedly minor components may be significant.
Moving a battery from the engine bay to the trunk may move the center of mass
by 30 mm, changing the front–rear load distribution by 1%. On front-drive vehi-
cles, which are very light at the rear, this may be a useful improvement. Alterna-
tively, for rear-engine vehicles, which arc often light at the front, a useful
improvement may be achieved by moving components forward, or even by add-
ing dead load as trim as far forward as possible, for example lead in the front
fenders in one well-known case.

The influence of fuel load may be a considerable problem on certain special-
ized vehicles. For example, the standard layout of racing cars before 1959 was a
front engine, followed by the driver, with the fuel tank placed over and behind
the rear axle. Because of the small total mass and the large fuel mass, there was
a marked change of center of mass position during a race. One Indianapolis racer
of the early 1950s carried 380 kg (115 gallons) of fuel, moving the center of mass
by almost 20% of the wheelbase. In an attempt to overcome this problem, one
European manufacturer put the fuel in outboard tanks filling the longitudinal
space between the wheels, also reducing wheel drag. This placed the fuel load
close to the longitudinal position of G, but the method proved inferior to the stan-
dard layout of the period, apparently because it greatly increased the roll inertia,
which reduced the roll natural frequency and spoiled the transient dynamics.

With the change to rear engines in racing in 1959, the fuel was placed in var-
ious tanks including at the sides, but this time close in to the flanks. With the
ground-effect aerodynamics revolution of 1978, it became essential to minimize
the width of the true body in order to maximize the width of the ground-effect
tunnels on each side. For this reason the fuel was placed in a single central tank
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between the driver and the rear engine. This was also ideal for minimizing the
shift of center of mass, especially with the large fuel loads, up to 200 kg of fuel
with a dry vehicle mass of 600 kg or less.

The lateral position of the center of mass is usually taken in the longitudinal
plane of symmetry, because usually the vehicle itself has only minor asymme-
tries when unloaded and dry. However, loading may offset G significantly. Often
the fuel tank is on one side, and this may offset the center of mass by 30 mm,
2.5% of the track. Each driver or passenger may cause an offset of 20 kg m, giv-
ing 20 mm offset (1.5% of the track). On some vehicles the tank and driver are
on the same side, so an offset of 50 mm may commonly arise. A worst case
would be with one passenger on the same side in the rear, giving 70 mm offset,
5% of the track.

The center of mass is considered to be a fixed point in the sprung body in most
cases, for a given loading condition, and usually on the center plane, and the total
mass is treated as constant. The constant total mass approximation is a good one
because the mass rate of change is small, e.g., fuel consumption. The constant
position approximation is less accurate because of the possibility of shifting of
the load or passengers, i.e., there are inaccuracies in the rigid-body model,
although again these are usually small. For example, the leaning of four passen-
gers in severe cornering moves their center of mass typically 15 mm, giving a
total center of mass movement of about 3 mm. Shifting of fuel in the tank of a
typical sedan may also give a center of mass movement of about 3 mm, so when
combined with the passengers the total movement is about 6 mm or 0.5% of the
track, and normally negligible.

For some specialized vehicles the shiftable load may be a much larger propor-
tion of the total mass, tankers for liquids providing an obvious extreme example,
and in such cases special precautions are required, for example, baffling of the
tank. Load shifting is at its worst for a range of part loads around 50%, depending
on the tank shape and the lateral acceleration. In all cases of fluid load shifting,
in steady-state cornering the fluid surface is at an angle to the horizontal of θ =
tan 1 (Ay/g), where Ay is the lateral acceleration, which in the vehicle-fixed axes
we may explain as the consequence of centrifugal force on the liquid. Such vehi-
cles are also characterized by a high ratio of center-of-mass height to track, and
when tire and suspension compliance are included, the steady-state rollover lat-
eral acceleration is as low as 4 m/s2 (0.4g). When dynamic response of the liquid
and the behavior of trailer units is included, the limit may be only 2 m/s2 (0.2g).
Hence it is understandable that rollovers are a significant contributor to accidents
for such vehicles.
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1.8 Engine and Brakes
The engine and brakes are the means by which tire longitudinal forces are

controlled, the longitudinal force being the force in the direction in which the tire
points. Because of the steering on front-drive vehicles, and because of the vehicle
attitude on rear-drive vehicles, in general the longitudinal tire forces have com-
ponents contributing to, or detracting from, the vehicle centripetal acceleration;
but primarily the engine and brakes control the acceleration tangential to the
path.

In steady-state cornering on a level surface, the engine must provide the net
power to overcome the aerodynamic drag and tire drag forces. Also the longitu-
dinal forces on the driven tires influence the lateral forces at a given slip angle
because of the tire characteristics, and hence the longitudinal forces have an
effect on the handling.

Approximate values for the cornering thrust and power requirements can be
found by considering the vehicle to be concentrated at a single tire with a mean
slip angle. Figure 1.8.1 shows an unpowered tire with slip angle α, and with the
forces exerted on the tire by the road. These are the lateral force FY, and the roll-
ing resistance force µ R F V , where FV is the tire vertical force. To provide the
vehicle centripetal acceleration, and neglecting aerodynamic forces, at path
radius R,

Figure 1.8.1. Plan view of unpowered cornering tire.
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Because µR is small (µR < 0.02 typically)

The tire drag is the sum of cornering drag and rolling resistance

Because α is reasonably small,

Substituting for FY,

The power dissipation at the tire is

The aerodynamic drag (Chapter 3) is given by

where AD is the drag area, typically 0.6 m 2 for a small to medium sedan, and
actually influenced somewhat by the attitude angle.

The aerodynamic power dissipation is
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The thrust power required to overcome these resistances is

On level ground, the engine must provide this, plus losses in the transmission.
Steady-state testing is normally performed at a sufficiently small radius for a

moderate power requirement, for example 32.9 m (108 ft). For a centripetal
acceleration of 8 m/s2 the speed is 16.22 m/s (36.5 mph). With a mean tire slip
angle of 8°, a vehicle mass of 1200 kg, and µR = 0.017, the total tire drag is

The aerodynamic drag, for 0.6 m2 drag area, is

This is much less than the tire drag. The thrust power required at the wheels is

This is well within the capabilities of the average vehicle. On the other hand, if
the test radius is increased to 100 m, for the same lateral acceleration the speed
is 28.3 m/s (63.3 mph). With the same slip angle, which will be approximately
true, the tire drag is still 1549 N, but the aerodynamic drag is up to 343 N, and,
mostly because of the increased speed, the total thrust power is now 53.5 kW (71
bhp). Not all vehicles could achieve this. This also implies a power dissipation
of 11 kW at each tire, with a corresponding temperature increase.

The dependence of the tire power dissipation on vehicle speed during corner-
ing is of interest. We have

which in the linear cornering regime is
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Considering a small rolling resistance, and a total vehicle cornering stiffness CαV

equal to the total for four tires,

Hence,

exhibiting a remarkable sensitivity to the velocity.
The actual total tire cornering drag is

arising because both slip angle α and lateral force FY are proportional to V2 at a
given path radius.

From the above example we may conclude that in typical steady-state testing
the power requirement depends primarily on the tires rather than on the aerody-
namics, and that the power output is usually adequate for testing at a moderate
radius, but that at larger radii the engine power may be a limiting factor. In other
words, the engine power defines a limit to the steady-state cornering perfor-
mance envelope. The maximum steady-state centripetal acceleration at any given
speed is shown in Figure 1.8.2. Section AB of the curve is limited by steering
lock, section BC by tire friction limits, generally declining slightly with speed,
and section CD by engine power. At D all of the engine power is required to sus-
tain forward speed in a straight line, and steady-state centripetal acceleration is
not possible. For a racing car, the intermediate region BC, tire friction limited,
will generally rise from B to C because of increasing aerodynamic downforce.

It is sometimes stated that the total tire drag on a vehicle is greater on a small
test radius because of the increased steer angle. This is incorrect. The vehicle is
traveling in a slightly different direction at the two axles, and part of the steer
angle compensates for this (Section 5.15 discusses turning geometry). The drag
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Figure 1.8.2. Cornering performance envelope.

and power dissipation depend on the tire slip angles, not on the steer angle. This
is confirmed by considering the energy dissipation.

For an uphill corner the steady-state power requirement is increased because
of the rearward component of the weight force, and for a downhill corner the
power is reduced. For example, on the 32.9 m radius condition discussed above,
a downhill spiral slope of about 1 in 7 would eliminate the need for engine power,
although there would then also be other effects such as forward load transfer.

Clearly then, for transient maneuvers in acceleration the engine power limit
may be significant. Most modern cars have brakes capable of locking the wheels
if required, so braking capability is not generally a limitation, although the front-
to-rear balance is important.

An interesting common case is that of engine overrun without braking, which
applies a torque to the driven wheels. This torque depends on the gear and the
engine rotational speed. The actual engine resistance is zero at a vehicle speed
giving tickover rpm, and increases in a way that is sensitive to the tickover set-
ting, i.e., a small increase in tickover speed setting may considerably reduce the
engine overrun braking effect at higher vehicle speeds.

1.9 Differentials
The basic types of differential are:

(1) Free

(2) Solid

(3) Locking

(4) Limited-slip



Introduction 37

Most road vehicles are fitted with a free differential. Some utility vehicles, for
example tractors, have a free differential that can be manually locked when
required, as distinct from the automatic locking type above.

The free, or open, differential is a mechanical force balancer that applies
equal torques to the two driveshafts while allowing them to rotate at different
speeds. This is the usual equipment of most road vehicles. The speed difference
is required because in a corner the outer wheel is on a larger radius from the cen-
ter of curvature and must travel farther, and it therefore wishes to rotate faster.
The ratio of the outer speed to inner speed, with zero longitudinal slip, is

where R is the mean path radius and T is the track. Hence the proportional speed
difference is most marked for small-radius corners, and may be as great as 30%.

The disadvantage of a free differential is that if one wheel can withstand only
a small torque, then the other wheel is also restricted to this torque. This can
badly affect the traction in patchy or low-friction conditions. It also occurs in cor-
nering, where the load transfer reduces the vertical force on the inner wheel, and
hence reduces the limiting friction force. Although the driveshaft torques are
equal, the tire longitudinal forces may not be exactly so; this can occur if one
wheel is spinning and accelerating, when the acceleration torque Iα on that wheel
will be matched by a thrust at the other tire. For example, with I = 0.4 kg m 2 and
α = 100 rad/s2, at r = 0.32 m the opposite longitudinal force from this effect will
be 125 N, which is small.

Because the longitudinal forces produced by a free differential are normally
equal, these forces do not have a net moment in plan view about the center of
mass, and in this sense the free differential is neutral in its influence on handling.

The opposite of a free differential is a solid differential. This is interesting as
a limiting case of differential types, and although not found on road vehicles it is
not unusual in racing, where it may be preferred over a limited-slip differential
because of strength, reliability, availability or cost, and over a free differential
because of performance. In the locked differential the driveshafts are connected
rigidly so that they are constrained to have the same angular speed. Evidently in
a corner there must be some elastic slip or actual sliding of the tires on the
ground. The total discrepancy in the advance of the two tires, over a corner arc
of θ, is
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If this is distributed evenly on each tire, then each tire has a longitudinal slip of
approximately

This slip gives rise to longitudinal tire forces, and evidently is of increasing
severity as the corner radius becomes smaller. Because the inner wheel wants to
go faster, and the outer slower, the longitudinal forces on the tires are forward on
the inner wheel and backward on the outer wheel, hence trying to turn the vehicle
out of the corner, a so-called understeering effect. Such an effect will certainly
be significant at a longitudinal slip of 1% (see Chapter 2), which for a typical
vehicle track occurs at a radius of 60 m. The steer effect and the high rate of tire
wear caused by the slip mean that the solid differential is unsuitable for normal
road use.

The solid differential does sometimes find application in racing, particularly
and understandably on those circuits with only large-radius corners or superele-
vated banking where the disadvantages are minimal: this means that it appears
on the large oval circuits of America rather than the intricate road circuits of
Europe. Because the ovals have turns of only one direction the solid differential
is used in conjunction with a slightly larger-diameter outer tire ("tire stagger")
alleviating the slip discrepancy on the corners at the cost of introducing some
acceptable steering effect on the straight.

The locking type of differential has an overrun device on each driveshaft,
ensuring that each is free on the overrun, but when power is applied the differen-
tial becomes solid. In corners, because the outer wheel has a greater angular
speed, under power all the tractive force occurs at the inner wheel, steering the
vehicle out of the corner, an understeer effect. Also, if one wheel slips because
of a low-friction area of road, all the torque is applied to the other wheel.

Limited-slip differentials, also known as torque-bias and torque-proportion-
ing differentials, act as free differentials on the overrun, or when moderate driv-
ing torques are applied, but partially lock up when one wheel tries to spin, so that
the torque is directed to the other wheel. In this way the total longitudinal force
at the driven wheels is improved, and with sufficient slip limitation (torque trans-
fer) at the differential it may be limited only by the total friction force at the tires,
rather than by that at the worse side only. In a corner, the outer wheel tries to run
faster, which the limited-slip differential interprets as wheel spin and therefore
partially locks, giving more tractive force on the inside wheel; this is a similar
understeer effect to the locking differential under these circumstances, but less
severe.
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There are various designs of limited-slip differential, including the cam and
the pawl, the friction clutch and viscous coupling types. In the cam and pawl
type, power is applied to the pawls which wedge between ramps on the "cams"
that drive the driveshafts. The mechanical friction of the wedging action, pro-
duced by the input torque, means that even when one driveshaft runs free, some
torque can be applied to the other one. Without input torque, the differential is
virtually free. The degree of locking that is achieved under power, usually about
75%, depends on the design angles and dimensions. This type is light and com-
pact but is subject to wear, particularly when heavily loaded, and the locking
action reduces as the critical dimensions are changed by the wear pattern.

In the clutch type, the two driveshafts are connected together through clutch
plates, the clutches generally having some spring preload, and are further loaded
by wedging action of the input torque. Thus if one driveshaft slips, the clutch
pack returns the torque to the other driveshaft. The clutch loading can also be
done hydraulically, so that the limited-slip action can be controlled electroni-
cally, for example with wheel speed sensors, giving any desired characteristic.

The viscous coupling type transfers torque from the faster to the slower drive-
shaft simply by the viscous effect with the speed difference, and is not controlled
by the input torque.

One disadvantage of limited-slip differentials is that during locking operation
there is power dissipation, which may lead to heating problems in continuous
operation. Actually, a limited-slip effect may be achieved by any system that
introduces inefficiency if slipping occurs. Thus there are other types based on
various arrangements of gears, including worm-gear systems, which can be
arranged to provide the desired inefficiency, i.e., friction, under the appropriate
operating conditions.

One difficulty that may be experienced with locking and limited-slip differ-
entials is that although the design may, under given conditions, have an equilib-
rium state with the desirable transmission of torque, the equilibrium may be
dynamically unstable so that the differential locks and unlocks in rapid sequence,
leading to an oscillating torque application to the wheels which may lead to an
erratic response from the vehicle.

Figure 1.9.1 illustrates differential characteristics; the total tractive force
T1 + T2 is shown as a function of the tractive force limit at the low-friction side,
T1. For a free differential, T2 = T1 up to the point where both are limited by the
input torque. For a solid or locked differential, T2 is independent of T1. Each
design of limited-slip differential has some kind of intermediate characteristic,
being virtually free at small T1 but becoming virtually solid at higher values of
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T1. The viscous-friction type is not well represented on such a graph because the
torque transfer is speed dependent.

Figure 1.9.1. Differential traction characteristics.

Limited-slip differentials are quite commonly fitted to more expensive or
sporting vehicles, although they are a significant extra cost. From the point of
view of conventional motoring, their value is in discouraging wheel spin in
adverse conditions in plain longitudinal motion. Unfortunately, in cornering they
may cause more sudden breakaway. On front-drive vehicles the difference
between the torque in the driveshafts means that there can be considerable steer-
ing wheel reaction ("wheel fight") when the locking comes into play. In good
road conditions and normal driving, the free differential seems to be quite ade-
quate. Therefore, for passenger cars the real value of a limited-slip differential is
seen only in adverse conditions such as ice or snow. In racing, some form of lock-
ing or limited-slip differential is essential for realizing the maximum perfor-
mance, in this case because of the requirement for excellent traction when leav-
ing a corner, while still with considerable lateral load transfer. Of course, for
wheeled military vehicles and for rally cars on muddy or loose gravel surfaces,
the limited-slip differential may be of great value.

Four-wheel-drive systems are common on off-road, mixed-use and military
vehicles, and are recently becoming more common on passenger cars. This
requires some sort of central differential to distribute torque between front and
rear axles. Typical mixed-use vehicles have an open center differential that can
be manually locked, sometimes combined with a locking or limited-slip differ-
ential for the rear axle. Except when the most difficult conditions will be encoun-
tered, an open differential is generally used for the steered front axle because of
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adverse effects on the steering feel, although the viscous coupling type is attrac-
tive here. Some military vehicles have four-wheel drive with a solid center dif-
ferential. Although this is obviously useful for obtaining maximum traction in
poor conditions, it may have serious adverse effects on the behavior on surfaced
roads, especially if the tire diameters arc slightly different front to rear because
of wear.

1.10 Wheels
The term "wheel" may be used in a wide sense to include the whole of the

rotating element including the tire, or in a narrow sense to mean the part that con-
nects the tire to the hub. The wheel probably originated at least 5000 years ago.
The first wheels were presumably developed from the older idea of using a tree
trunk as a roller, and possibly made by cutting discs from a trunk; such wheels
are weak because of the grain direction. Fabricated wooden wheels are probably
almost as old, and would have been very satisfactory on agricultural carts. With
higher performance demands from military chariots, it may well have been the
military engineers who devised the spoked wheel, which was certainly in com-
mon use at least two thousand years ago. The wooden-spoked wheel with
wooden felloes and steel rim became very highly developed by the end of the
19th Century. However, the arrival of the bicycle, the motor vehicle and the air-
plane all created a demand for improved wheels.

In fact, today there is a wide variety of wheel types for cars and commercial
vehicles, the main types being:

(1) Steel disc

(2) Spoked

(3) Light alloy

(4) Rat-base and wide-base

(5) Divided

(6) Modular

The steel disc wheel is the standard fitting on most cars today. The wheel size is
usually specified by the rim diameter and rim width, and a letter defining the rim
section shape, for example 14×5J. The wheel rim dimensions must of course
match those of the tire. The outset is the distance from the mounting surface, on
the central disc, out to the rim/tire centerline. Inset is the negative of outset,
outset being more common. The tire bead seats against the flanges, which are
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curved outward to provide a smooth edge and a progressive contact surface for
the tire as it distorts because of bumps or cornering. The inside of the wheel must
be clear of the brakes and suspension components. To improve brake cooling,
holes are usually provided in the central disc, and so this standard wheel is often
known as a ventilated disc wheel.

The steel disc wheel is constructed from two components – the rim and the
disc or dish. The rim is formed from steel strip by cutting, rolling and butt-weld-
ing. The disc is pressed to a dished shape, typically from an octagonal blank, to
give the inset, and is contoured to improve stiffness compared with a flat disc,
and then usually spot-welded to the rim. This is a very economical method of
wheel manufacture.

Although the spoked or wire wheel of early sports cars offered at that time a
lower unsprung mass, nowadays it is selected for appearance only. The rim and
a small hub are connected by about seventy spokes. These are arranged at various
angles to enable the driving and cornering forces to be transmitted. The setting
up of such a wheel with an even distribution of spoke tension and with the rim
accurately located requires a systematic procedure and can be time-consuming.
Unfortunately the wire wheel requires a good deal of attention to maintain its
appearance and adjustment, and so is now virtually obsolete.

The light-alloy wheel has, for quite a long period, enjoyed success as an air-
craft wheel and also for car rallying and racing. More recently it has enjoyed a
considerable vogue on passenger cars, essentially for appearance, and is becom-
ing a common option rather than just the province of after-market suppliers.
Either aluminum or magnesium alloys are used, cast or forged. The best strength
is achieved by forging, although this is much more expensive. Magnesium
alloys, of density about 1800 kg/m3, are potentially lighter than aluminum alloys,
of density about 2800 kg/m3, and although they require larger sections they are
usually preferred where performance is paramount. Most road vehicle light-alloy
wheels are made of aluminum, and are hardly any lighter than a good steel wheel.
In all cases precise alloy selection is critical for strength, fatigue resistance and
corrosion resistance.

Flat-base and wide-base wheels are variations on the steel wheel for use on
commercial vehicles. For cars, the tire is fairly flexible and the rim well is ade-
quate to allow assembly. The tires of trucks and commercial vehicles are much
more rigid, so in some cases it is necessary to completely remove one flange; the
removable flange has a joint so that it can be sprung into position after the tire is
slid onto the rim. The well is then no longer required. There are several methods
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of locating the removable flange. On some light trucks with tires of intermediate
stiffness, a rim is used which combines a removable flange with a shallow well.

In the divided wheel, the flanges are integral with the rim, but the rim is split
circumferentially at its center where it has additional turned-in flanges to allow
the whole wheel to be bolted together. This method is favored for military vehi-
cles using run-flat tires. Although normally run with air pressure, these have very
stiff sidewalls which are trapped between the flanges and a spacer between the
beads, so that in the event of tire damage the sidewalls act essentially as cantile-
vers supporting the remains of the tread, if any, and in any case allow some
mobility until the tire can be replaced.

In the modular wheel, which has become popular in racing, there is a cast or
forged light-alloy center or spider which is bolted in between two spun or pressed
aluminum rim halves. This design has various advantages: it is light, it has good
crash energy absorption, various total rim widths and offsets can be made up,
minor rim damage is often repairable unlike a completely cast wheel, and even
if not, then only a part of the wheel may need replacing. This type has not so far
found significant application on road vehicles.

In addition there are innumerable special wheel designs for specialized vehi-
cles, for example agricultural equipment such as tractors, and construction equip-
ment; solid-tired wheels are used for forklift trucks; and so on. One interesting
development is on land speed record vehicles, where the very high speeds, about
300 m/s, mean that it has become very difficult to produce tires that will with-
stand the centrifugal forces arising from wheel rotation, even when these are
minimized with large-radius wheels. For example, at 300 m/s, a wheel of radius
1 m has a centripetal acceleration at the edge of 90 km/s2, or about 9000g. Con-
sequently the current jet reaction vehicles use solid metal wheels. These vehicles
run on salt flats or mud playas rather than hard metalled surfaces, so the wheel is
harder than the road.

One method of mounting road vehicle wheels to the hub is by several studs,
typically four on cars. To improve vibration resistance it is desirable to have
some compliance of the wheel at the place where the stud nuts bear against it.
Therefore on a steel wheel these parts of the wheel are stood forward from the
plane of the mounting face. The nuts are tapered on the bearing face so that the
wheel locates on the nuts rather than the studs. For normal use it is more accurate
to locate the wheel on its center bore, and to use the nuts for retention only.

The alternative method of wheel retention is the center-lock. The wheel is
trapped and centralized between two tapers, one on the hub and one on a single
large nut that screws onto the protruding hub center. In order to provide self-
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tightening, it is usual to have left-hand threads on the left of the car. This method
is more expensive than the multi-stud method, although aesthetically more
appealing. It was often associated with spoked wheels, and similarly is becoming
obsolete. One advantage is that rapid wheel changes are possible, and for this rea-
son it still finds regular application in racing.

The manufacturing process naturally leaves the wheel with dimensional
imperfections. The important feature is how the wheel locates the tire relative to
the hub, so dimensional tolerances are specified for radial and axial run-out of
the rim at the tire bead locating point. Cast and machined alloy wheels tend to be
more accurate than fabricated steel wheels. Additional inaccuracy can arise
because of inconsistent location of the wheel on the hub.

The wheel is generally slightly out of balance both statically and dynamically,
i.e., the center of mass may be off-axis and the principal axes may be misaligned,
and this is usually dealt with by balancing the combined wheel and tire by adding
appropriate counter-masses.

In Figure 1.10.1(a), an off-center mass, considered in the coordinate system
rotating with the wheel, has a centrifugal imbalance force

This is static imbalance. In Figure 1.10.1(b), two such masses, diametrically
opposed but axially displaced, have zero total force, but there is an imbalance
moment

This is dynamic imbalance.
The wheel is subject to quite a complex load distribution in transmitting the

tire forces to the hub. Although these can be analyzed, wheels are largely
designed by experience. Mounting the tire on the rim puts the rim transverse sec-
tion into bending. Inflation results in a tension of the rim, and also some bending
stresses. The standing vehicle load is transmitted to the rim by redistribution of
the compressive force of the bead on the rim. When the vehicle runs, this gives
a fatiguing stress. Braking and driving apply an axial moment to the wheel, and
tend to make the tire slip around the wheel. Hence substantial normal forces are
required at the bead to provide adequate frictional forces. In cornering, the center
dish or spider is put into substantial bending, the whole wheel being effectively
subject to a bending moment about a diametral axis of value approximately equal
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Figure 1.10.1. Imbalance: (a) static, (b) dynamic.

to the product of lateral force and tire loaded radius, FYR1, with a typical value
up to 1000 Nm. This gives substantial fatiguing stresses on the dish as the wheel
rotates. The wheel must have sufficient fatigue strength to withstand these, and
so, because the fatigue strength of light alloy is lower than that of steel, larger
sections must be used.

The applied forces also cause wheel deflections. Although there does not
seem to have been any directly observed measurement of the influence of wheel
flexibility on handling, there is some anecdotal evidence that it can be detectable
in some circumstances, especially on the race track where racing tires produce
large lateral forces, where wheels are designed for lightness, wide tires are cam-
ber-sensitive, and vehicles are finely balanced.

The maximum moment about an axis on a vertical diameter is the maximum
self-aligning torque, about 50 Nm, much less than the moment of 1000 Nm found
about a horizontal axis. Hence, although the tire lateral force is much more sen-
sitive to slip angle than camber angle, the wheel deflection in camber is signifi-
cant. Considering a wheel diametral torsional stiffness of 500 Nm/deg, 1000 Nm
will give a camber deflection of 2°, which is not negligible. Because it is neces-
sary to provide adequate stiffness, there is little incentive to use high-strength
steel in wheels, because the moduli of elasticity of various steels are virtually the
same, and so a section reduction allowable because of high-strength material
would result in excessive flexibility unless an improved shape could be found.
Plastic wheels, with their low modulus, are also subject to this problem even if
they are strong enough. Fiber-reinforced plastic wheels would be expensive for
production road vehicles, although their properties might be acceptable; how-
ever, they have not found application so far. Plastics are generally prone to
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fatigue. The mass of a typical car wheel, using current materials, is approxi-
mately 10 kg.

Alternative wheel concepts have been proposed at various times, for example
the now defunct Dunlop Denovo "run-flat" system. Currently in limited use are
the Michelin/Dunlop TD system and the Pirelli/Goodyear asymmetric-hump
tire-retention rim. Various other new systems are under development.

1.11 Roads
The ground surface is naturally a very important element in the environment

of a vehicle. In some cases vehicles are required to be able to traverse a very wide
range of terrain, for example military vehicles and to a lesser extent agricultural,
construction and mining vehicles. However, a great majority of vehicles are
designed to operate almost exclusively on specially prepared roads. As a mini-
mum, the surface shape is controlled, basically by smoothing, and usually a
gravel substructure (for strength) and a hard-wearing surface are provided, for
example tarmacadam or concrete. The provision of roads is more or less as old
as civilization itself.

Road density correlates well with industrial development and population den-
sity. The world average is about 0.14 km/km2 of land area. Assuming an average
road width of 10 m suggests that 0.14% of the world's land surface is road. The
figures are highest in Western Europe, with an average of about 1.2 km/km2,
1.2% of the land surface. A road density of 2 km/km2 would be equaled by a
square mesh of roads at 1 km intervals. Such high road densities imply a large
number of road junctions, so vehicles must often negotiate the sharp corners that
are characteristic of junctions.

Car ownership in Europe is approximately 0.2 car per person, against a world
average of about 0.05. This means that in Europe there are about 50 vehicles per
kilometre of road, or the amount of road is 20 m per car. Fortunately, at any one
time most cars are off the road, but nevertheless this low figure does mean that
the driving environment is often characterized by the presence of other vehicles,
which may greatly constrain a driver's maneuvering options. In a direct sense,
the presence of the other vehicles only impinges on a vehicle when there is a col-
lision. Happily this is relatively rare, European insurance statistics indicating that
the average car and driver has an accident claim at intervals of about eight years.
Adapting a concept from statistical thermodynamics, we could say that the aver-
age car has a mean free path on the order of 108 m between significant collisions.

The kinematic design of a road depends on the service that it is required to
provide. The number of lanes depends on the traffic density; one lane can handle
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an uninterrupted flow of about 1200 vehicles per hour, although this can be influ-
enced by many factors including slope, curvature, sight distances, width, fre-
quency of interruptions such as junctions or bus stops, lighting, speed limits,
weather, etc.

The mechanical design of a road depends on the size and frequency of the
imposed traffic loads. A road may be likened to a cyclically loaded metal com-
ponent, having a fatigue life. For loads below some threshold the life is virtually
infinite, but larger loads rapidly cause damage and consume the fatigue life. The
important load is not the total vehicle weight but the individual tire loads. In prac-
tice, in road design lateral load transfer is neglected, and the axle load is consid-
ered as the vital parameter. Tire lateral forces certainly increase the surface wear
rate, but the road structure is designed around the distribution of vertical forces
to be accommodated with an acceptable life. Any undulations of the road consid-
erably increase the peak dynamic vertical forces above the mean value, and this
must be allowed for.

From the civil engineering point of view, the basic structure of a road is con-
sidered to be either flexible or rigid. In either case, there is a sublayer of typically
250 mm of gravel placed over the compacted subsoil. For a so-called flexible
pavement the top layer is about 70 mm of tarmacadam or similar tar-coated
gravel. A rigid pavement has a top layer of about 250 mm of concrete, often rein-
forced; this is in sections with expansion joints. The rigid type has substantial
bending strength, and distributes the load more widely, although both types may
accommodate heavy loads with appropriate thickness of material. Even the flex-
ible type has only a small deflection under the actual loads, and for vehicle
dynamic analysis on road surfaces it is usual to treat the road as completely rigid;
this is a very helpful simplification, which would be quite inappropriate for many
off-road analyses. There is of course a wide variety of other surfaces, rarely laid
new today, such as cobbles and pavé.

For handling analysis, the surface character of the road must be represented
in some way, i.e., we must consider deviation of the road from the simplest pos-
sible case of perfectly smooth, horizontal and straight. Much of the character of
the road can be represented by considering a spectral analysis of the road surface
deviations. Table 1.11.1 shows one possible way of partitioning the wavelengths,
and how they bear upon handling analysis.
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Table 1.11.1. Road Spectral Analysis

For wavelengths exceeding 50 m, i.e., hills and slopes, at an example speed
of 20 m/s the forcing period exceeds 2.5 s, which is slow enough for the vehicle
to be in effective equilibrium on its supension. Thus in this range the effect may
be dealt with by a static analysis; in other words, to the vehicle a hill is essentially
a sequence of steady-state conditions, each of constant slope.

Wavelengths from 1 m to 50 m, i.e., periods of 50 ms to 2.5 s, called "undu-
lations" here, are dealt with primarily by the suspension, and stimulate a dynamic
response. This includes the basic sprung mass resonance at about 1 Hz, which
must be controlled by the damping. Wavelengths of 10 mm to 1 m, with periods
0.5 ms to 50 ms, called "roughness" here, are dealt with largely by tire deflection,
and again require a dynamic analysis of the vehicle response. Some roads, for
example cobbles and pavé, exhibit a large spectral peak at a wavelength corre-
sponding to the dimension of the constructing elements, around 100 mm.

For wavelengths under 10 mm there is little dynamic response from the vehi-
cle, the forcing period being under 0.5 ms. The main effect is on the frictional
behavior of the tire. The division into macrotexture and microtexture is a result
of analysis of actual roads and their influence on friction, where it has been found
that the road can be well represented by giving it roughness values on the mac-
rotexture and microtexture scales, or simply defining it as rough or smooth on
each scale (Figure 1.11.1). Macrotexture is described as rough or smooth,
whereas microtexture is described as harsh or polished. Older, obsolete terms for
macrotexture were open and closed, respectively. Macrotexture corresponds
essentially to the size of gravel used in the tarmacadam, size range 1 to 10 mm,
and in a sense measures the extent to which the gravel protrudes or has been
rolled-in flat with the tar, while the microtexture corresponds to the surface finish
of the gravel elements. Their influence on wet roads is somewhat similar to the
influence of tire tread design, in that a rough macrotexture assists water clearance
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Figure 1.11.1. Macrotexture and microtexture of road surface.

in the tire footprint like the tread grooves, while a rough microtexture, like sipes,
gives high local pressures to clear the final film. In wet conditions the porosity
of the upper layer is important in providing additional drainage paths below the
tire, whereas on a smooth impervious surface such as concrete, tire footprint
clearance must be achieved exclusively by the tire tread design. This topic is
explored more extensively in Section 2.19. Attempts have been made to improve
concrete road drainage below the tire by introducing lateral grooves in the road
surface; this is effective but causes substantial tire noise.

At a molecular scale, the actual road material has a considerable influence on
the factional characteristics. Also, the variation of frictional coefficient with
temperature is quite different for tarmacadam and concrete (Section 2.16).

The above spectral analysis of road deviations can be performed for three
directions, i.e., we can analyze the road shape in plan view, in lateral section and
in longitudinal section. The comments made above are mainly concerned with
the last of these. In plan view the analysis would be significant only for wave-
lengths of undulation size or larger; i.e., in this case the class "slopes" corre-
sponds to the direction of the road, and the class "undulations" corresponds to
curves or corners. Smaller deviations are not meaningful in this case. In lateral
section the terminology used for longitudinal sections is generally appropriate.
However, lateral slope and undulations are normally given the special names of
"road camber" and "road camber curvature." Lateral section roughness influ-
ences the vehicle in a similar way to longitudinal roughness, but through tire
camber effects. It is possible in principle for lateral section texture to be different
from longitudinal texture, for example because of fine lateral grooves in concrete
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or because of the longitudinal rolling process in road manufacture, but in practice
such differences are usually neglected.

As far as handling analysis is concerned, road factors of type texture and
material are dealt with as part of the tire properties for a particular surface; fric-
tional properties are always a property of the combination of surfaces, so the
expression tire properties should really be considered as an abbreviation for tire-
road properties.

Road factors of type roughness and undulations stimulate a dynamic vehicle
response and are generally regarded as constituting part of the field of unsteady-
state response. The mean response of a cornering vehicle to a systematic form of
roughness might, however, in some cases be considered to be an effectively
steady-state response. Lateral undulations, i.e., successive corners, will generally
constitute a continuous unsteady state. However, the special case of a constant-
radius corner, neglecting entry and exit transients, obviously constitutes a steady
state, as does the true fixed-radius standard test Road slopes, or direction in plan
view, clearly constitute steady-state problems.

For handling analysis it is often convenient to represent the road at a given
point by its direction and curvature, and possibly rate of change of curvature, in
each of its three sections (Figure 1.11.2). In plan view the road, or more precisely
the vehicle path, has direction and corner curvature. The direction of a road is not
significant in a handling sense, other than in the context of a wind of specified
direction; but as stated in Section 1.3, the direction of the path, i.e., of the pro-
jected vehicle velocity, is measured from the X-axis of an arbitrarily selected
inertial XYZ system, clockwise positive in plan view, and represented by v (nu).
A positive radius of corner curvature will be considered to have a center in pos-
itive y of the vehicle-fixed axes in normal running, i.e., Figure 1.11.2(a) shows
positive curvature. Positive curvature, and a positive radius, correspond to a
right-hand turn.

Positive camber will be increasing height toward positive y; camber is
expressed in radians or degrees or as a gradient, typically 2° or a gradient of
0.035 or 3.5%. For large gradients, the distinction between the use of sinθ and
tanθ becomes significant; sinθ will be used here. Positive camber radius will be
with the center of curvature in positive z. Figure 1.11.2(b) shows positive camber
slope and positive camber curvature.

Positive longitudinal slope will be increasing height toward positive x, i.e.,
uphill, expressed as radians or degrees or as a gradient. Positive longitudinal
radius will be with the center of curvature in positive z. Thus a humpback bridge
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Figure 1.11.2. Road slope and curvature.

has positive curvature and radius at the center, and negative curvature and radius
at its entry and exit. Figure 1.11.2(c) shows positive slope and positive curvature.

The influence of these road shapes on handling will be discussed in the chap-
ters on handling. Briefly, however, corner curvature evidently demands lateral
forces to provide the centripetal acceleration. Camber slope demands a lateral
force on a straight road, to balance the side component of the weight force, and
also causes lateral load transfer. Camber curvature introduces camber angles to
the tires. Longitudinal slope influences the thrust requirement in steady state, and
causes longitudinal load transfer. Longitudinal curvature influences the tire nor-
mal forces, which in the vehicle-fixed axes can be explained as the consequence
of a vertical centrifugal (compensation) force. The influence of slopes is partic-
ularly significant in low-friction conditions. For example, with a camber gradient
of 5% and an ice-covered road with a tire friction coefficient of 0.1, half of the
available friction force is required simply to drive straight ahead.

In practice these road deviations are often combined, for example camber in
a corner, or a corner on a crest, posing interesting handling problems.

The surface of a road is often at variance with its basic design condition,
through damage, e.g., potholes, or contamination, e.g., rain, ice or fallen leaves.
Rain is dealt with by having a camber, the slope of which depends on the water
thickness that is tolerable for a given rainfall rate. For example, at a rainfall rate
of 20 mm/h, which is 5.5 g/m2s, a 10 m wide carriageway draining to both sides
will have a flow of 28 g/s for each metre of length at the edges, and proportion-
ately less toward the center. Thus greater camber is needed at the edges; typically
2% is used. The necessary camber depends on the acceptable depth of water,
which is a function of vehicle speed and tire tread design (Section 2.19), so safe
vehicle speed is directly related to rainfall rate.
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Ice is a serious hazard because of its low friction properties. It is white when
broken or frozen unevenly, for example frost, because of refraction and scatter-
ing of light by the facets of the ice fragments. So-called black ice is water that
has frozen in situ, and is therefore transparent, appearing to be the color of the
underlying road. This is particularly dangerous because it is difficult to see.

1.12 Drivers
In any particular situation, the motion of the car depends on the performance

of the complete car–driver system. Figure 1.2.1 showed the principal interrela-
tionships. The driver accepts feedback information, mainly from the vehicle
motion including position on the road and steering feel, and hence this is a
closed-loop system. A large part of handling theory is concerned with expressing
the vehicle transfer function in terms of its detailed design, for example tire and
suspension parameters. This is conventional engineering, and considerable
progress has been made in this area (Chapters 6 and 7), although the process is
not yet complete.

When we consider the closed-loop system, which includes the driver, many
new questions arise. What is the optimum vehicle transfer function to enable the
driver–vehicle system to achieve optimum performance? Indeed, does such an
optimum exist, or does it vary considerably between various drivers and roads?
If there is no optimum, can limits be set on acceptable vehicle open-loop charac-
teristics? In the interests of safety, should these be the basis of legal require-
ments? These have proved to be very awkward questions – the identification and
objective specification of good handling qualities are extremely difficult. One
aspect of the problem is that in practice a vehicle must be suitable for a range of
activities and conditions. Another reason for difficulty lies with the driver,
because the driver transfer function is highly complex, variable between drivers,
and with time for a given driver; the driver is a highly adaptable control system
and to a considerable degree the driver adjusts according to the vehicle charac-
teristics to give a satisfactory overall system characteristic. Also, it is difficult to
keep constant the experimental conditions such as mental and physical state and
skill of the driver.

The driver uses most of his senses in driving; in some respects the human is
far superior to the machine in processing data at present, for example in sight and
visual field processing, i.e., pattern recognition, but inferior in other respects, for
example the inner ear for inertial navigation. Sight is used primarily to examine
the road shape ahead including obstacles such as other vehicles, and to assess
some of the vehicle motion variables, particularly vehicle position on the road,
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path curvature, speed, yaw speed and roll angle. Tactility, i.e., external feeling
over the body, is used to detect linear accelerations, as perhaps is feel at the hands
indicating steering torque, and at the feet for pedal forces. Kinaesthetics, i.e., the
internal feeling of muscular effort, is used to assess steering torque and pedal
loads, and also lateral acceleration in those cases where the seat does not ade-
quately locate the body. The inner ear also contributes to acceleration assess-
ment. Hearing gives occasional information, including speed cues such as wind
and engine noise and tire squeal, but is perhaps most important as a warning
channel, for example other vehicles' horns. In certain military and competition
activities, hearing is important as the communication channel with a navigator.
With the advent of the talking microprocessor, this channel can be used to advise
the driver of road hazards or of inadequate distances from other vehicles,
detected by suitable sensors.

The data are transmitted to the brain and processed, and then suitable muscles
are activated, thus introducing a time delay. In a simple tracking problem this is
typically 0.15 s, and associated largely with the transmission speed in the motor
neurons from brain to hand. This compares with a total time of about 1.0 s for a
realistic braking or swerving situation, requiring about 0.5 s for recognition of
the need for action and about 0.5 s to activate the muscles. Thus human response
time constants are typically 0.15 to 1.0 s, provided that deliberation is not
required. This compares with typically 0.2 s for the time constant of a car in yaw.

The driver judges much of the vehicle's behavior through the seat. Experi-
ments have been performed with the seat pivoted about a vertical axis so that any
lateral acceleration of the vehicle causes a slight rotation of the seat. This
strongly influences the driver's perception of the vehicle's behavior, with a for-
ward pivot making the vehicle seem unstable and giving the driver a low confi-
dence, and a rearward pivot giving a good stability feeling and possibly
overconfidence. A forward pivot results in the driver's body having an increased
attitude angle, so this is consistent with the general result that it is subjectively
good for attitude angles to be small. For those commercial vehicles with isolated
cabs there may be significant motion of the cab relative to the chassis, so if the
driver's perception is being considered then it is necessary to instrument the cab
in addition to the chassis.

On the whole it seems that the driver is remarkably sensitive to minor cues
regarding the behavior of the vehicle. In open-loop handling tests the path of the
vehicle can be quite well predicted, even from steady-state data, but the reaction
of a driver to a vehicle, i.e., favorable or unfavorable, is much more difficult to
predict. This is important; minor changes that would normally be regarded as
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negligible from the engineering perspective and which hardly affect the vehicle
response at all may have a substantial effect on the driver's perception of the
vehicle, and may make the difference between a vehicle that is subjectively good
or bad. Thus in answering the question of what design features lead to good han-
dling, it is essential to distinguish clearly between the problem of achieving a
good vehicle response, i.e., a fast stable response to control inputs, and the prob-
lem of achieving a good "driver feel."

Attempts to find specific vehicle parameters that give favorable subjective
assessment have met with only limited success, with different and sometimes
opposite results from various studies, and with a wide variety of driver prefer-
ences and ability to discriminate between different vehicles. Typically, drivers
can discriminate approximately 10% changes in steering gear ratio G, in the
understeer gradient k, and in the yaw response time τ, when driving vehicles at
intervals of a few minutes. Chapters 6 and 7 give information on the best values
for design variables.

Actual driver behavior on the road, in terms of frequency of lateral accelera-
tion demand, varies considerably between roads and drivers. Figure 1.12.1 shows
percentage distance traveled against lateral acceleration for an average driver.
For example, from this figure we can read that on rural roads an average driver
exceeds 0.25g lateral acceleration for 1% of distance traveled, and that in all
cases about 90% of distance traveled is covered at less than 0.07g. Note that
speed alone is not a good indicator; motorways, with their absence of small-
radius bends, have high speeds but a small lateral acceleration demand. Rural
roads have the highest lateral acceleration demands. Trunk and urban roads are
similar, although mean speed on the former was twice that on the latter. As an
example of the differences between drivers, on rural roads relatively slow,
medium and fast drivers produced results with a similar pattern to Figure 1.12.1,
but the demands for 0.3g were zero, 0.2% and 1.0%, respectively.

1.13 Testing
Vehicle testing is performed for various purposes, for example to confirm that

a proposed vehicle design is acceptable, or to test proposed changes, or to test
theory in the hope of gaining improved understanding which should in turn lead
to better vehicle behavior. Referring back to Figure 1.2.1, which defines the
open-loop system as the vehicle response only and the closed-loop system as the
vehicle plus driver, the tests can be subdivided into:
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Figure 1.12.1. Average driver behavior. (Reproduced by permission of the Council of
the Institution of Mechanical Engineers, from Smith, J.G., and Smith, J.E., "Lateral

Forces on Vehicles During Driving," Automobile Engineer, December 1967.)

Position control means that the control positions are specified, for example a
ramp-step or sinusoidal steering input. Force control tests are unusual for road
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vehicles, although common for aircraft in the special case of zero force, known
as the "stick-free test." Disturbance response includes tests such as side wind
gusts. For vehicle plus driver closed-loop tests, specific tasks may be set, for
example to perform a maneuver at the maximum speed or in the shortest time,
giving an objective measure of performance in speed or time. Alternatively, in
subjective assessment the driver's opinion of the vehicle's behavior is solicited.

The ultimate test of handling is to expose a vehicle to experienced test drivers
over a wide range of road types and weather conditions. The drivers can then
score the vehicle on various qualities, and in particular can point out any problem
areas; i.e., this is a subjective test. The advantage of this method is that it is com-
prehensive and realistic. However, it may also be time-consuming, and because
it is subjective it is necessary to have several test drivers.

Although it may be possible to correlate test driver ratings with objective per-
formance measures and with the detail design of the vehicle, this is not easy and
not always successful. In order to understand handling and to relate it to design
features it is normal to use various standard open-loop tests. These tests are of a
relatively simple nature so that the vehicle response is measurable objectively,
and can be directly and causally related to design. With the present state of
knowledge, there is a substantial gap between the idealized tests and the broader
road behavior of the vehicle, i.e., although there has been some progress in this
area it is not yet possible to define a series of standard tests that adequately
encompass road behavior.

The basic steady-state test is to operate the vehicle in steady cornering, i.e.,
constant speed and constant radius. Other steady-state test conditions include
operation on a cambered, i.e., laterally sloping road, and operation in a side wind.
The most fundamental unsteady-state test is perhaps one of constant speed with
varying path curvature, which for a given curvature can be compared with the
corresponding steady state; this is a test at a point condition. In practice, manu-
facturers and independent testers use various other more specific tests, for exam-
ple capability of a lane change, or maximum speed through a chicane, i.e., a
double lane change, specific corner entry and exit tests, and speed through a sla-
lom; these are task performance tests and are closed-loop tests over a given path,
as opposed to tests at a given point condition. Open-loop tests measure response
to a given steer input, for example step, ramp, sinusoidal or random input. In
addition there are unsteady wind response tests, for example exposure to a gust
or to a step change of side wind. Among given-path unsteady-state tests there is
little standardization of the details, e.g., of chicane dimensions, although there
are ISO drafts for a number of open-loop tests.
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The steady-state test has been subject to some standardization, for example
ISO 4138. The purpose is to explore the relationship between each of steering
wheel angle, steering wheel torque, sideslip angle and roll angle with the lateral
acceleration; the primary result is the one for steering wheel angle. The test is
performed on a fairly smooth area of a hard high-friction surface, for example
asphalt or concrete, with a radial slope of up to 2% for drainage. The radius
should be at least 30 m; for example the Motor Industry Research Association
(MIRA) pad course is 32.9 m (108 ft). A large radius means a higher speed for a
given lateral acceleration, so for a larger radius aerodynamic forces may become
significant. At 30 m radius, 8 m/s2 lateral acceleration occurs at a speed of 15.5
m/s (34.7 mph); typically CDA < 1 m2 and CLA 1 m2 giving drag and lift forces
of about 150 N, about 1% of the weight, and just about negligible. At a 300 m
radius the required speed is 49 m/s, giving drag and lift of about 1.5 kN, about
10% of the weight. The side forces will generally be of the same order. Thus the
test radius can be chosen to include or exclude aerodynamic effects, within lim-
itations of engine power and track facilities. Lift and pitch are basically propor-
tional to speed squared for constant coefficients, and hence to lateral acceleration
at a given radius. On the other hand, because yaw angle grows with lateral accel-
eration, the aerodynamic side force and yaw moment, which depend both on
dynamic pressure ( ) and on the aerodynamic yaw angle, are basically pro-
portional to speed to the fourth power, and to lateral acceleration squared (Chap-
ter 3). Engine power demands were discussed in Section 1.8. This can be a
particular limitation for commercial vehicles. For large radii only partial circuits
are used, but sufficient to allow steady state to be established; this should be for
at least 3 s, with a path deviation not exceeding 0.3 m.

Wind speed should not exceed 7 m/s for 30 m radius, and less for larger radii
where the vehicle speed will be higher and wind sensitivity greater. Tires are
warmed up for 500 m at 3 m/s2. Data points are taken at lateral acceleration inter-
vals of no more than 0.5 m/s2, and less if the results are sensitive to lateral accel-
eration, which may be so for small values, e.g., under 1 m/s2, and is always so
for large values, e.g., over 6 m/s2. Increasing values of lateral acceleration are
used until steady state can no longer be maintained. Data are taken and presented
for both directions, because in some cases this makes a considerable difference.

The actual speed V, yaw velocity r and centripetal acceleration A can be mea-
sured and calculated from each other in various ways, for steady state, since we
have:
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Data may be taken from:

(1) A y-aligned accelerometer

(2) A yaw-rate gyro measuring r

(3) An inertial velocity transducer

(4) Elapsed time over a given path, for example one lap

Table 1.13.1 shows suggested ranges and maximum errors for the complete
measurement system employed, and gives some idea of the accuracy that can
realistically be achieved. The frequency bandwidth should be at least 3 Hz for
steady-state measurements, to indicate fluctuations and to allow automatic sens-
ing of when an acceptable duration of effective steady state has been achieved.
For vehicles with significant chassis torsional compliance, for example commer-
cial vehicles, it is necessary to measure the roll angle at at least two points, for
example over the axles. The use of vehicle transducers means that the data are
measured in the vehicle-fixed axes, so appropriate transformations must be
applied to obtain the desired plotting values, for example acceleration from a
transducer aligned with the y-axis will need consideration of both roll and side-
slip angles.

Table 1.13.1. Transducer and Recorder Specifications
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Instead of using transducers in the vehicle, some parameters can be measured
by using a small trailer, e.g., the MIRA roll/slip trolley. This was a small trolley
of mass 18 kg, with two small cycle wheels usually attached to the rear of the
vehicle. Being light and balanced, it corners with small roll and sideslip, thereby
providing a reference from which the vehicle roll and sideslip can be measured
at the connection to the vehicle. A geometrical allowance must be made for the
trolley position relative to the vehicle center of mass. This method has proved to
be more suitable for steady-state response investigations. Laser distance meters
can be used for ride height and roll angle measurement, and laser-doppler devices
for accurate speed measurement. These are effective, but expensive.

An unusual alternative form of steady-state testing developed at MIRA, now
no longer used, was tethered testing. Here the vehicle was firmly displacement-
located, at a point close to its center of mass, from a rigid arm cantilevered side-
ways from a large truck. The test vehicle could rotate freely, and hence adopt
steady-state yaw, pitch and roll angles according to the steer and throttle posi-
tions. Extensive data acquisition and processing equipment could be carried in
the truck, avoiding the problem of loading the vehicle.

In steady-state testing a human driver is normally used, attempting to main-
tain constant radius, constant steering and constant accelerator position. Near to
the maximum lateral acceleration it proves increasingly difficult to maintain
steady conditions. Thus an open-loop test of the vehicle only becomes to some
extent a closed-loop test.

When studying the unsteady response to a specified steering input, it is very
difficult for a driver to control the wheel position accurately, for example over a
ramp change at a specified rate to a particular value. In some cases, therefore,
steering wheel control has been automated, driven by a stepper motor. This gives
much better repeatability.

The random steer input test is typically performed over a straight of at least 1
km at several speeds, e.g., 50, 80 and 120 km/h. After analysis, the basic result
is a transfer function for the vehicle.

The results of testing can be expressed in many different ways; these are dis-
cussed in Chapters 6 and 7. Typically, the steady cornering result is a plot of the
various parameters against lateral acceleration. Although the centripetal acceler-
ation should really be used, it has become common practice to use the lateral
acceleration. The difference is usually small because it is a cosine difference in
β, e.g., 1% at 8°. Often the steering wheel angle is divided by the effective steer-
ing gear ratio between the hand wheel and the road wheels to give the reference
steer angle δref, and then this and the sideslip and roll angles are all plotted on
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one figure, as for example in Figure 1.13.1. The transient response is often sum-
marized by plotting the steering response gain and the phase against frequency.

Figure 1.13.1. An early steering pad result (Porsche 911, Mark 1).

Figure 1.13.2 shows the Dunlop–MIRA handling and stability circuit,
designed to provide preliminary assessment of handling qualities of vehicles or
tires before more extensive road testing. A variety of radii are provided, each
long enough for the steady state to be established, so that all phases of cornering
can be studied. There is also an area for chicanes and small-radius tests. Part of
the circuit passes in front of the MIRA wind generator, for wind response tests.

MIRA also has a ride and handling circuit for suspension evaluation, includ-
ing pavé, corrugated track, long-wave pitching track, single bump, 1.5-inch dip,
manholes, broken edges, corrugated bend, level crossing, hills and dips, adverse
camber, road intersection, spoon drain and Australian Creek, and other "stan-
dard" challenges to the suspension, some rarely used nowadays.
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Figure 1.13.2. Dunlop-MIRA handling and stability circuit.

1.14 Problems
Q 1.1.1 Explain the meaning of the terms cornering, road-holding and han-

dling.

Q 1.2.1 Give a 1000-word review of the history of the theory of handling.

Q 1.3.1 Explain the differences between longitudinal, side, normal, for-
ward, lateral, heave, tangential and centripetal accelerations.

Q 1.3.2 Explain the relationship between the heading angle, sideslip angle,
attitude angle and course angle.

Q 1.4.1 Discuss the validity of treating the vehicle as a rigid body, with re-
gard to wheel rotation.

Q 1.4.2 Explain the term "compensation force."

Q 1.5.1 Describe in some detail how you would measure the torsional rigid-
ity of a chassis.
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Q 1.6.1 Four wheel reactions are measured as FVfL = 4.1 kN, FVfR= 4.9 kN,
FVrL = 4.1 kN and FVrR = 4.3 kN on a wheelbase of 3.20 m and
track of 1.40 m. Where is the center of mass?

Q 1.6.2 On the Moon (g = 1.60 m/s2) a spring balance intended for use on
the Earth is used, and indicates 4.300 kg. Calculate the weight and
mass of the object.

Q 1.6.3 A 3.50 m wheelbase vehicle has a wheel radius of 0.30 m, and has
Nf = 9.20 kN and Nr = 7.80 kN when level. When inclined at 30°,
still resting on its wheels, Nr = 6.3 kN. Find the longitudinal posi-
tion and height of G.

Q 1.6.4 In a trifilar pendulum test, with wires of length 3 m at radius 2 m,
the platform alone has a mass of 220 kg and a frequency of
0.270 Hz, and the platform plus vehicle is 0.256 Hz. The vehicle
mass is 1640 kg. Calculate the vehicle yaw inertia.

Q 1.6.5 A vehicle of wheelbase 2.500 m with mass 1540 kg and a =1.100 m
is suspended on a quadrifilar pendulum, supported directly at each
axle at a width of 2.100 m, on wires of length 2.00 m. The natural
yaw frequency is 0.290 Hz. Calculate the yaw inertia.

Q 1.6.6 A 1760 kg vehicle of wheelbase 3.00 m (a = 1.50 m) is mounted on
a hydrostatic pivot bearing 0.52 m behind G, and put into fixed-axis
oscillation about a vertical axis. The restoring moment is from a
20.0 kN/m spring acting with a moment arm of 1.620 m. The natural
frequency is 0.411 Hz. Calculate the vehicle yaw inertia and corre-
sponding radius of gyration and dynamic index.

Q 1.6.7 A vehicle of mass 1330 kg and center of mass height 0.580 m rests
on a pendulum plate with upper surface 3.00 m below the pivot. The
plate center of mass is 3.05 m below the pivot, and the plate mass is
210 kg. The plate alone is found to take 41.84 s for 10 cycles; the
plate plus vehicle takes 37.04 s for 10 cycles. Calculate the vehicle
pitch inertia and corresponding radius of gyration.

Q 1.6.8 Obtain an expression for the lateral distance of G from the centerline
in terms of the static wheel reactions.

Q 1.6.9 For Figure 1.6.2, by drawing a suitable diagram, show that
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Q 1.6.10 The height and lateral position of the center of mass of a vehicle are
to be investigated by fitting it with thin disc wheels and inclining it
laterally until balance is achieved. The angles from the horizontal
are found to be θl and θr for left and right wheels on the ground, re-
spectively. Obtain equations for the desired values.

Q 1.6.11 A complete vehicle has mass 1750 kg with G at height 720 mm,
1.420 m back on a 2.920 m wheelbase, and has front and rear un-
sprung masses of 130 kg and 270 kg both at height 340 mm. Find
the front and rear end-masses, and sprung G position behind front
axle and height.

Q 1.6.12 Explain how the value of the sprung mass and the longitudinal and
vertical position of the center of sprung mass may be calculated
from the properties of the complete vehicle and the unsprung mass-
es. State exactly what information is required, and give all relevant
equations in the order in which they will be used.

Q 1.7.1 An unloaded vehicle has mass 1800 kg, with G at a point 1.422 m
behind the front axle and 0.630 m above ground level. IP =
3400 kg m2. A uniform load of mass 340 kg is added, with its center
of mass 2.413 m behind the front axle, and at a height of 1.104 m.
The load dimensions in side view are length 2.142 m and height
1.010 m. Find the combined center-of-mass position and the pitch
inertia.

Q 1.8.1 Describe how the engine power requirement depends on test radius
for a given lateral acceleration, and on lateral acceleration at a given
radius.

Q 1.9.1 Explain the functional difference between open, solid, locking and
limited-slip differentials.

Q 1.10.1 Describe briefly the different types of wheels.

Q 1.10.2 Describe the influence that the geometric and stiffness properties of
the wheel has on handling.

Q 1.11.1 Describe how the longitudinal fluctuation of road shape may be
considered in terms of a spectral analysis, and how the wavelengths
may be grouped.

Q 1.11.2 Describe how road texture influences tire characteristics in wet road
conditions.
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Q 1.11.3 Sketch the three cross-sections of a road which has positive slope
and curvature in each case. What part does each play in handling?

Q 1.12.1 Discuss the reasons for the difficulty in determining vehicle design
features that optimize closed-loop system performance, and that
give good subjective assessment of vehicle dynamics.

Q 1.12.2 Describe how a driver perceives vehicle motion.

Q 1.12.3 With what percentage probability, based on distance, does an aver-
age driver call for a lateral acceleration exceeding 2 m/s2 on typical
rural roads and trunk roads in Europe?

Q 1.13.1 Discuss the relative merits of subjective, task performance and ve-
hicle response tests.

Q 1.13.2 Describe the most common forms of unsteady-state tests.

Q 1.13.3 Sketch a typical graphical result of a steady-state circular test, and
briefly describe its main features.

Q 1.13.4 Describe the various ways in which speed, yaw velocity and lateral
acceleration can be measured and calculated from each other for a
circular pad test.

1.15 Bibliography
There are only a few books on vehicle dynamics, mentioned as appropriate

below and in other Chapter bibliographies. There is, however, an extensive
research literature, of which it is possible to mention only a limited number of
the more salient and useful papers.

Most of the useful papers appear in the following publications: Automo-
biltecknische Zeitschrift (in German), Bulletin of the Japanese Society of
Mechanical Engineers (in English), Proceedings of the Institution of Mechanical
Engineers, Society of Automotive Engineers technical paper series, Transac-
tions of the SAE, Transactions of the American Society of Mechanical Engineers,
and the journals Vehicle System Dynamics and the International Journal of Vehi-
cle Design. There have also been many relevant conference proceedings, mostly
sponsored by the above bodies, including, for example, the long-running IAVSD
symposium series "Dynamics of Vehicles on Roads and Tracks."

To put road vehicles into context, the broader background of ground vehicles
in general may be found in Bekker (1956, 1960, 1969) and Wong (1978). (Ref-
erences can be found in the references section near the end of the book.) A good
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general introduction to the mechanical design of vehicles is that by Korff (1980).
A useful general introduction to the analysis of vehicles is that by Artamonov et
al. (1976). For a general introduction to vehicle dynamics, see Gillespie (1992).
For a qualitative description of vehicle components, see Heisler (1989) or New-
ton, Steeds and Garrett (1989).

For a useful general perspective on road-vehicle handling and suspension
design, see Bastow (1980 or 1987) and Giles (1968). Another general work on
suspension and handling is that by Steeds (1960). A largely practically oriented
overview of the subject is the useful popular work by Puhn (1976, 1981). For a
theoretical approach in a mathematical vein, see Ellis (1969), now out of print,
or more recently Ellis (1989) or Ellis (1994). The latter has some overlap with
this book (perhaps 30%), but is generally different in approach and coverage, and
is recommended as a second opinion on those areas that are in common. Extra
material there includes more extensive linear analysis, ride, steering oscillations,
and articulated vehicles. Smith (1978) gives an interesting discussion of the opti-
mization of racing car handling. Truck handling is dealt with extensively in
Segel, Ervin & Fancher (1981). This also discusses load shifting.

The history of early handling, with extensive references, is given in Milliken
& Whitcomb (1956). Details of the historical papers can be traced there. Figure
1.1.1 comes from Olley (1934). Figure 1.1.2 comes from Evans (1935). For more
details on measurement of body inertia, see Winkler (1973) and Goran & Hur-
long (1973). For details of the macrotexture and microtexture of roads see Sabey
(1969). Driver behavior on the road is examined in Smith & Smith (1967). For a
description of limited-slip differentials, see Lewis & O'Brien (1959), Hall (1986)
and Garrett (1987).





2
The Tire
2.1 Introduction

Motion of the vehicle is controlled almost entirely through the forces exerted
on the tire by the road. The tire characteristics therefore have a major effect on
handling problems. This chapter presents the necessary information on the han-
dling properties of tires. To put this in context, some general background infor-
mation is also given. The essential function of a tire is to interact with the road
in order to produce the forces necessary for support and movement of the vehicle
body. Forces must be created to cause forward acceleration, braking, and corner-
ing. The tire is also required to cushion the vehicle against road irregularities and
to operate for many miles with great reliability. We shall be concerned here only
with the vehicle control forces produced on the tire by the road; this is not to sug-
gest that other factors, such as vibration isolation, are unimportant in the wider
view.

In the production of the forces required to give the vehicle its desired kine-
matic behavior, it is the contact patch – the "footprint" – that is the focus of atten-
tion. To quote the first paper on tire cornering properties, by Evans in 1935, "The
areas of contact between tires and road ... are the very front line trenches in the
furious battle between space and time." The rubber-carcass pneumatic tire is
uniquely adapted to this evolutionary niche. In the more than 100 years since the
invention of the pneumatic tire, various alternative ideas have been investigated
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and some have even been tried on the road, but there has not been a significant
commercial success for any alternative. This dominance by the rubber tire is the
result of a remarkable combination of properties that enables the tire to provide
support and control with good durability in difficult conditions, while being
highly adaptable to specific applications.

For a given tire and road surface, the lateral force produced by road contact
depends on many factors, especially the angular position of the tire relative to its
direction of travel (the slip angle, sometimes called drift angle), its angle of lean
to the vertical (the camber angle), the vertical force, the inflation pressure, and
the rolling angular speed (associated with any tractive or braking forces also
demanded). Many other factors have a secondary influence, including for exam-
ple the speed of travel. When various tire designs and various road surfaces are
considered, then a whole host of further factors are introduced. It is impossible
to predict with high accuracy the tire force that will result in any real conditions.
This is so for several reasons, including tire production variations, tire wear, road
surface variation, and so on. Even in the laboratory, testing causes such rapid
wear that a tire is likely to change its characteristics very quickly, and a tire will
certainly wear out before a truly comprehensive set of results can be obtained.
Nevertheless, characteristics of engineering accuracy can be achieved. These are
reasonably accurate in relation to natural road variations. This chapter attempts
to provide a qualitative, and to some extent a quantitative, understanding of the
behavior of the tire and of the factors that influence it, and to provide some
insight into the modeling of tire behavior for vehicle dynamic simulations.

2.2 Construction
The feature peculiar to a road vehicle, in contrast to a fluid-borne vehicle such

as a ship or an aircraft, is the wheel. Since there is no fluid to provide the com-
pliance necessary for both comfort and control, then compliance must be engi-
neered into the vehicle. In practice this is provided by the tire, the suspension and
the seat.

The essential constructional feature of the modern pneumatic tire is the car-
cass – a molding of rubber reinforced by several layers of cords or fabric, each
layer called a ply. The carcass makes contact with the wheel at the bead. Multiple
beads are sometimes used if there are more than eight plies, for example on
trucks or aircraft. The bead is an interference fit on the rim which has a taper of
about 5°. The carcass is inflated with air, sometimes using a thin inner tube for
sealing, thus tensioning the carcass. Pressures are typically 120 to 200 kPa for
cars, 300 to 600 kPa for trucks. These are, of course, gauge pressures; absolute
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pressures are 1 atmosphere (around 101 kPa or 1 bar) higher. The reinforcing
cords, typically nylon, rayon or terylene, have a higher modulus of elasticity than
the rubber, and their creep is less, so they carry the tension while the rubber acts
essentially as a gas sealant. The alignment of the cords is an important feature
affecting the vehicle handling behavior. In the radial-ply tire, the cords are radial
in side view, running directly across the tread area (the crown) at 90° to the cen-
terline. This is described as a crown angle of 90°, i.e., the crown angle is mea-
sured from a peripheral line around the tire. On the bias-ply (also called diagonal-
ply or cross-ply) tire, the cord crown angle is typically 40°, alternate plies being
angled left and right from the centerline, and they are no longer simply radial or,
indeed, even straight, in side view.

The rubber of the carcass is fairly soft to give it good fatigue resistance. Var-
ious materials have been used for the cords. Dunlop's original tire used flax. Cot-
ton was dominant up to 1945, then rayon up to 1960, and then nylon. Since about
1975 polyester has been most common. Steel, glass fibers and aramid fibers have
also gained ground since 1970. These changes are directly related to the mechan-
ical properties of the candidate materials. Brass-plated steel wire is favored for
commercial vehicles and off-road applications. Laying up the cords is an expen-
sive manual operation, but cordless tires have not yet come to commercial frui-
tion. The density of the reinforcement varies considerably, e.g., nylon 1100
kg/m3, glass fiber 2500 kg/m3, steel 7800 kg/m3.

On radial-ply tires, the crown has a circumferential reinforcing belt of nylon
or steel cords. Some bias-ply (diagonal-ply) tires have been manufactured with
belts (the belted-bias type) but these are no longer produced. All radial-ply tires
are belted, so the simple term radial always implies this. The cord direction in a
belt is relatively close to circumferential, i.e., the belt itself has only a small
crown angle, typically 20°. Sometimes a breaker is used on a bias-ply tire – this
is like a belt but with a crown angle close to that of the main carcass cords. A belt
is sometimes known as a rigid breaker. The carcass construction so far described
plays a dominant role in determining the tire characteristics and vehicle dynam-
ics as far as normal driving is concerned, i.e., for lateral and longitudinal accel-
erations up to about 3 m/s2 (0.3g).

On the outside of the crown, the perimeter of the tire, is the tread – the wearing
course of rubber that actually contacts the road. This is patterned with grooves,
slots and sipes (cuts), typically to a depth of about 8 mm when new (12 to 14 mm
on truck tires) to encourage drainage in wet conditions. The tread pattern also
assists cooling in dry conditions. When large accelerations in any direction are
required of the car, then the frictional properties of the tread become most impor-
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tant. The tread rubber must be quite hard to give good wear characteristics, and
therefore in choosing the rubber blend there is a conflict between wear and grip.
Sometimes a softer cushion layer is used beneath the tread.

Tire size is normally specified by two primary dimensions: the wheel rim
diameter and the section width (Figure 2.2.1). The section width is specified in
millimetres for radial-ply tires. The safe load-carrying capability of a tire is pri-
marily dependent on its size. The outer diameter is independently variable from
the rim diameter, giving rise to various cross-section proportions normally
expressed by the aspect ratio or profile, which is the section height divided by the
section width. The tendency is toward greater width and less height, giving a
lower aspect ratio, led by the extremely low profiles in racing. Modern passenger
car tires have aspect ratio values of 50, 60, 70, 78 and 82%; in racing it may be
as low as 30%. Low aspect ratios (65%) are now also used on trucks. For a bias-
ply tire the natural aspect ratio depends on the cord crown angle, whereas for the
radial it depends on the restricting effect of the belt. The structural design and
materials selection for a tire is a delicate balance, and although it is known how
to improve each separate property of a tire, the problem is to achieve this without
an even greater sacrifice in some other property.

Figure 2.2.1. Tire cross-section
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Although a design load may be quoted for a tire, its load-bearing capability
depends in practice on the service conditions. The combination of load and infla-
tion pressure results in a vertical deflection which causes bending of the carcass
and tread, and hence fatigue stresses while running. There is also a consequential
power dissipation and temperature increase. Hence the optimum pressure is load-
dependent. This also implies that in severe cornering with substantial load trans-
fer the interests of the dominant outside tires are better served by a higher pres-
sure than is ideal for straight running. The acceptable deflection, and hence load,
depends on the load-time duration, so that a load acceptable briefly in extreme
cornering is not acceptable on a continuous basis. The sidewalls are normally
expected to outlive the tread, although at very low wear rates embrittlement and
sidewall cracking may occur first. The effect of operation at excessively high
material temperatures (unacceptable combination of load, speed and environ-
ment) typically manifests itself as blistering (delamination), tread chunking (loss
of small pieces of tread), tread stripping (loss of large pieces of tread), and rough-
ness caused by loss of homogeneity.

The choice of a tubed or tubeless tire depends to some extent on the service
conditions, although for road use it is largely a matter of local custom, with habits
varying greatly between different countries. The tubeless tire is initially more
economical and is more puncture-resistant; both types have a typical road dis-
tance between carcass penetrations of 30 000 km, but the tubeless type requires
a roadside wheel change in only about one penetration in five. In rough condi-
tions such as rallying or other off-road activities, the tubeless type may lift from
the rim under severe impact, with immediate deflation. For a normal road punc-
ture, however, it deflates more slowly than a tubed type. The tubeless type is also
a little lighter.

Charged with producing a new tire for a new vehicle, the tire designer is usu-
ally faced with basic dimensional restrictions – sufficient wheel diameter to
accommodate suitable brakes, plus maximum outer diameter and section width
for reasons of body clearance. The load-carrying ability is governed by the
dimensions and the inflation pressure. Once the diameters and section width are
determined, the cross-sectional shape must be decided. For an unbelted tire this
is a function of the angle of the carcass cords. There being little bending stiffness,
the cord tension must provide equilibrium against the inflation pressure and only
one crown angle is compatible with a given set of values of rim radius, rim width,
tire radius and section width. The cord crown angle of an unbelted tire governs
many of the basic performance properties. For a larger crown angle (i.e., nearer
to radial) the section width is lower, tread radius lower, rolling resistance lower,
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shear stresses lower, bead stresses higher, cord tension lower, loaded deflection
greater, contact length greater, lateral stiffness less, tread wear worse, sidewall
cracking worse, tread cracking less, cornering stiffness less, ride softer, and
bursting strength higher.

The carcass constructional details are much more complex and subtle than
may appear from this terse description, and the properties of the tire can be mark-
edly changed by quite small design alterations, especially of cord angles.

Although the bias-ply tire will no doubt continue in some specialized uses, for
most applications the radial-ply tire is superior, especially for wear rate, and can
be expected to continue to dominate in road vehicle use.

2.3 Rubber
The density of commercial rubber is 1100 to 1200 kg/m3. Tire rubber includes

other constituents such as carbon black and oil, and has an average density of
about 1200 kg/m3. Rubber, whether natural or synthetic, is a visco-elastic mate-
rial. Essentially this means that when a piece of rubber is distorted, it will resist
with a force, but the rubber relaxes because of the viscous effects, and the force
diminishes. Figure 2.3.1 shows a very simple model that exhibits this kind of
behavior. If a sinusoidally varying displacement is applied to the top point A,
then the consequent force amplitude at A will depend on the frequency. At low
frequency the damper will exert negligible effect, and the apparent stiffness will
be that of the two springs in series. At high frequency the damper will have a
large resistance and hardly move at all, so the stiffness will be greater, being that
of the upper spring only. At both these frequency extremes, the damper will dis-
sipate little energy. However, there is an intermediate frequency at which the
energy dissipation is at a maximum.

If pure rubber is given a laboratory friction test against glass in clean condi-
tions, then the frictional coefficient is found to depend on the sliding speed and
the temperature (Figure 2.3.2). The peak friction coefficient observed may be
very high, well in excess of 2.0. To avoid any confusion on this point, let it be
clear that the coefficient of friction is not limited to values less than 1.0. The
curves for various temperatures can be reduced to a single one, the master curve
(Figure 2.3.3), by the Williams–Landel–Ferry (WLF) transformation which is
based on a visco-elastic model of rubber. This very strong correlation between
the equations of visco-elastic behavior and of rubber friction suggests that at least
the phenomena have a common origin, and possibly that visco-elasticity is the
cause of rubber friction.
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Figure 2.3.1. A mechanical model of rubber, with
frequency-dependent damping.

Figure 2.3.2. Rubber friction against sliding speed.

If the rubber is tested instead against a rough surface such as silicon carbide,
then the WLF transformation is still successful, but the master curve is now
shaped differently (Figure 2.3.3). The new and rather sharp peak is due to rubber
distortion around the rough asperities, while the previous, much smaller-scale
molecular effects are of diminished importance..

The addition of carbon black to improve wear resistance smooths out the
curve and lowers the average value, giving friction values closer to the practical
values of normal tires. This is part of the reason for the temperature sensitivity of
racing tires, where the maximum frictional coefficient is sought. There are some
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Figure 2.3.3. Friction of rubber on glass and silicon carbide.

thirty basic types of carbon black with various properties, the particle size and
the chemical interaction with the rubber being important – it is not just a filler.
Most widely used is high-abrasion furnace black (HAF black). In addition to
wear resistance, benefits include improved tensile strength and tear strength. The
addition of carbon black was first proposed by Mote in 1904. It was first used by
Pirelli in 1907, when it was found to improve tread life by a factor of two or three.
The hardening of rubber by vulcanization with sulfur was invented by Goodyear,
and first performed in 1839.

Another constituent of tread rubber is oil; the result of including oil is to
increase friction, shifting the master curve upward and toward lower sliding
speeds. There is, however, a region of reversal, so that under particular condi-
tions of temperature or skidding speed an oil-extended rubber can be inferior.

When tested on ice, rubber friction is found to undergo rather sudden changes.
Very cold ice is just a smooth surface, with the rubber behaving normally. High
friction can be achieved by using a rubber that is at the peak of its master curve
at, say, –10°C. In laboratory conditions, ice can give higher friction than glass.
Just below the melting point of ice, however, there is a depression in the curve of
friction coefficient versus temperature, presumably due to some melting of the
ice caused by frictional heating and pressure.
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For many pairs of materials, the coefficient of friction can be considered to be

independent of the apparent contact area. However, this is far from accurate

when rubber is involved. Figure 2.3.4 represents a rubber slider on an idealized

rough road. If the surface is lubricated and offers no shear force, there can still

be a friction force because of different pressures normal to the inclined surfaces

arising from rubber hysteresis, i.e., the visco-elastic effect. Increasing the verti-

cal load will increase the area of contact between rubber and road, although in a

nonlinear manner. Hence the friction force would increase, but the friction coef-

ficient would decrease, as is found in practice, typically in proportion to the mean

contact pressure to the power –0.15. Detailed analysis of the model of Figure

2.3.4 shows that the friction coefficient does not depend on the scale of the ser-

rations, but does depend on their angle. From Figure 2.3.5, this is because the ele-

ment contributes a friction force PhA sinθ, where Ph is the hysteresis pressure

difference. Evidently the angle is important, and a surface with a microscale

roughness of larger average angle can produce better friction. This outline expla-

nation gives a possible illustration of why the coefficient of friction of rubber is

load-dependent, and hence why a greater rubber area for a given load can result

in a higher limiting friction force.

Equally important is the adhesive component of the total friction. This is due

to molecular bonding between tire and road. The formation of the bond does not

provide useful energy, but the breaking of the bond requires an input of energy,

hence causing energy dissipation in sliding or rolling. This adhesion component

is most important in dry conditions, whereas the hysteresis component is more

important in wet conditions.

Figure 2.3.4. Idealized tire-to-road contact, showing draping of
rubber over asperities.

Figure 2.3.5. Idealized tire-to-road contact (detail).
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A complete tire contains several different blends of rubber, each optimized
for properties and cost according to its specific application, e.g., tread, carcass
wall, bead filler, inner liner. One important parameter is hardness, governed
largely by the quantity of carbon black and the degree of vulcanization. This is
usually measured by a dial gauge pressing a conical tip a fixed distance into the
rubber (Shore A Durometer) giving a hardness reading from 0 to 100. A typical
tread hardness value is about 60.

A modern passenger car tire has a mass of about 12 kg, comprising about 4
kg of rubber, 2 kg of carbon black, 2 kg of oil extenders, 3 kg of steel and 1 kg
of rayon, and therefore is, surprisingly, only about one-third real rubber.

Natural rubber has a specific thermal capacity cP of 1900 J/kg K, and syn-
thetic rubbers tend to be around 1700 J/kg K. Carbon, in graphite form at least,
is 710 J/kg K. This suggests that for tire rubber, including carbon black and oil
extenders,

Rubber has a low thermal conductivity, which is problematic. The carbon black
improves the conductivity, but more so at lower temperatures, so typical tire
compounds have a thermal conductivity which is temperature sensitive. The
value at 20°C is around

The temperature variation over the range of interest (0°C to 150°C) can generally
be well represented by

where n is close to –1.0. Hence the conductivity of real tire rubbers is roughly
inversely proportional to the absolute temperature.

2.4 Axes and Notation
Figure 2.4.1 shows the SAE axis system. It is expected that the ISO will soon

publish a standard, also using a right-hand set of axes, and with X forward, but
with Y to the left and Z upward.
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Figure 2.4.1. SAE tire axes and terminology.

In its simplest state, the wheel stands vertically and rolls in its plane of sym-
metry. If the direction of travel is other than in the plane of symmetry then there
is a non-zero slip angle α, with an associated cornering force (Figure 2.4.2(a)).
Regardless of slip angle, the wheel may also be inclined (Figure 2.4.2(b)). Incli-
nation is measured positive for right-hand rotation about the X -axis. In keeping
with common use, SAE camber angle equals inclination in magnitude, but takes
a positive value when the top of the wheel leans outward from the car centerline.
Hence, for a wheel on the right-hand side the camber angle equals the inclination
angle; on the left, camber angle equals the inclination angle with reversed sign.
Camber angle results in a camber force, directed toward the low axis side. It is
sometimes known as the camber thrust (an obsolescent term).

Figure 2.4.3 shows combined slip and camber, plus axes and forces. The X Y
axes are in the ground plane, parallel and perpendicular to the wheel. The Z -axis
is downward in order to form a right-hand set. The force exerted on the tire by
the road along X , denoted by FX, is called the longitudinal force, and is negative
for braking. The force along Y , denoted by FY, is called the cornering force (slip
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Figure 2.4.2. Tire angle and the force exerted by the ground on the tire:
(a) slip, (b) camber.

angle force) when caused by the slip angle only, camber force when caused by
camber angle only, or more generally the lateral force. The force on the tire along
Z , FZ, is called the normal force; this is negative, so for convenience the upward
force on the tire is called the vertical force, FV. Hence

The aligning moment MZ and the overturning moment MX act in the right-hand
positive sense relative to their associated axes. It is best to treat the rolling
resistance as a force acting at spin axis height, opposing motion (Section 2.7).

In summary, the force components and moments exerted on the tire by the
road are:

(1) FZ, normal force positive downward

(2) FV, vertical force, –FZ, positive upward

(3) FX, longitudinal force, positive for driving

(4) FY, lateral force (cornering force Fα plus camber force Fγ)
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Figure 2.4.3. Tire forces.

(5) MX, overturning moment

(6) MY, rolling resistance moment

(7) MZ, aligning moment (self-aligning torque)

All of the forces and moments mentioned so far are those exerted on the tire by
the road. In addition there axe forces exerted on the wheel by the suspension
components, the driveshaft and the brakes, which will be considered later.

The term "tire force" generally means the total force exerted by the ground on
the tire. Where the context makes it clear, it is also used to mean the total force
parallel to the ground plane (Figure 2.4.4(a)). Here the tire force is resolved into
lateral and longitudinal components. Note that the X'Y' axes rotate when the
wheel is steered, so the force along X' is the result of engine or brake action,
together with the rolling resistance if significant. The force along Y' is the lateral
force, which is the cornering force because of slip angle plus the camber force
because of camber angle.
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The term "lateral force" was used differently in early SAE papers to mean the
force perpendicular to motion, which is now known as the central force. For the
analysis of the vehicle, rather than the tire, it is in fact more useful to know the
forces along and perpendicular to the vehicle motion. This is not quite the same
as the tire motion because of other effects such as vehicle rotation. The XYZ
(unprimed) axes are used for the vehicle. The X Y Z axes are the axes aligned
with the motion of the individual wheel (Figure 2.4.4(b)). They are usually fairly
close in direction to the vehicle XY. If the tire forces are resolved into X and Y
components, then these are called the tractive force FT and the central force FS.
In the absence of engine or brake action, neglecting rolling resistance the longi-
tudinal force is zero and the tire force is perpendicular to the wheel, so the trac-
tive force is then negative and called the tire drag force.

It is essentially the central force that provides the cornering centripetal accel-
eration of the vehicle. As Figure 2.4.4(b) illustrates, it is the tractive force that
determines whether the vehicle rounds a curve at constant speed or not, i.e., the
tractive force governs the tangential acceleration. However, for a freely rolling
tire the longitudinal force is small, so tire cornering force data are most simply
and conveniently expressed in terms of the lateral force.

In summary, the tire force on the ground plane can be resolved into two main
pairs of components:

(1) Tire aligned: longitudinal force FX plus lateral force FY.

(2) Motion aligned: tractive force FT plus central force FS.

2.5 Tire Radius
Three types of tire radius are generally recognized: the unloaded radius Ru,

the loaded radius Rl and the effective rolling radius Re.

(1) The unloaded radius Ru, in practice measured through the unloaded
tire circumference Ct with a tape measure, is defined by
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Figure 2.4.4. Tire force components: (a) in X'Y', (b) in X Y .

(2) The loaded radius Rl, dependent on the particular load, is the dis-
tance of the wheel axis from the ground, in the wheel center plane,
or loosely, the height of the wheel axis.
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(3) The effective radius Re (also called rolling radius) is defined as the
translation velocity of the wheel axis divided by the wheel angular
speed:

Note that for a locked sliding wheel Re is infinite, while for a spinning, non-
translating wheel Re is zero.

The loaded radius Rl depends on the vertical deflection under vertical load.
The tire vertical deflection δt is defined as

Under normal load this deflection is typically 18–24% of the section height. The
footprint length is typically about 0.5R (150 mm) for an average car tire,
subtending about 30° at the wheel center. Therefore the crown undergoes a fairly
sharp bend of 15° at each end of the footprint. Vertical deflection is about 0.035R
(10 mm) and is quite closely proportional to vertical force, so it is meaningful to
refer to the vertical stiffness. Hence

where the tire vertical stiffness Kt depends on size, construction and inflation
pressure. A typical value is 250 N/mm. Over 80% of the total stiffness is due to
the inflation pressure (over 90% for aircraft tires) so the pressure has a large
effect on stiffness. The unpressurized carcass has some stiffness arising from
bending of the tread and sidewalls, but this is relatively small. Tire vertical
stiffness generally increases with load capacity, rim width, and decreasing cord
crown angle. There is a variation of typically ±10%, for a given size and pressure,
from various manufacturers. Increasing speed increases the stiffness at about
0.4% per m/s. Hence
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with

When large cornering forces are induced, the vertical stiffness may reduce by
about 20%. Hence

where

At a given deflection, the increase of vertical force with increasing speed is
due to impact of the tire periphery on the ground. Hence, for a given vertical
force, the deflection reduces. This is not important for passenger cars, but is
important for ground-effect racing cars.

The effective radius Re is not equal to Rl even in free running; in fact Re is
closer to Ru in such conditions. Approximately

Damping in a tire is nonlinear, being a function of amplitude, but it is small
and for many purposes it may be neglected. It is generally insensitive to inflation
pressure because it arises from carcass hysteresis and ground friction. One pub-
lished result for a typical car tire gave a damping coefficient of 200 N s/m at 6
mm amplitude, varying as amplitude to the power –0.64. Another result showed
a hysteretic deflection δtH of 1.5 mm each side of the mean, equivalent to a Cou-
lomb type friction force FtH of about 350 N, i.e.,

2.6 Speed Limitations
Aircraft speed is often characterized by the Mach number, relating the vehicle

speed to the speed of sound waves in the air, arising from the elasticity of that
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medium. The road vehicle is also supported by a flexible medium, namely the
tire, which is therefore capable of supporting wave phenomena. Such waves were
in fact first studied by Gardner & Worswick (1951), beginning at a speed of
around 40 m/s. Instead of leaving the ground and smoothly taking up its normal
circular form, the crown goes through a wave behind the footprint. At constant
speed the wave is static, i.e., it does not pass around the wheel. The wave ampli-
tude may be 10 mm or more, and the wavelength is typically 100 mm; the waves
may extend around one-quarter or more of the tire circumference with gradually
reducing amplitude.

A successful theory of such waves in tire treads was provided by Turner in
1954, who showed that the wave speed was

where tC is the crown circumferential tension per unit width, itself depending on
inflation pressure and speed, and ρC is the crown density per unit area. Once the
wheel peripheral speed reaches this value then the tire periphery, before arriving
at the ground at the front of the contact patch, can no longer receive by elastic
transmission any advance warning of the impending impact. Also, the tread
leaving the ground with a radial speed component carries a great deal of energy
which is dissipated by the wave action behind the contact patch. The predicted
wavelength is theoretically dependent on speed:

where λ1 is a constant, being the value of λ at V = 2 CW, which agrees with the
experimental data. The analogy of this wave with the Mach number for fluids
seems apt, giving the Turner number for tires, being the ratio of speed V to the
wave speed CW:
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For a freely rotating wheel, V is the vehicle translational speed. More generally

where V is the peripheral speed of the tread (ΩRu); this should be correct for both
slipping (spinning or locked) or non-slipping wheels.

The presence of such waves dissipates energy, increases the rolling resis-
tance, and raises the temperature of the carcass, soon causing damage. Because
of carcass flexing and tread scrubbing, even at lower speeds there may be a sub-
stantial temperature rise in the tire, so for sustained operation this sets acceptable
limits to speed and load combinations. A thick tread may cause heat dissipation
problems, although the tread pattern itself helps cooling. Also, at high speed
there are significant centrifugal stresses on the outer tread elements. Therefore,
for high-speed tires the crown density per unit area must be small. For land speed
record vehicles the tire tread thickness has been as little as 0.4 mm.

2.7 Rolling Resistance
Considering a notional isolated wheel rolling at constant speed down a ramp

in a vacuum, forces and moments on the wheel must be in equilibrium. This
determines the nature and value of the rolling resistance force and moment.
There must be zero moment about the wheel axis (center of mass) to maintain
zero angular acceleration, so the total rolling resistance must act through that
axis. At the footprint it must comprise a drag force plus a moment, or a drag plus
a forward shift of the normal force, which actually arises from changes in the
footprint pressure distribution. Figure 2.7.1 shows some possible representa-
tions.

The rolling resistance is a relatively small force and not of decisive impor-
tance in most handling problems; it will be treated as acting at the axis if it is
included at all. Its main effect in the context of handling is on steering feel;
effects arise from lateral load transfer in steady cornering, or from vertical force
variation due to bumps. Practical measurements of rolling resistance show it to
be reasonably constant with speed, possibly increasing slightly, up to a Turner
number of about 0.8, beyond which it increases rapidly because of the wave
energy loss. These losses effectively limit the permissible speed of tires because
of the danger of overheating and tread separation. Tires are speed rated; for
example, SR not to exceed 180 km/h, TR 190 km/h, HR 210 km/h. For high-
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Figure 2.7.1. Alternative representations of rolling resistance
with vertical force.

speed running, the Turner number can be minimized by increasing the tread ten-
sion which results from an increase in inflation pressure. In steady state the cav-
ity air temperature and pressure themselves depend on speed. There is a rise of
typically 35°C and 40 kPa in steady state at 30 m/s compared with cold static
conditions. Provided the Turner number is less than about 0.8, speed does not
normally play a primary role in tire handling effects, although there are some sec-
ondary effects through visco-elasticity, changing of the tension in the carcass,
and changes of the friction of the tread.

For a static or freely rolling weightless tire with a perfectly compliant tread
and carcass, the footprint contact pressure would equal the inflation pressure.
This first estimate is a better approximation for the radial-ply than for the bias-
ply tire. For a radial tire, the normal force distribution along the footprint is cor-
respondingly roughly constant. For the bias-ply tire it is trapezoidal, one-quarter
of the footprint length being required for the increase and one-quarter for the
decrease. The normal force is slightly greater over the front half, associated with
the rolling resistance. In tire modeling, rectangular, parabolic and elliptical dis-
tributions have been used as analytical models. The longitudinal shear force dis-
tribution, associated with tread shear strains, has small fore–aft asymmetries that
are manifestations of the rolling resistance. The lateral distribution is non-uni-
form, especially for the bias-ply type, i.e., separate thin strips parallel to the cen-
terline can have longitudinal force distributions differing markedly from each
other. Even for a freely rolling tire, the average longitudinal shear stress at the
road surface is typically 30 kPa, and peak values often exceed 100 kPa. These are
significant in the context of a mean contact pressure of about 200 kPa. The nor-
mal pressure distribution is, in fact, similarly complex, peaking at typically 800
kPa (five times the inflation pressure) for bias-ply, and 300 kPa for radial-ply.
Lateral shear stresses are likely to exceed 400 kPa locally. These figures, gener-
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ally more extreme for bias-ply than radial, suggest that some local sliding will
occur even for a freely rolling tire, and are the principal reason for the radial-ply
type exhibiting less wear and lower rolling resistance.

The rolling resistance coefficient µR is defined by the equation

where FR is the rolling resistance force and FV is the vertical force. The rolling
resistance coefficient ranges from 0.01 to 0.025 for cars. For trucks the range is
somewhat lower at 0.005 to 0.012 because of higher inflation pressures and
harder tread compounds. The total rolling resistance of a good tire is apportioned
typically as 90% material hysteresis, 8% surface friction, and 2% air friction, at
moderate speed.

2.8 Tire Models
In vehicle handling analysis, the tires are generally represented by empirical

models; these are non-phenomenological, that is, the tire behavior is not derived
from the material properties and structure of the tire. The material of a tire is a
multi-layered, non-uniform, anisotropic, cord–rubber composite, so to under-
stand tire behavior there is a pressing need for simplification. There are three
principal models used to understand tire forces and deflections in cornering and
to give some insight into footprint behavior: the elastic foundation model, the
string model, and the b e a m model.

In the elastic foundation model, each small element of the contact patch sur-
face is considered to act independently; if forced by the ground it can be dis-
placed from its null position relative to the foundation and resists with a given
stiffness. Figure 2.8.1(a) represents a plan view of a tire during cornering, show-
ing the lateral deflection of the tire centerline in the footprint. Figure 2.8.1(b) is
a representation of this, with the various elements each constrained by a founda-
tion stiffness spring, attempting to restore the element to its central position. This
is the simplest model. In the string model, lateral displacement of each element
is also resisted by tension between the elements because of changes in the dis-
placement slope. In the beam model, each element exerts bending moments on
its neighbors. The foundation stiffness model allows a discontinuous distribution
of displacement and slope of the centerline. The string model allows discontinu-
ous changes of slope, but not of deflection. The beam model does not allow dis-
continuities of either. The string and beam models are sometimes combined.
None of these models reflects directly, in a physical sense, the true complexity
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of a real tire, and the various stiffness values are selected empirically to obtain
realistic results. For radial-ply or belted bias-ply tires, the beam model is gener-
ally found to be superior. The implication is of course that the bending stiffness
is largely associated with the belt.

Figure 2.8.1. (a) Tire displacement, (b) Foundation stiffness model.

There have been various attempts to use finite-element techniques to model
tires. These do go some way toward predicting tire characteristics, but they are
generally unsuitable for vehicle handling simulations because of their complex-
ity, i.e., because of the large number of parameters or degrees of freedom, which
means that the program is too slow except perhaps for the very fastest computers.

Even the simplest model, the elastic foundation alone, produces many of the
interesting characteristics of a real tire, and this model will be used here to "pre-
dict" various properties of tires and to illustrate frictional behavior in the foot-
print. For simplicity, a displacement graph can be constructed to show only the
tire centerline, not the whole tread width; Figure 2.8.2 illustrates this, with a view
down through a "transparent" idealized tire with foundation stiffness only, and
its corresponding centerline displacement graph at a small slip angle. Each ele-
ment touches the ground at the front of the contact patch, and is then deflected
laterally at the angle α as it passes through the contact patch. At the rear, having
reached a deflection l tanα, it suddenly leaves the ground and can jump back to
the centerline. This is, of course, a highly simplified representation, and the
deflection is really much smoother. Because of the foundation stiffness, this dis-
tortion of the tire requires a force to be exerted on the tire by the road; this is the
lateral force to be determined.

In Figure 2.8.3, the element of length δx and centerline displacement d,
according to the elastic foundation model, gives a force on the tire of



The Tire 89

Figure 2.8.2. Model tire and displacement.

Figure 2.8.3. Model tire centerline displacement.

where c is the foundation stiffness. Hence the effective foundation stiffness c has
units of pascals (Pa), the total force being the stiffness times the displacement
area. The lateral stiffness of a particular element of length δx is c δx N/m of lateral
displacement. The lateral force concentration, in newtons/metre, is

For any given distribution of centerline displacement, the total force magnitude
is

and the moment about the contact patch centerpoint is
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For realistic results, the foundation stiffness c must be given a suitable empirical
value, not simply that measured from the actual overall lateral stiffness of the tire
tread relative to the wheel.

The purpose of this exercise is simply to give some physical insight into tire
characteristics, rather than to produce accurate real characteristics. However,
with suitable choice of the effective foundation stiffness c and the friction coef-
ficient, quite realistic performance curves are produced. For accurate numerical
handling predictions it is necessary to measure the actual tire characteristics.

2.9 Slip Angle and Cornering Force
An example variation of cornering force with slip angle was shown in Figure

1.1.2. It is characterized by an initial approximately linear region with force pro-
portional to angle, and a final friction-limited value. This section will show how
such a characteristic results from the simple elastic foundation model.

Figure 2.9.1. Model tire centerline displacement: (a) small slip angle,
(b) larger slip angle.
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For a small slip angle, the centerline deviation is that of Figure 2.9.1(a). The
tire contacts the ground at A. The tread is supported by the ground, which exerts
the vertical force FV. The normal force concentration, considered to be distrib-
uted uniformly, is FV/l (N/m). To avoid sliding, the highest lateral force concen-
tration allowable is µFV/l. The previous section showed that the lateral force
concentration is cd where c is the effective foundation stiffness. Hence, for no
sliding,

at all points along the footprint. The maximum possible displacement for no
sliding is therefore

Denoting the lateral slip as S,

For small slip angles, with α in radians,

For small α and S, the largest d is at x = l (Figure 2.9.1(a)), where

and the condition for no sliding is that d must not exceed dM, giving

Substituting dM = µFV/cl gives
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Realistic figures are: contact patch length 180 mm, normal force 5 kN, friction
coefficient 1.0, and effective foundation stiffness 3 MPa. This gives a slide-free
maximum slip S1 = 0.051 (α1 = 2.95°). The corresponding maximum tread
displacement is

In this small slip angle regime, the triangular displacement graph as in Figure
2.9.1(a) is valid. The total force magnitude is

This is just the stiffness times the area of the displacement diagram,

so the force is proportional to the slip. For small α, with α in radians,

The cornering stiffness is

The maximum non-slide force is

Thus the model predicts a lateral force proportional to slip angle, for a force up
to half of the maximum total friction limit force µFV. For the example values, the
cornering stiffness is 49 kN/rad (848 N/deg) and the maximum non-slide force is
1500 N.
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The force acts through the triangle centroid, a distance 2l/3 from the first con-
tact, and therefore l/6 behind the mid-point. So the self-aligning torque is

which is proportional to the slip. The pneumatic trail (the moment arm) is

which is constant Hence this model successfully predicts the existence of a
pneumatic trail. In practice larger values are usually found at small slip angles,
t/l being typically 0.2 to 0.35.

It is important to appreciate that the relationship between lateral force and
slip, i.e., the slope of the F against S (or α) curve, depends not on the friction
coefficient but on the foundation stiffness, i.e., the tire compliance which is due
to the carcass and tread compliance. The available friction does, however, define
the limit of the non-slide linear operating regime.

If the slip angle is increased further, then there will no longer be sufficient
friction to keep the rear of the contact patch fixed on the road. Considering a sim-
ple model in which the friction coefficient is independent of sliding speed, then
at larger slip angles the rear of the contact patch will reach the friction limit dis-
placement (Figure 2.9.1(b)), and remain there until lifted from the road at x = l.
The position at which sliding begins is denoted by xs.

The lateral force is the stiffness times the displacement area, integrated from the
displacement graph:
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Substituting xs = µFV/clS and dM = µFV/cl gives a lateral force

and a lateral force coefficient

Hence, as the lateral slip S continues to increase beyond initiation of sliding at
the rear of the footprint, the lateral force approaches the limit µFV

asymptotically. Since S = tanα, the ultimate limit force is actually reached at a
slip angle of 90° when the tire is sliding fully sideways. Figure 2.9.2(a) shows
the graph of lateral force against slip angle for the example values. Real tires do
indeed have a characteristic of this nature, as may be seen by comparison with
Figure 1.1.2.

The self-aligning torque after sliding begins is:

Substituting xs = dM/S gives
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Thus for a slip angle greater than the non-slide limit, the self-aligning torque
eventually reduces. Substituting for dM gives

The pneumatic trail is:

Physically, from Figure 2.9.1(b), we can see that increasing the slip angle
reduces the length xs, and therefore the pneumatic trail reduces once sliding
begins at the rear, and goes to zero as the slip angle approaches 90°. Hence the
self-aligning torque reduces even though the force increases. Figure 2.9.2(b)
shows the self-aligning torque variation for this model. The reduction of aligning
moment and hence of steering-wheel torque as the lateral force approaches its
limit is a valuable form of feedback to the driver. It is especially important in
giving warning of a poor friction surface.

The general form of the curves of both lateral force and self-aligning torque
derived from this simple model are in accordance with experimental data,
although in the case of experimental self-aligning moment negative values are
often observed at high slip. This arises because of a decline of friction with slid-
ing speed, because of sideways shifting of the rolling resistance caused by car-
cass distortion, and because of the fore–aft asymmetry of the vertical force
distribution which allows greater friction in the front half of the contact patch.

Since α = arctanS, the graphs of force and moment are not strictly linear even
at first, although this error is negligible because of the small angles obtaining in
this region. The initial slope of the force curve is denoted the cornering stiffness
and given the symbol Cα. Synonyms for cornering stiffness are cornering rate
and cornering power, but these terms are obsolete and will not be used here. A
typical value of cornering stiffness for a car tire is 50 kN/rad (870 N/deg). To
improve comparability between tires of different load ratings it is often conve-
nient to divide the cornering stiffness by the normal force FV to give the corner-
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Figure 2.9.2. (a) Tire cornering force against slip angle, (b) Tire self-aligning torque
against slip angle.



The Tire 97

ing (stiffness) coefficient CS (subscript S for slip angle), which has a typical

value of 0.16/deg or 10/rad for radial-ply, and some 20% less for bias-ply.

For small α (in the non-slide regime),

The lateral force coefficient is

The meaning of these equations is clear enough for experimental conditions, but
in application to vehicle handling the vertical force is itself a variable, and some
caution must be exercised.

It is of course essential to distinguish carefully between cornering force, cor-
nering-force coefficient, cornering stiffness, cornering-stiffness coefficient,
maximum cornering force, and maximum cornering-force coefficient (Figure
2.9.3). (In addition, if camber is not zero, there are camber force, camber-force
coefficient, camber stiffness, camber-stiffness coefficient, maximum lateral
force and maximum lateral force coefficient [Section 2.12].) In every case the
word "coefficient" is added where the variable has been normalized against FV.

The force that provides the vehicle's centripetal acceleration is not actually
the tire cornering or lateral force. It is the tire force perpendicular to the vehicle
path; depending on the angle of the tire relative to the vehicle this is approxi-
mately the tire central force (Figure 2.9.4). Note that, for an undriven wheel, in
addition to the desirable central force there is also a tire drag force FD which will
reduce the vehicle's speed. If compensating forces are provided by the engine,
then the drag force may be overcome and a positive tractive force created (Figure
2.4.4(b)). Resolving the lateral force into central and drag forces results in Figure
2.9.5. Note that the central force has a well-defined maximum value, at a slip
angle of 20° for this model, and that excessive slip angles produce inferior cen-
tripetal forces on the vehicle. The effect of the drag force in these conditions is
readily observed by cornering sharply with the clutch depressed, when a marked
loss of speed will be observed, far in excess of the speed loss over the same dis-
tance in a straight line.
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Figure 2.9.3. (a) FY against slip angle, (b) FY/FV against slip angle.

Figure 2.9.4. Force components for undriven tire.
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Figure 2.9.5. Tire central and drag force against slip angle.

In summary, we have the following tire slip parameters:

(1) FV, vertical force

(2) α, slip angle

(3) Cα, cornering stiffness

(4) CS = Cα/FV, cornering stiffness coefficient

(5) FY, lateral force

(6) FS, central force

(7) FD, drag force

(8) CY = FY/FV, lateral force coefficient

(9) CFS = FS/FV, central force coefficient

(10) CFD = FD/FV, drag force coefficient
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(11) FY m a x, maximum lateral force

(12) FSmax, maximum central force

(13) µY C Y m a x

 = F Y m a x / F V , maximum lateral force coefficient

(14) µS CSmax = FSmax/FV, maximum central force coefficient

Note that µ has traditionally been used in physics and engineering for the
coefficient of limiting friction (not just the ratio of transverse force to vertical
force) and so is reserved here for the maximum force coefficients.

The central/drag force ratio is analogous to the lift/drag ratio for a wing.
Neglecting rolling resistance this is simply cotα, which reduces continuously
with slip angle. Higher cornering stiffness therefore has merit, especially for
competition vehicles, because a given central force will be achieved at smaller
slip angle and therefore with a smaller tire drag force. Including rolling resistance
gives the central/drag force ratio, within the range of linear cornering force, as

For realistic values this typically peals at a value between 10 and 12, at 2° to 3°
slip angle.

Figure 2.9.6 shows lateral force plotted against self-aligning torque for the
simple foundation model; this is known as the Gough plot, and is of particular
interest with regard to feel at the steering wheel. For real tires, because the self-
aligning moment goes negative, the curve actually goes off to the left beyond a
slip angle of 20°.

Cornering force causes tire distortions that give an overturning moment. This
can be conceived as a lateral shift y of the vertical force position, where

This has significant effects on lateral load transfer.
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Figure 2.9.6. Gough plot for simple model tire.

2.10 Non-Dimensionalization
It is often helpful to non-dimensionalize the tire characteristics. The lateral or

cornering force is easily non-dimensionalized by dividing by FYmax, in which
case the force coefficient is

When the lateral force has been non-dimensionalized like this, all graphs have a
maximum value of 1.0. Alternatively, and more usually, the forces are non-
dimensionalized by dividing by FV. The lateral force coefficient is then

The maximum value is then the maximum lateral force coefficient µY.
The slip can be non-dimensionalized by defining a characteristic slip S* (and

characteristic slip angle α*), and then plotting forces against S/S* or α/α*. The
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characteristic slip angle is the angle at which the tangent from the origin meets
the lateral force value FYmax. Thus

which for this model is

It has a typical value of 6° or 0.1 rad. Thus the slip coefficient (non-
dimensionalized slip) is

In terms of angles,

The non-dimensional slip angle is

Now, for the simple tire model, for no sliding (S < S1)

The side force is
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The side force coefficient is

which introduces a rewarding simplicity.
Defining a self-aligning moment coefficient CMZ as (not non-dimesional, but

the usual definition),

The non-dimensional pneumatic trail is t/l, which for this model is simply

Beyond the point of sliding
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Evidently, by using non-dimensionalization, the equations become more
manageable. More importantly, all the model tires now have the same
characteristic shape, with an initial gradient of 1 and maximum value of µC.
Consequently, any particular example can be fully represented by only two
parameters, µC and S*, which define the actual scales of the two axes.

The process of non-dimensionalization can usefully be applied to real tire
experimental data. Usually the cornering force is simply non-dimensionalized
against vertical force, so peak values vary somewhat, equaling the maximum cor-
nering force coefficient µC. There remain some other differences. The graph cur-
vature in the transition region (slip around 6°) is the main one, radial-ply
generally having a sharper knee to the curve than bias-ply, giving less progres-
sive final handling. Also, there may be a decline of cornering force beyond a
peak, especially at high speed.

2.11 Improved Friction Model
Tire experiments show that the friction coefficient depends on speed, but also

depends on skid duration preceding measurement at a given speed. As described
in Section 2.3, the coefficient of friction of any particular rubber on a given sur-
face depends on the sliding speed and temperature. Once the rear of the footprint
is sliding, the rubber temperature will rise in a way that is rather hard to quantify.
However, the practical consequence is that there is a reduction of frictional coef-
ficient because the temperature exceeds the optimum. As shown in Figure 2.3.3,
the friction value actually rises and then falls with sliding speed. For realistic
tires and sliding speeds, friction is past the peak and therefore reduces with
speed.

There are four commonly used analytic friction–speed models:
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(1) Constant µ

(2) Different static and dynamic values µS and µD

(3) µD=µS(1 KV)

(4)
In model (2) µD/µS 0.8. In model (3) K 0.012 s/m. In model (4) V1 60 m/s.
The low-speed friction coefficient µS can be as high as 1.2 for standard car tires,
but is much less for trucks; Figure 2.11.1 shows results for locked-wheel braking
tests. The lower value for trucks is due to harder tread compounds for low wear
and to high contact pressures. The high values for racing tires are achieved by
using special compounds and low contact pressures. The values are only roughly
indicative and may vary substantially according to the particular tire, vertical
force, temperature and other conditions.

Figure 2.11.1. Friction against speed for locked-wheel braking.
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Although the more complex models are needed for accurate analysis, model
(2) is sufficient to understand the effect of speed dependence of friction by defin-
ing one static coefficient of friction applicable to and limiting the non-sliding
part of the footprint, plus a lower dynamic coefficient of friction applicable to the
sliding part of the footprint.

The consequences of this on cornering force can be seen fairly easily. At high
slip angles the sliding part of the footprint, at the rear, will have a reduced friction
coefficient, so the cornering force will peak at a moderate value of slip angle and
then decline. However, the decline of maximum cornering force with speed will
be less dramatic than that of locked wheel braking because the actual relative
sliding speed is only V sinα, and the wheel continues to rotate so the local tem-
perature rise is less. The reduced coefficient of friction behind the footprint cen-
ter contributes to the negative self-aligning moments that are observed in
practice.

2.12 Camber Angle and Camber Force
Camber is the inclination of the tire in front or rear view (Figure 2.4.2(b)). The

SAE defines positive rotation about the X-axis, as shown, as the inclination angle
and defines camber as the modulus of the inclination, with a positive value if the
top of the wheel is outward from the vehicle centerline. In practice, the term cam-
ber angle is frequently used to mean inclination angle, especially in the context
of an isolated tire or wheel, when the SAE definition of camber is not applicable.
Single-track two-wheeled vehicles operate at extreme camber angles in corner-
ing; four-wheeled vehicles usually have angles less than 10°. Figure 2.12.1 rep-
resents a view down through a transparent cambered wheel showing the tread
area distortion caused by the camber. The consequence is a lateral force. There
is also a camber aligning moment about the Z-axis, often negative (associated
with a negative camber trail), but this is small and usually neglected.

Figure 2.12.1. Tire camber distortion.
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The lateral force produced is called the camber force, sometimes the camber
thrust (an obsolescent term); because camber angles are fairly small, friction
effects are generally secondary and the camber force is a function of the stiffness
properties of the tire, of the camber angle and of the vertical force. It acts toward
the low axis side and is typically found to be proportional to the camber angle;
hence the camber stiffness Cγ is defined as the rate of change of camber force
with camber angle. It has a typical value for a modern radial car tire of 35 N/deg
(2 kN/rad). The camber force is approximately proportional to the vertical force,
so dividing by the vertical force gives the approximately constant camber stiff-
ness coefficient CC. (The analogous cornering stiffness coefficient was denoted
CS.) Hence, at zero slip angle

The value of CC is typically 1.0 for a bias-ply tire and about 0.4 for a radial-ply
tire. Hence in the case of a bias-ply tire, the normal force plus camber force acts
approximately up the tire centerline, which is desirable for a two-wheeled
vehicle. Radial-ply tires for motorcycles are given a large section radius to move
FV laterally to compensate for the low value of CC.

Interestingly, in contrast to cornering force from slip angle, there is no simple
theoretical basis for any drag force to occur in conjunction with camber force.
Also, experimentally it is found that associated drag forces are indeed small.

The camber angles found on four-wheeled vehicles are typically 0 to 1° in the
static position, increasing to a limit of ±10°, usually less, under extreme corner-
ing. The forces caused by camber angle are therefore generally less than those
caused by slip angle. However, they can have a significant effect on handling
behavior because of camber changes during suspension movement, which may
be different front and rear; for example, many vehicles have independent suspen-
sion at the front with a solid axle at the rear.

Early tire force experiments were interpreted as implying that camber angle
affected the slip-angle cornering stiffness. However, it is now generally accepted
that for car analysis, for small angles, the two can be treated as independent, i.e.,
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The lateral force coefficient is

The camber coefficient diminishes for large slip angles. This is necessarily the
case because at high slip angles, near to peak FY, camber has only a relatively
small effect on FY. Some experiments indicate that Cγ reduces significantly with
speed beyond about 30 m/s. The effect of camber on force generation at high slip
angles is discussed under tire experimental data.

Lateral force is cornering force (from α) plus camber force (from γ). This is
clear for small angles, but the distinction ceases to be clear in the nonlinear
regime where the simple summation is no longer valid. At large camber angles,
as achieved on motorcycles, the cornering stiffness is reduced significantly. The
reduction in Cα is generally in the range 0.3 to 0.7% per degree of camber angle,
and is virtually linear up to very large camber (60°). Hence

with

The path curvature

also has an effect on tire lateral force. The contribution to FY from path curvature
alone, in the linear region, is

where Cρ is the path curvature stiffness of the tire. Now a tire of loaded radius
R1 with camber angle γ, rolling freely, and hence with no lateral force, moves
approximately as a cone following a path radius R, where
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However, for free rolling FY = 0, so with α = 0 the result is

A representative value of Cρ is 600 Nm. The effect of path curvature on tire force
is usually neglected in ordinary handling problems, although it is important in
some steering vibration problems where the high frequency of oscillation results
in a small path radius for the individual tire.

In summary, we have the following additional tire camber parameters:

(1) Fγ, camber force

(2) FY, lateral force including camber force

(3) Cγ, camber stiffness

(4) CC = Cγ/FV, camber stiffness coefficient

and for path curvature effects:

(1) ρ, path curvature for the tire

(2) Fρ, path curvature force

(3) Cρ, tire path curvature stiffness

2.13 Experimental Measurements
The complexity of tire construction and the notorious variability of friction

mean that it is not at present possible to predict tire performance very success-
fully by direct theoretical means. However, the simple models already examined
show that there are two principal parameters of tire behavior: the cornering stiff-
ness coefficient and the maximum cornering-force coefficient. The former gov-
erns behavior in normal driving and depends primarily on the stiffness properties
of the tire. The latter governs the behavior during extreme driving and depends
primarily on the frictional properties of the tread on the relevant road surface.
Even if conditions are restricted to dry hard road surfaces, the friction forces are
rather variable. There are relatively few published measurements of maximum
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forces, although fairly extensive investigations have been made of cornering
stiffness and camber stiffness values.

There are various possible ways to measure tire characteristics. The most con-
venient is to operate the tire on the outside surface of a circular cylindrical drum,
typically of 4 m diameter. Such results are good for comparative purposes, but
must be treated with some caution because the drum curvature influences the
results, especially the self-aligning torque. The inaccuracies are generally pro-
portionately worse at small slip angles. Adjustments on the order of 10% can be
made to correct the cornering force data to flat conditions although these are not
really reliable; the cornering stiffness coefficient needs to be increased according
to the tire and drum radii:

Measurements have also been made on the inside surface of drums and on discs.
The best laboratory arrangement is the continuous belt, supported from below by
an air bearing. A remaining limitation of this method is the problem of simulating
the road surface. This can be overcome by running the tire along a suitably
prepared floor, but then only rather low speeds are practical. Each method
therefore has its advantages and disadvantages.

An attractive alternative to laboratory measurement is to make mobile tests on
the road, typically done by cantilevering the tire out from the rear of a lorry.
While offering realistic results, this method obviously has problems of environ-
mental and surface control and repeatability.

The results of a tire test depend on the usage history of the tire, especially car-
cass conditioning and tread wear. Changes can be especially rapid on a new tire
during its first few runs, seemingly from two effects. First, flexing of the carcass
results in some stiffness changes. Second, a new tread surface has a mold sheen
which quickly wears off. This is a surface unrepresentative of the rubber below,
and it is also likely to be contaminated with mold lubricant. These effects are
quite different from those of gross tread wear. Specific tests have been performed
to investigate this running-in effect on the tire. Generally, the effects on peak side
force, which tends to increase, are

(1) A sharp and often erratic change in the first run due to wearing away
of the mold sheen.
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(2) An upward exponential decay, with a distance constant of typically
1 km eventually resulting in a total coefficient increase of about
0.08.

(3) A steady coefficient change of about 0.015/km caused by uniform
wear of the tread during initial operation at high slip angle.

On the other hand, cornering stiffness coefficient is often reduced by
conditioning. The effects are:

(1) A recoverable effect because of rise of carcass temperature
( 0.0007/°C).

(2) Typically about 10% reduction because of visco-elastic effects in the
carcass, of which 7% is permanent, and 3% recovered when resting
with a time constant of about 1000 s.

The tread is likely to be worn away completely in 10 to 20 km of hard testing,
reflecting the severe operating conditions. Even after initial transient effects, the
steady variation can give a total change of 20% in cornering stiffness during the
life of the tire – sufficient to have a major effect on vehicle handling.

Even when using flatbed belt testers with agreed conditioning procedures,
there remain significant differences between cornering stiffness results from dif-
ferent machines, on the order of 5% or more.

Carcass flexing and initial tread wear often result in a marked increase of
aligning torque stiffness, of typically 30%, with a modest increase during the
remainder of the life. On the road, the full carcass conditioning period corre-
sponds to typically 1000 km.

Conditioning effects are generally inconsistent, varying between tire types.
Some investigations have found little or no statistical significance for the results
of various conditioning procedures in relation to the random variation between
tire samples.

2.14 Stiffness Measurements
Even if a new tire is tested against a smooth (but frictional) surface, because

of minor variations in structure such as cord angles and rubber thicknesses
around the perimeter, there are small variations in lateral forces as the tire rotates.
These variations have an amplitude on the order of 0.01FV. Also, the average
forces and moments are not zero for zero angles; in fact, some tires are produced
with deliberate such asymmetry of carcass or tread or both. The force and
moment values at zero slip and camber angles are called the residual cornering
force and residual aligning moment.
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The average lateral force at zero slip angle results from two factors: conicity
and ply-steer. These are more significant for radial-ply tires than for bias-ply.
Ply-steer forces result from the angle of the belt plies; for an equal number of
plies of alternate angles each side of the centerline, the outer ply exerts the dom-
inant effect. The direction of the ply-steer lateral force depends on the direction
of rolling. This is also true of slip angle, so ply-steer is also known as pseudo-
slip. A typical ply-steer force value is equivalent to 0.3° of slip angle, or about
250 N. For a given design of tire, the ply-steer force is a fairly constant value with
small variations between samples, but, of course, there is considerable variation
between tire designs.

Conicity force is so-called by analogy with a rolling cone, and results in a lat-
eral force that has the same direction whether the tire is rolling forward or back-
ward. This is also a property of camber force, so conicity is also known as
pseudo-camber. Eighty percent or more of conicity forces are caused by the belt
being off-center, the force sensitivity being typically 30 N/mm of belt offset. For
a given design of tire, the conicity forces occur randomly. The production toler-
ance for belt position is typically around 3 mm, equivalent to 100 N lateral force.

A real tire has both types of force together, hence exhibiting different forces
according to the direction of rolling. By testing in both directions these can be
resolved into conicity and ply-steer, conicity being the mean force, and ply-steer
being half of the difference.

The cornering stiffness itself also varies from tire to tire, even among those
nominally of the same type from a given manufacturer, with a typical standard
deviation of 3%, and 6% for aligning torque stiffness. This is simply a matter of
the economics of quality control.

Tire designs of a given nominal size and type from various manufacturers
have a standard deviation of about 15% on cornering stiffness. The random vari-
ations, although not always negligible, are therefore much less than the system-
atic differences between designs. The main controlling factor in the cornering
stiffness is the carcass structure; basically whether it is radial-ply or bias-ply.
Belted bias-ply tires have a cornering stiffness typically 5% greater than normal
bias-ply; radial-ply average typically 40% stiffer than basic bias-ply. Aligning
coefficients are ordered similarly, with bias-belted 15% stiffer than bias-ply, and
radial 30% stiffer than bias.

Some tires used to exhibit a reduced cornering stiffness for very small slip
angles. This caused unresponsive straight-line handling and a deadband in the
steering ("wide-center" feel). It is insignificant on most modern tires because of
better design and quality control.
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In examining the effect of tire structure, a rather different picture emerges for
camber coefficient. Belted-bias and bias are much the same, both having coeffi-
cients giving a camber thrust resulting in the total force acting approximately
directly up the tire centerline, corresponding to a camber coefficient of 1/rad or
0.018/deg. For radial ply it is typically 0.4/rad or 0.008/deg. Since radial-ply
tires, compared with bias-ply, exhibit a high cornering coefficient and low cam-
ber coefficient, then the different carcass constructions are strongly characterized
by the ratio of camber stiffness to cornering stiffness, which of course also indi-
cates the slip angle needed to overcome the force caused by one degree of camber
angle. This ratio is typically 0.15 for bias-ply and 0.05 for radial-ply.

Speed has been found to have some effect on force coefficients. Beyond about
8° slip angle, the frictional effects usually dominate, and high speed gives lower
forces. At less than 8°, the main effect of higher speed is to stiffen the carcass,
increasing the cornering forces. Plotting the cornering stiffness coefficient
against the logarithm of speed, a straight line is obtained. The speed sensitivity
kv is defined as the stiffness increase resulting from a factor of ten speed increase;
it has a value of 0.06 to 0.10. Hence

A limited amount of data suggests that speed tends to reduce the camber
coefficient, particularly beyond 30 m/s.

Lateral force coefficients also depend on vertical load. The three common
models are (1) linear, (2) power, (3) exponential.

(1) Linear: A simple model of the variation is a linear one, declining with
load:

where subscript 0 is the reference point (standard load), and k1 is the load
sensitivity. At zero load CS goes to (1 + k1)CS0. Typically k1 is 0.6. This gives
realistic characteristics provided that the loads are not too large, i.e., not
approaching those for which CS goes to zero.
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(2) Power: This expresses the cornering stiffness as

which is equivalent to

The exponent f varies widely, especially with FV0, but is typically 0.5.

(3) Exponential: The above models are conveniently simple, but for computer
simulations a more accurate model has the cornering stiffness coefficient declin-
ing exponentially with load (Figure 2.14.1):

The vertical force for maximum Cα is equal to FV1/kCSFV. If FV1 is chosen

equal to this value, then kCSFV is 1.0.
This model is particularly good for wide variation of load, and agrees well

with data. In view of this, it is apparent why the simpler models above fit over
only a limited range of load, and why their parameters vary with reference load.
In Figure 2.14.1(b), the variation of Cα increasing and then decreasing with load
shows how the variation of Cα with load around the operating point depends very
much on the reference load, and hence on the size of tires in relation to the vehi-
cle mass.

It is clear from all of the above that the broad specification of a tire structure
is indicative of its properties, but that marked variations can occur because of the
details of its design or operating conditions. As a very rough guide, the cornering
stiffness coefficient is typically 0.12/deg for bias-ply, 0.16/deg for radial-ply,
and the camber stiffness coefficient is 0.018/deg for bias and 0.008/deg for
radial. Camber-to-cornering stiffness ratios are typically 0.15 for bias-ply and
0.05 for radial-ply.
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Figure 2.14.1. The effect of vertical force on CS and Cα.
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2.15 Stiffness – Design Variables
Even given a specific tire construction, the cornering and camber stiffnesses

are found to depend on the tire size, section height, section width, tread width,
rim width, tread depth and form, inflation pressure, load, and so on. The follow-
ing is offered only as an approximate guide to likely effects, since there is con-
siderable variation between designs.

2.15.1 Design Load (Size)
Cornering stiffness when carrying the design load is more or less proportional

to design load (i.e., the cornering coefficient is independent of size). Cornering
aligning stiffness, if expressed as Nm/deg, increases with size. This is reasonable
because the pneumatic trail would be expected to increase in proportion to foot-
print size, and hence with design load and diameter. At constant load, pressure
and rim width, the cornering stiffness varies typically as rim diameter to the
power 0.5. The cornering aligning coefficient, normally defined as aligning
moment stiffness divided by normal load (Nm deg 1/N = m/deg), might logically
be better defined by also dividing by a linear dimension such as rim diameter. It
varies typically as rim diameter to the power 0.8. Camber stiffness coefficient is
roughly proportional to design load (camber coefficient independent of size).
Camber aligning stiffness (as Nm/deg) is rather widely scattered, but small and
usually neglected. The constancy of cornering coefficient with size is of course
related to the practical observation that the operation of a vehicle in terms of
maximum cornering ability and of tire slip angles does not have a first-order
dependence on size.

2.15.2 Construction
Increasing the number of plies seems to have little effect on cornering stiff-

ness, but seems to reduce aligning torque (number of plies to the power 0.3). A
large crown angle for bias-ply cords gives reduced cornering stiffness.

2.15.3 Section Width
Cornering stiffness coefficient varies typically as section width to the power

0.3 (constant load, pressure, rim width), although if an appropriately reduced
inflation pressure is used, about half of the increase is lost. The self-aligning
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torque is affected increasingly as slip angle increases, but typically varies with
section width to the power 1.0 at 6° slip angle.

2.15.4 Section Height
An increased section height implies a larger outer diameter, and typically a

lower design inflation pressure for a given design load, with a longer footprint
and more flexible sidewalls. The expected result would be reduced cornering
stiffness.

2.15.5 Tread Width and Contour
Increased tread width increases the cornering stiffness slightly. A rounded

contour generally increases the stiffness, possibly owing to a longer contact
patch length.

2.15.6 Rim Width
Increasing the rim width upon which a given tire is mounted also incidentally

increases the section width, which should be distinguished from a design change
to the section width with a corresponding increase of design rim width. Corner-
ing stiffness is roughly proportional to the rim width to the power 0.5, which
therefore offers a useful degree of control – there is, of course, a limit to the rim
width that a given tire can safely accept.

2.15.7 Inflation Pressure
At very low pressure the cornering stiffness is correspondingly small because

it depends mainly on the inflation pressure rather than on inherent carcass stiff-
ness. Moderate increases in inflation pressure above the design value generally
raise the cornering stiffness because of an increase in carcass tension. The stiff-
ness typically peaks at about 20% more than the design value for a pressure 70%
more than design. It then reduces, probably because of contact-patch shortening.
Increasing pressure usually causes a reduced aligning stiffness because of the
shorter contact patch, and tends to increase the camber stiffness. Low pressures
are desirable to improve the ride, but there is a corresponding loss of tire life,
increase of self-aligning torque, and increase of squeal. The loss of stiffness gen-
erally causes poorer handling and feel. The warmed-up operating pressure is typ-
ically 30 kPa higher than the cold-set value. This is a 15% gauge pressure
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increase, 10% absolute. The more water vapor there is in the tire, the greater is
the temperature sensitivity, so dry air is generally preferred.

2.15.8 Load
Cornering stiffness is zero at zero load, and initially increases in proportion to

load, but it then peaks and declines for larger loads (see Section 2.14). High infla-
tion pressures and wide rims tend to result in an increase in stiffness sensitivity
to load. This can be important because if the cornering stiffness increases with
load, the sensitivity of the vehicle handling to load changes is reduced. The cor-
nering stiffness coefficient is greatest at "zero" load, declining smoothly and
exponentially, as discussed in the previous section. The aligning coefficient
shows a continuous increase due to the lengthening contact patch. Camber coef-
ficient usually shows a reduction away from the design load.

2.15.9 Tread Depth
The introduction of tread grooves for drainage in wet conditions increases the

lateral compliance of the tread part of the tire, although it is too simplistic to con-
sider the tread simply as a compliance added to the carcass. Evidently this
depends to some extent on the tread pattern, and where possible the width of cir-
cumferential ribs is at least twice the groove depth, i.e., 16 mm for a typical new
groove depth of 8 mm. Wide ribs, although aiding tread stability, cause water
clearance difficulties. The cornering stiffness of a bias tire with the tread worn
almost entirely away is typically 15% higher, and sometimes as much as 50%
higher, than for the new tire, the difference being pressure- and load-sensitive.
Radial-ply tires often show a reduced stiffness after wearing. The corner aligning
torque coefficient generally increases with wear for all types, and may double
over the tire life.

2.16 Friction Forces – Design Variables
The second principal variable controlling the shape of the cornering force ver-

sus slip angle curve is the maximum available force. This occurs at 90° slip angle
for the simple model, but at perhaps 10° in reality according to the particular tire
and operating conditions, especially vertical force. The maximum cornering
force is controlled to a large extent by the tread rubber material and the road sur-
face, but other factors play a part, particularly the surface area of rubber pre-
sented to the road in relation to the load, i.e., the mean contact pressure. A harder
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rubber has been known to result in a higher maximum cornering force but in a
smaller maximum braking force. This cannot be simply a friction effect Presum-
ably it is related to the different distortions experienced by the tread in these two
modes of operation. The maximum central force is influenced by both friction
and stiffness characteristics because of the cosα factor. In practice there is found
to be a scale effect, with truck tires exhibiting a friction coefficient typically 40%
lower than that of passenger cars (Figure 2.11.1). This is probably attributable to
the higher inflation pressures and to the harder tread materials used, because of
the service requirement for low wear rate.

Changes of road conditions have a major effect, the most extreme case being
surface ice. However, even in dry conditions road characteristics vary through a
wide range, and this is emphasized by damp conditions (wet conditions are con-
sidered later). The self-aligning torque is also affected by low friction, so the
driver is able to detect this through light steering at quite low steering angles. The
temperature of the road surface affects maximum friction, but in a way that
depends on the road material. In one investigation on asphalt the maximum cor-
nering force coefficient µC was 0.9 at 0°C, declining linearly at 0.0025/°C to 0.8
at 40°C. On concrete it was also 0.9 at 0°C, but increased to a peak of 1.06 at
26°C and then declined to 1.0 at 40°C in a smooth curve.

Increase of load shows an increase of limiting force, but not in full proportion.
The variation of maximum cornering force may be modeled well by

The limited amount of actual tire maximum force data indicates a value of p =
0.15 for the typical tire maximum cornering force coefficient sensitivity to

vertical force for passenger car tires. Racing tires seem to be more sensitive at
0.20 to 0.25. This relationship is an important one in the investigation of limit

handling, for example in considering the effect of center of mass position or load
transfer.

This power expression represents real tire data very well over the important
range of vertical force. At very small FV, however, it overpredicts FYmax

slightly, and indicates a maximum lateral force coefficient going to infinity.
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Therefore in computer simulations it is desirable to represent µC by a linear sec-
tion for small FV, e.g., less than one-quarter of the reference value (Figure
2.16.1).

Figure 2.16.1. The effect of vertical force on µy and FYmax.

This suggests that an exponential model might be good, as used for the vari-
ation of CS with load. However, such a model is a much inferior fit to the data
over the important range of FV.
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An increase of contact area gives a higher limiting force – this has contributed
to the trend to very wide racing tires with some tendency in the same direction
for passenger cars. This suggests a maximum force coefficient rising as the 0.15
power of tire tread width, for constant footprint length. The introduction of drain-
age channels reduces the contact area and hence reduces the limiting force in dry
conditions. The racing "slick" tire has no tread pattern at all to give maximum
contact area. The rubber area in direct contact with the road is normally less than
the nominal footprint area, and also the pressure distribution is likely to be highly
variable due to the distorting effects of the forces applied by the road. Wider rims
seem to help a little in this respect. There is an optimum inflation pressure that
gives the most uniform footprint pressure, and this optimum inflation pressure
increases with increasing normal load. Too low an inflation pressure gives high
contact pressure at the tread edges because of the carcass stiffness, whereas too
high a pressure loads the center. A tire pressure optimum for wear in normal
straight running is therefore rather low for extreme cornering because of severe
load transfer in this condition. High pressures can create difficulties for the tire
in adapting to road roughness. An interesting racing development that has found
application on road tires is the depressed crown, which becomes flat once cor-
rectly inflated.

The effect of camber angle on maximum force seems to depend on the tire
crown shape. A very round profile seems to develop maximum lateral force with
a large negative camber, the optimum slip angle then being quite small. A flatter
crown tire seems to be best in the 0–4° negative camber range. Possibly in some
cases negative camber compensates for slip-angle distortions to help keep a flat
crown on the road. The camber tolerance range seems to increase with increasing
normal force, presumably because the mean contact pressure is increased, so that
the proportional pressure variation is reduced.

The tire speed can affect maximum force measurements. First, this will occur
if the Turner number exceeds about 0.8 because of wave effects. Normally vehi-
cle conditions are comfortably below this, and test conditions lower still. Second,
a speed influence may be exhibited when sliding occurs because the friction
coefficient is speed-dependent. Hence for small slip angles, where elastic effects
dominate, tests can be conducted at relatively low speed, although corrections
should be applied (see Section 2.14). For large slip angles this cannot be taken
for granted. Fortunately the actual contact patch sliding speed, even at maximum
lateral force, is usually quite small. According to the simple tire model advanced
in Section 2.9, the rear of the contact patch will slide, giving a relative speed of
Vsinα. Hence for a slip angle of 15°, at a vehicle speed of 60 m/s, the sliding
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speed is about 15 m/s. The effect of speed-sensitive friction on lateral force is
therefore generally less than it is on locked-wheel braking. Nevertheless, low-
speed tests are not entirely adequate in this respect.

The periphery of the tire strikes the ground at the front of the contact patch.
At high speed this gives an impact force which increases the vertical force at a
given deflection. It also moves the vertical force forward. This increases the roll-
ing resistance. It also results in the pneumatic trail going to a large negative value
at very high speed.

A second major difficulty of all force measurements is that they are rather
sensitive to the tread contour, as modified by use and wear. The idea of the per-
formance of an engine changing as the parts wear to fit each other is a familiar
one – the tire too behaves like this. Hence a tire conditioned by gentle driving,
suddenly called upon to provide a large lateral force, will not be matched to the
road in its new distorted shape and will present a highly non-uniform pressure in
the contact patch. If the demand for this new force is maintained, the tire will
wear the highly loaded regions, and hence adapt, and in due course would be
expected to be able to give a higher force. In high wear-rate tests this effect is
sometimes observed, but sometimes the opposite occurs. Presumably the tire
force is best assessed as the one immediately available on a tire with a wear his-
tory typical of the relevant application. Obviously the normal tire testing
machine tends to operate at higher average slip angles than the usual driver – it
would be uneconomic to do otherwise. Hence some doubt about the applicability
of the results must remain.

Vertical load is important because handling in the high lateral acceleration
regime causes large lateral load transfers. Figure 2.16.2 shows some example lat-
eral force results, plotted against slip angle for various loads.

Figure 2.16.3 shows lateral force plotted against vertical force. An increase of
vertical force at fixed slip angle does not give a proportionately greater lateral
force. The rate of change of lateral force with vertical force at a particular slip
angle is called the vertical force sensitivity (load sensitivity), mathematically
defined as:
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Figure 2.16.2. Tire lateral force against slip angle.

Figure 2.16.3 Tire lateral force against vertical force.
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For two wheels of fixed total load, for example at the ends of an axle, the more
unevenly the load is distributed by load transfer, then the less the total lateral
force (Figure 2.16.4). This can strongly affect handling at large lateral accelera-
tions. The sensitivity of the lateral force of a pair of wheels to load transfer, at
constant total load 2FV with transferred load FVT, is the load transfer sensitivity:

The normalized load transfer sensitivity is

Figure 2.16.4 Effect of load transfer on axle lateral force.
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where FY2 is the side force for two wheels, and FVT is the transferred vertical
force. Because this is a second-order effect (i.e., locally, a line curvature), it is
normally evaluated for a fairly large normalized load transfer, typically FVT/FV

= 0.6, and has a typical value of 0.2. In other words, 60% load transfer gives 12%
reduction of FY2, the reduction depending on the square of the load transfer.

Using the vertical force transfer factor (load transfer factor),

an adequately realistic model of the variation of FY with FV for one wheel is the
quadratic expression

To give FY = 0 at eV = 1, then

where CV is then a single parameter for the load sensitivity, with a realistic value
of

For the two wheels of an axle, one seeing transfer factor +eV and the other seeing
the negative of that value, this gives

Hence the linear dependence on load transfer disappears, leaving the second-
order variation.

2.17 Longitudinal Forces
Whereas lateral forces are achieved by steering the wheels, longitudinal

forces are created by applying torques about the wheel spin axis; in the latter
case, unless the wheel is not rotating, there must be a corresponding power flow
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either providing kinetic energy (engine) or dissipating it (brakes). SAE uses
"longitudinal" to refer to tire forces along the tire X -axis (Figure 2.17.1), and
also for the heading vector direction of the vehicle as a whole. Driving will be
used for positive forward (X -axis) tire forces, braking for negative (backward)
forces, and longitudinal for either.

Figure 2.17.1. Forces and moments on a driven wheel.

In the SAE system, a positive applied torque T, from the driveshaft or brake,
is defined to cause a positive longitudinal force. Figure 2.17.1 shows the corre-
sponding wheel free-body diagram with forces. For moments about the wheel
axis:

For small camber angles, wheel accelerations and rolling resistance,

For forward acceleration a torque T is applied through the driveshaft; the brakes
may apply a couple to the wheel, but of course the result at the tire is dependent
simply on the effective torque.
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If a braking torque is applied to a wheel that is maintained at constant trans-
lational speed, then the wheel rotational speed changes slightly. This means that
there is an effective difference of speed between the tire at the contact patch and
the road, ΩR1 and V, respectively, relative to the wheel axis. However, there is
not necessarily any actual sliding. The nominal speed difference is V–ΩR1. This
can be non-dimensionalized to give a longitudinal slip S:

The effective rolling radius is Re = V/Ω, so the slip can be expressed as

Longitudinal slip is analogous to lateral slip: a small longitudinal slip produces
forces by elasticity, and a large slip results in frictional effects coming into play.
Again we can introduce a foundation stiffness model which can be pictured as
short cantilever "spokes" (the ''brush" model) which are stressed in the contact
patch.

During road contact, the displacement of the wheel side of the foundation
stiffness (Figure 2.17.2) is

where t is the time that any element is in contact with the road. The displacement
at the road side, for zero sliding, is

Hence the total deflection is

and the deflection at a distance x along the contact is



128 Tires, Suspension and Handling

Noting that l = ΩRt, then

Figure 2.17.2 Displacement of brush model.

Figure 2.17.3(a) illustrates this deflection for a non-slide condition, i.e., small

slip; its similarity to the lateral displacement model is apparent. Once again we

can introduce a foundation stiffness, which when multiplied by the displacement

area gives the retarding force. It may seem rather anomolous that the wheel can

have an angular speed not equal to V/R1 without there being any sliding, but this

is possible because the elastic strain that occurs in the contact patch can be recov-

ered when the tread elements leave contact with the road.

Figure 2.17.3. Longitudinal displacement: (a) small slip, (b) larger slip.

When a large slip is called for, the model predicts that, because of friction lim-

itations, sliding will begin at the rear of the contact patch, the sliding area grow-



The Tire 129

ing with slip (Figure 2.17.3(b)), as in the case of lateral force generation. The
force versus slip curve, according to this model, gives maximum retarding force
at a slip of 1.0 (locked wheel). This model can be refined by admitting reduction
of friction coefficient with sliding speed, which gives realistic results, with the
retarding force reaching a maximum at a slip of about 0.15 and then declining,
the rate of decline being greater for high speed.

This incidentally reveals a limitation of the use of slip. The concept of longi-
tudinal slip arises essentially from non-dimensionalization of the apparent speed
differential at the contact patch. If we consider a locked wheel, it is evident that
the slip is 1.0 regardless of the wheel translational speed, but since the rubber
friction will really depend on the actual speed of sliding, the use of slip clearly
has its limitations.

If a tractive force, rather than braking force, is required of the tire, then the
behavior of the contact patch is similar, with stress and strain both adopting
opposite signs from the braking case. Hence sliding will still begin from the rear
of the contact patch.

2.18 Combined Forces
Combined longitudinal and lateral accelerations are of practical importance

because they are likely to occur during accident avoidance maneuvers. Basically,
the longitudinal and lateral forces are a combined function of the lateral and lon-
gitudinal slip. Longitudinal forces can generally be achieved only at some cost
in lateral force, and lateral force exerts a price on longitudinal force. For S = 1
the wheel is locked, so curves of FX and FY against slip angle are basically sine
and cosine curves representing the resolution of a roughly constant total force
into the X Y coordinate directions. The most convenient presentation of such
force combinations is probably the plot of lateral force coefficient against longi-
tudinal force coefficient (Figure 2.18.1). This is roughly symmetrical for the
radial-ply tire, although sometimes for bias-ply it is found that braking can ini-
tially give a small increase of the cornering force. Evidently, especially in the
case of the bias-ply, elastic effects in the carcass play a significant part. The dom-
inant controlling factor is, however, the tire-to-road friction.

For a foundation stiffness model tire, operating at a moderate slip angle, the
contact patch is laterally stressed, especially at the rear; the lateral displacement
from cornering is denoted by dc. This corresponds to the shear stress to be
resisted by friction. If a longitudinal force is also called for, there is a longitudinal
(braking) strain db. Neglecting interactive strain effects in the carcass, which of
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Figure 2.18.1. FY/FV against FX/FV for various slip angles.

course the simple model does not admit, increasing db will result in sliding at the
rear when

where dM is the maximum (friction-limited) stress. As written, this corresponds
to equal foundation stiffnesses in both directions, but this could easily be
generalized if required. The qualitative conclusion is evident: except at low slips
in both directions, the available friction force must be shared. Increasing the
longitudinal force will reduce the lateral force. To follow this implication
through in detail requires consideration of the operating conditions throughout
the contact patch. The force variation of Figure 2.18.1 is the practical result.

There is an asymmetry of this figure that is of interest: under driving, FY ulti-
mately goes to zero, whereas under braking it does not. A wheel locked in brak-
ing will have a total force on it governed kinematically: the force will act in the
direction of motion of the ground relative to the tire. Hence the cornering force
does not go to zero, but the central force does. For a wheel spinning due to gross
excess power input, the limiting kinematic case of very-high-speed spinning
gives the force in the direction of wheel heading rather than wheel motion. In this
case the cornering force goes to zero, but there is a residual central force which
may be significant at high slip angles. For example, the accepted rear-wheel-
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drive cornering technique for rally driving on loose surfaces is with spinning rear
wheels at very large yaw angle.

The shape of these curves has given rise to the ellipse model, of attractive sim-
plicity, in which the shape for each particular slip angle is approximated as half
of an ellipse. The degree of precision available from such a model is limited by
the frictional representation, since it is tantamount to adopting a friction value
independent of sliding speed. Incorporation of this variation adds greatly to the
accuracy, but also to the complexity of the model. Hence, for small forces the
ellipse model is often adopted or the interaction is neglected completely. For
accurate results at high forces it is essential to include the friction sensitivity to
sliding speed.

There is a close relationship between the shape of the lateral–longitudinal
force curve and the friction–speed curve. This is perhaps test seen by consider-
ing the limiting FY versus FX curve for small slip angles which lies close to the
FX axis in Figure 2.18.1. Viewed sideways, this corresponds to the shape of the
force–speed friction curve for the rubber.

The self-aligning torque when cornering is usually increased by moderate
braking and decreased by driving. This is because the tire distortion shifts the lat-
eral force line of action, i.e., it changes the pneumatic trail.

The complexity of Figure 2.18.1, applicable to only one speed, with zero cam-
ber for one tire type in a given state of wear on a given wheel and road surface,
illustrates the problem of acquiring comprehensive data for the performance of
even one tire design.

2.19 Wet Surfaces
During severe braking or cornering in damp conditions, sufficient heat is pro-

duced at the footprint for a very thin water film (i.e., dampness, 0.01 µm) to be
boiled away. Even under nominally dry conditions, the atmospheric humidity
will result in such a film.

Faced with a wet surface, i.e., 1 or 2 mm depth of water rather than just a
damp film, the tire must clear away the water in order to establish contact with
the solid road below. This is obviously a much more difficult fluid to clear than
air because of the density and viscosity of water (see Table 2.19.1). Hence the
tire is provided with a tread pattern, i.e., channels, slots and sipes (cuts) to pro-
vide passages for water movement. The footprint area is considered to operate in
three sections: in the first the bulk water is cleared from beneath the ribs, in the
second the residual film is cleared, and in the third the tire rubber is in good con-
tact with the road surface.
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Table 2.19.1. Comparison of Air and Water (at 15°C, standard pressure)

The basic mode of operation is that the water is first squeezed sideways from
beneath the tread elements either out of the side of the footprint or into the lon-
gitudinal channels, where it then passes through the footprint within the chan-
nels. Operation of the channels depends on the depth of water ahead of the tire
and the degree of wear of the tire. The cross-sectional area of the channels in
front view, divided by the cross-sectional area of the approaching water, within
the footprint width, gives a non-dimensional measure of the water drainage prob-
lem, i.e., a "drainage" number, NDr. Provided this is less than about 1.0, the
approaching water, if shifted sideways into the channels, will not fill them up. In
this case there is simply a lateral flow of water. If the approaching water is too
deep and more than fills the channels, then they operate in a new role, acting gen-
uinely as channels rather than reservoirs, allowing the water to flow relative to
the tire through the contact patch and to emerge at the rear. If the wheel is locked,
the channels are obliged to operate in this mode anyway. For water approaching
the tires near the outer edges, it may be preferable to use lateral drainage to the
edge of the tire, especially for a convex tread. A porous road surface can also
contribute to footprint clearance for all tires. The details of optimization of tread
design for drainage vary considerably between manufacturers and according to
application. Evidently a racing tire, with a footprint aspect ratio (width/length) of
three or more, may require a different solution to a conventional road tire with
footprint aspect ratio of one or less, where moving the water out from the side of
the footprint can make a proportionately greater contribution.

Once the bulk drainage is essentially complete, it remains to remove the thin
residual water film. Both of these operations are facilitated by high contact pres-
sure and the presence of a good road texture. Lateral slots help to reduce resis-
tance to fluid flow into the main channels; sipes (small cuts) aid final wiping by
producing high local contact pressures through local distortion under stress.
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Hydroplaning (aquaplaning) can occur in two different ways. Dynamic
hydroplaning occurs when the dynamic pressure of the oncoming water is suffi-
cient to support the tire. Viscous hydroplaning occurs when the water viscosity
prevents the water from being successfully squeezed from beneath the tread ele-
ments. The total time that any rubber element is in the footprint is inversely pro-
portional to speed, and is typically 6 ms at a speed of 30 m/s (footprint length 180
mm). Hence water clearance must be achieved in only 2 or 3 ms.

In wet conditions the influence of vehicle speed and tread depth on maximum
braking force is considerable. In one investigation with 2.5 mm of water, at very
low speed all tread depths had a maximum braking coefficient µB of 1.0, but at
20 m/s it was down to 0.77 for 8 mm tread, 0.58 for 4 mm tread and 0.20 for zero
tread. At 40 m/s it was 0.48 for 8 mm, 0.22 for 4 mm and only 0.05 for zero tread.
Evidently at higher speeds much of the tire is resting on the water.

Because the part of the footprint that contacts the road is the rear part of the
usual contact area, this is equivalent to a short footprint tire with a large mechan-
ical trail (large caster angle). The behavior is therefore quite unlike a low-friction
ice surface. The large total trail means that aligning torques stay high so the
driver does not receive the same warning through the steering as on a low-friction
surface.

The relative values of track front and rear can affect handling in wet condi-
tions. If the tracks are equal, when running straight, the rear tire has the benefit
of a partially cleared surface. Once rounding a corner, the front-to-rear alignment
changes; at an attitude angle of 6° on a large radius the off-tracking is about 300
mm, moving the rear tires onto an uncleared surface. With narrower rear track,
as on some vehicles, the rear tires will run on the cleared surface at some partic-
ular lateral acceleration depending on the tire cornering stiffness.

The gross area within the contact patch periphery is ACP. The pattern of the
tread reduces this to the net area ATP. The tread pattern area coefficient is

One investigation of how the maximum cornering force coefficient varied
with speed for two tread designs of pattern area coefficient 60% and 80% (i.e.,
pattern void area 40% and 20%, respectively) on a low-macrotexture surface,
where the road contributes little drainage beneath the footprint, gave for speeds
up to 35 m/s:
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At low speed, gross drainage is easily achieved and the higher-solidity tread,
offering more rubber area to the ground, achieves a higher maximum coefficient,
as for dry conditions. However, the low-solidity tread provides better drainage,
so it deteriorates more slowly with speed. Hence there is a performance
crossover, in this case at 15 m/s. The linearity suggests that the fraction of the
footprint supported by the water is proportional to speed. This is compatible with
the notion that drainage rate is more or less a constant, or that, for a given tread
and water depth, a fixed time is required for a tread element to make effective
contact. The corresponding times calculated for the above equations are 4 ms and
2 ms. The same tires on a good drainage surface exhibited time factors of about
1.6 ms and 0.8 ms. Evidently the road surface drainage can play as great a part
as the tread itself, although a good tread is still helpful even on a good surface.

For a freely rolling tire, the time that a point on the tire is in the footprint is
l/V where l is the footprint length. Representing the effective clearance time con-
stant by τ, we can define a viscous hydroplaning number

which indicates the fraction of the footprint that is effectively supported off the
ground. Full viscous aquaplaning would occur for NV = 1.0.

Figure 2.19.1 shows how the maximum cornering coefficient varied with
speed at 6 mm water depth in one investigation. Depending on detailed condi-
tions of tire and road, the linear relationship arising from viscous resistance to
flow breaks down as a transition occurs to full dynamic hydroplaning, caused by
inertial (dynamic pressure) effects, at 22 m/s in this case. Even in the absence of
inertial hydroplaning, full separation would still occur eventually due to viscous
effects. Inertial (dynamic) hydroplaning occurs when the tire is fully supported
by the dynamic pressure of oncoming water. Defining a dynamic hydroplaning
number
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where ρW is the water density and pi is the tire inflation pressure, then full
dynamic flotation occurs at typically ND 1.5.

Figure 2.19.1 Maximum cornering force.

Different tread rubbers have different frictional–speed dependence in wet
conditions. At low speeds the normal friction coefficient effects are dominant.
However, at high speed, elastohydrodynamic lubrication effects discriminate
against a soft tread surface, so the rather soft butyl rubber deteriorates more rap-
idly with speed than most. The performance of a blended compound is not
merely an average of its constituents, so in fact butyl rubber can still play a useful
role in tire blends that must perform well in wet conditions.

Moderate water depth affects maximum cornering force rather than cornering
stiffness. In one investigation with 1 mm of water, the very small angle cornering
stiffness was independent of speed, but the maximum cornering force coefficient
was 0.7 at 10 m/s, 0.5 at 20 m/s and 0.25 at 30 m/s, the optimum slip angles being
7°, 5° and 1.5°, respectively.

The slight increase of cornering stiffness with speed for a dry or damp surface
becomes a very marked reduction with speed when the water is deep. For exam-
ple, in one investigation, at 10 m/s there was little effect, but at 20 m/s a 2 mm
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depth of water reduced the cornering stiffness by 20%, 5 mm by 45% and 10 mm
by 70%. At the speed of full hydroplaning, the cornering stiffness goes to zero.
Water depth typically affects traction and cornering friction in an equal way.

The presence of a layer of water can considerably increase the effective roll-
ing resistance. Considering a tire width w and water depth d, at velocity V the
momentum flux of the water approaching the tire is

In a similar manner to the force exerted on a Pelton wheel bucket, this can
exert a force on the wheel, according to the exit angle. Considering a width of
100 mm, a water depth of 5 mm and a speed of 30 m/s, the momentum flux is
450 N, compared with a dry rolling resistance of around 60 N.

2.20 Tire Models
For handling analysis, it is necessary to represent the tire characteristics in

some way. It is not practical to calculate the properties from the basic tire con-
structional data, and finite element models are too computationally intensive.
Therefore the representation is achieved by:

(1) Interpolation of a data table

(2) Empirical equations

Use of a data table is reasonably straightforward, but there is a problem with
creating the table because a fully comprehensive set of data is rarely, if ever,
available. Hence some of the table values may need to be generated by empirical
equations fitted to the available data.

In the case of direct use of empirical equations, the form of the equations is in
general accord with the character of tires, and a series of parameter values is used
to represent any particular tire.

Examples of such parameters would be a reference vertical force, cornering
stiffness in reference conditions, maximum cornering force at reference vertical
force, etc. There will also be variational parameters to show how the prime
parameters vary, e.g., the load sensitivity of maximum cornering force, load sen-
sitivity of cornering stiffness, etc. This chapter has considered the behavior of
tires largely in terms of simple empirical equations using such parameters, which
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are comprehensible in the sense that any particular parameter has a definite phys-
ical meaning. Another advantage of this approach is that the model is applicable
not just to computer analysis, but also to direct analytical work that can provide
great insight into vehicle behavior. An example of this is the parameter p repre-
senting the variation of tire maximum cornering force coefficient with vertical
force, which can be used to great effect in analysis of limit handling.

In an alternative approach, empirical equations are used, but no real attempt
is made to maintain a direct relationship between particular parameters and par-
ticular physical effects. Such an approach is unsuitable for analytic work or for
direct human understanding, but is acceptable for computer work. The Bakker-
Nyborg-Pacejka model is of this type, and produces realistic tire behavior that
generally fits data well; so well in the original paper that it was given the unfor-
tunate name of the "Magic Formula." The BNP model has been used quite
widely for numerical work.

2.21 Tire Transients
If a step change is made to the slip angle of a rolling tire, the new steady-state

value of cornering force is not developed immediately, but in an exponential
manner which depends on the distance x rolled, i.e., the lateral force deficit from
the final value decays exponentially. The relaxation distance of rolling, l, is the
distance required to give 1–1/e (= 0.632) of the response change.

The length l has a value of approximately one tire radius. It is not very sensitive
to load, and tends to decrease with increasing inflation pressure. A useful rule of
thumb for assurance of approximate equilibrium conditions is a roll distance of
one revolution.

If the slip angle is oscillated sinusoidally, then the amplitude of the force
developed depends on the distance traveled per cycle. For a small distance per
cycle, the lateral force amplitude tends to zero; for a long distance it tends to the
steady-state value. The force has a phase lag of 90° at high frequency, zero at low
frequency. This can be analyzed using the relaxation distance concept given
above.

During a ramp input of steering angle, passing through zero slip angle, the lat-
eral force will not be zero at the time when the slip angle is zero. For a ramp steer
gradient of a (deg/s), speed V and relaxation length l, the spatial steer gradient is
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a/V deg/m, and the angle lag will be al/V deg. The force lag will be Cαal/V new-
tons. For most practical cases these are small effects, although they may be sig-
nificant during severe evasion maneuvers when the steer input may be 500 deg/s
or more. To consider it another way, at any speed, neglect of the tire transient can
be expected to introduce a longitudinal path error of size equal to the relaxation
length.

Subjective evaluation of handling behavior suggests that tire transients may
be more important in influencing the perceived vehicle behavior than would be
expected from the vehicle dynamic analysis.

Analysis of the effect of road roughness requires consideration of transient
effects. Obviously the relaxation length is important in smoothing out the effect
of road irregularities on cornering forces. On the other hand, a tire making irreg-
ular road contact would relax rather rapidly when off the road, but then recover
its proper lateral force generating shape only over the normal relaxation length,
resulting in a reduced average cornering force. A larger tire of lower inflation
pressure often exhibits better cornering ability on knobbly surfaces, owing to
improved ground contact.

2.22 Problems
Q 2.2.1 Describe the differences between radial-ply and bias-ply tire con-

structions.

Q 2.2.2 Summarize the difference in handling characteristics between
radial-ply and bias-ply tire constructions.

Q 2.2.3 Describe the features of a typical tread pattern, and explain their
function.

Q 2.3.1 Describe how the visco-elastic properties of rubber may explain the
friction of rubber on a lubricated but rough surface.

Q 2.4.1 Define wheel angular position and related terms, and all the wheel
forces and moments, giving appropriate diagrams.

Q 2.5.1 Define and describe the various kinds of wheel radius.

Q 2.5.2 Explain the meaning of the "vertical stiffness" of a tire. To what
extent is this a justifiable model of the tire vertical characteristic?
What parameters affect this stiffness?

Q 2.5.3 Considering a thin-walled toroidal tire, whose stiffness is the result
only of the contact patch area and inflation pressure, find an expres-
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sion for the vertical force as a function of the deflection, the unload-

ed radius and section radius. Obtain an algebraic expression for the

stiffness for small deflections.

Q 2.5.4 Considering a thin-walled cylindrical (racing) tire otherwise as for
Q 2.5.3, analyze the vertical force. Draw graphs of vertical force
and vertical stiffness against deflection.

Q 2.5.5 At speed, the tire vertical force at a given deflection increases be-
cause of the impact of the perimeter against the road at the front of
the contact patch. This can be important on cars with underbody
Venturis because it tends to increase the ground clearance, or at least
offsets the reduction of ground clearance with aerodynamic down-
force as speed increases. Because it gives a vertical force toward the
front of the contact patch where it can increase friction, it also con-
tributes to the negative aligning moment at high slip angles.

(1) Obtain an expression for the impact force for the simple case
of a cylindrical (racing) tire, in terms of the peripheral mass,
the unloaded radius, the wheel spin speed and the impact angle
θ equal to half of the angle subtended by the contact patch.

(2) Use the intersecting chords theorem to show that the tire de-
flection is approximately l2/8Ru.

(3) Obtain an approximate expression for the impact force in
terms of the vertical deflection, as a function of vehicle speed
(with no wheel slip).

Q 2.5.6 A racing car tire has a peripheral mass of 2.0 kg, a radius of 0.340 m,
and footprint length 0.170 m. Calculate the vertical impact force at
the front edge of the contact patch at a vehicle speed of 80 m/s, with
negligible wheel slip.

Q 2.6.1 Describe the formation of waves in a tire perimeter at high speed,
including a sketch. Give relevant equations, and explain the Turner
number.

Q 2.6.2 Modeling the tire as a crown only, neglecting side walls, obtain an
equation relating crown tension per unit width to the radius, periph-
eral speed, crown density per unit area, and inflation pressure (ana-
lyze a small segment of length Rθ). Investigate realistic values.
Neglecting pressure, evaluate the Turner number.
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Q 2.6.3 Consider an isolated tread element of height h (8 mm), area A, and
density ρ (1300 kg/m3). Obtain an expression for the base tension
from centrifugal stress. Calculate the stress for R = 0.3 m at 50 m/s.

Q 2.7.1 Explain the different ways of representing rolling resistance on a
wheel free-body diagram.

Q 2.7.2 Explain how the rolling resistance of a tire arises.

Q 2.7.3 A vehicle has wheels with a mean rolling resistance coefficient of
0.021. On what angle of slope will it just move?

Q 2.8.1 Describe briefly the differences between the foundation stiffness,
string and beam models of the tire.

Q 2.9.1 Define and explain the difference between cornering force, corner-
ing force coefficient, cornering stiffness, cornering stiffness coeffi-
cient, maximum cornering force, and maximum cornering force
coefficient. Why is cornering power a bad name?

Q 2.9.2 Explain the difference between tire force, lateral force, cornering
force, camber force, tractive force, central force, drag force, and
longitudinal force. Draw appropriate figures.

Q 2.9.3 A simple foundation stiffness tire model has the following parame-
ters: contact patch length 200 mm, vertical force 4.8 kN, friction
coefficient 1.2, foundation stiffness 2.8 MPa. Calculate:

(1) The slide-free maximum slip and slip angle.

(2) The cornering stiffness.

(3) The cornering stiffness coefficient.

(4) The slide-free maximum force.

(5) The lateral force at 5° slip angle.

(6) The maximum lateral force.

Q 2.9.4 Draw a polar diagram of tire cornering force against slip angle.
Show the central and drag components for a typical cornering force.
Show the maximum central force.

Q 2.9.5 Plot a graph of central/drag force ratio including rolling resistance,
for µR = 0, 0.015 and 0.030, for a cornering stiffness coefficient of
0.16/deg.
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Q 2.10.1 Discuss the relative merits of non-dimensionalizing tire lateral

forces (1) by dividing by FV, (2) by dividing by FYmax.

Q 2.10.2 Explain non-dimensionalization of tire forces (1) for the force,
(2) for the slip angle. Draw example graphs.

Q 2.11.1 At approximately what sliding speed is typical tire friction halved
from its low-speed value?

Q 2.12.1 Explain the difference between lateral force, cornering force and
camber force.

Q 2.12.2 Explain how tire camber forces arise, giving example values of
camber stiffness and coefficients.

Q 2.12.3 A mad inventor has devised a scheme for perpetual motion of his
car. It weighs 12 kN, equally distributed. The tires all have camber
stiffness coefficient 0.016/deg and cornering stiffness coefficient
0.16/deg. He plans to set all the wheels at 20° positive camber to
generate camber forces, and at 1° toe-in, to point the camber forces
slightly forward to drive the car along. Give a calculation of the
effect of this arrangement, supporting his view, and discuss it in
relation to the principle of conservation of energy.

Q 2.12.4 Explain the path curvature stiffness of a tire and how it may be
related to Cγ.

Q 2.13.1 Describe the various possible types of tire force testing methods,
and discuss their relative merits.

Q 2.14.1 Describe and explain typical tire conditioning effects.

Q 2.14.2 Describe and explain the influence of production tolerances on tire
handling parameters.

Q 2.14.3 At a reference load of 3 kN a tire has a cornering stiffness coeffi-
cient of 0.160/deg. Estimate the cornering stiffness coefficient and
cornering stiffness at a vertical load of 3.3 kN.

Q 2.14.4 A tire has a speed sensitivity of 8%, and a cornering stiffness of 700
N/deg at 5 m/s, found by testing. Estimate the cornering stiffness at
40 m/s.

Q 2.14.5 Give equations for three models of the load sensitivity of tire cor-
nering stiffness coefficient, and show how the various load sensitiv-
ity parameters are related for small load changes.
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Q 2.14.6 The cornering characteristics of a tire are to be modeled by an expo-
nential cornering stiffness coefficient with Cα1 = 820 N/deg at FV1

= 4000 N, and k1 = 0.74. Evaluate (1) CS1, and (2) CS0 (at FV = 0).
Draw graphs of CS and Cα versus FV, for FV taking values from
zero to 10 kN.

Q 2.14.7 For the tire model of the tost question, determine analytically (1) FV

for Cα m a x, (2) C α m a x .

Q 2.14.8 Describe the exponential decay model of tire cornering stiffness
coefficient variation with vertical force. Give equations, and
develop expressions for any significant values of CS or Cα.

Q 2.14.9 A tire is found to have a maximum cornering stiffness Cα2 of 1195
N/deg at a vertical force FV2 of 4780 N. It is to be used at a standard
load FV1 of 2868 N. Calculate (1) the cornering stiffness coefficient
CS2, (2) the load sensitivity, (3) the cornering stiffness coefficient
CS1, (4) the cornering stiffness Cα1, according to the exponential
cornering stiffness coefficient model.

Q 2.14.10 Using tire exponential cornering stiffness coefficient model, a tire
has a standard vertical force of 3800 N, a load sensitivity of 0.722,
and a standard cornering stiffness of 810 N/deg. Calculate (1) the
vertical load for maximum cornering stiffness, (2) the maximum
cornering stiffness.

Q 2.14.11 For the exponential cornering stiffness coefficient model, obtain an
algebraic expression for the ratio of tire peak cornering stiffness to
tire standard value, in terms of the load sensitivity.

Q 2.14.12 Explain the load dependence of tire cornering force at small slip
angles. Give appropriate equations and example values.

Q 2.16.1 Describe the effect of variation of vertical force on tire maximum
lateral force coefficient.

Q 2.16.2 Describe the effect of lateral load transfer on the total cornering
force generated by an axle at a given slip angle.

Q 2.16.3 Using the exponential model for variation of Cα with FV, investi-
gate tire effect of lateral load transfer on the cornering coefficient of
an axle.

Q 2.17.1 Describe the generation of longitudinal forces in the contact patch,
according to the simple foundation stiffness model.
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Q 2.18.1 Describe, and explain by reference to the simple foundation stiff-
ness model, the interrelationship of lateral and longitudinal force.

Q 2.18.2 "A locked braking wheel will have a cornering force but no central
force. A severely spinning driven wheel will have a central force but
no cornering force." Discuss, with plan-view wheel force diagrams.

Q 2.19.1 Describe the role of the tread pattern in clearing water from beneath
a tire.

Q 2.19.2 A tire takes 2 ms to clear the approaching water depth, and has a
footprint length of 200 mm. At what speed will half of the footprint
be supported by viscous hydroplaning?

Q 2.19.3 Describe and explain the process of hydroplaning.

Q 2.19.4 A vehicle has a wheelbase of 3 m, front track 1.7 m, and rear track
1.5 m. At what attitude angle and approximately what lateral accel-
eration will the rear outer wheel run on the same line as the outer
front?

Q 2.21.1 Describe tire transients, and their influence on handling on smooth
and knobbly surfaces.

Q 2.21.2 A tire has a distance constant of 0.25 m, and a cornering stiffness of
800 N/deg. When stationary it is set at a slip angle of 1.5°. Estimate
the side force after it has rolled (1) 0.1 m, (2) 1 m.

Q 2.21.3 Using the rule of thumb that the tire relaxation distance is one
radius, after a tire has rolled one revolution what is the fractional
force deficit?
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3
Aerodynamics
3.1 Introduction

In most circumstances, the aerodynamic forces on a vehicle are much less
than the tire forces. However, aerodynamic forces are always important at high
speed, and it is essential to consider this at the design stage. For racing cars, of
course, aerodynamic forces are of major importance.

Analysis of the response of a vehicle to aerodynamic effects may be consid-
ered in two parts:

(1) Determining the forces acting on the vehicle

(2) Finding the response of the vehicle to those forces

This chapter considers the determination of the forces, and therefore gives
information on the atmosphere and some related topics. The consequences of the
forces are dealt with in Chapters 6 and 7. Drag is a major factor in the fuel
economy of a vehicle, although the influence of aerodynamics is in general
secondary to that of the tires as far as handling and stability are concerned.

Atmospheric properties may influence the handling of a vehicle in various
ways. First, they affect the aerodynamic forces on the vehicle. This depends pri-
marily on the density of the air, but also in principle on the Reynolds number and
the Mach number, and hence also on the viscosity and the speed of sound. Engine
power is also affected. The tire–road interface is affected by dampness or depth



146 Tires, Suspension and Handling

of free water depending on the rate of rainfall, or by snowfall or ice if the tem-
perature is low. Ambient air temperature and solar radiation can affect the tire–
road friction. The vehicle is also affected by existing motions of the atmosphere.
The worst cases of wind effects are usually where a vehicle passes from a shel-
tered region into a strong side wind, i.e., where there is a spatial variation of side
wind. Another common problem is the disturbance caused by other vehicles,
especially large ones on motorways.

The genesis of aerodynamic forces on the vehicle is described in this chapter,
and examples are given for the various force and moment coefficients. Finally,
an overview is given of the development of aerodynamics in competition, where
it has become a major factor because of the great advantages of downforce in
enhancing the forces at the tires.

3.2 Atmospheric Properties
It is desirable to specify a standard set of atmospheric conditions so that dif-

ferent studies are made on a comparable basis. On the other hand, the influence
of variations of the real atmosphere from the standard should be recognized.
Many standard atmospheres have been proposed, including the International
Standard Atmosphere, the ISO Standard Reference Atmosphere, the ICAO
atmosphere, the U.S. Standards (NASA, USAF, USN, etc.), ASME, NIST, SAE
Engine Testing, and so on. The ISO Standard Reference Atmosphere is some-
what unusual in specifying a 65% relative humidity, where all the others specify
dry air, i.e., no water vapor whatsoever. Table 3.2.1 gives a representative spec-
ification for sea level..

The provision of such accurate standard values, for example a density to five
significant figures, is in a sense misleading because there are considerable vari-
ations in the real atmospheric properties arising from variation of pressure, tem-
perature and humidity. The properties are not significantly influenced by
changes of the proportions of dry constituents within the altitude range of roads,
up to 5000 m. Appendix B gives more detailed information, including variations
with temperature.

The presence of the small amount of water vapor in the real atmosphere has a
considerable effect on weather patterns because of the large latent heat of vapor-
ization of water (see Table 3.2.2). There is a small effect on density because the
molecular weight of water is only 18, which displaces dry air of molecular
weight about 29. The density corrections, although small, are nevertheless made
in wind-tunnel testing. The absolute humidity is the water content of the air
expressed as a density, i.e., as kg/m3. The water content is normally expressed as
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the relative humidity, which is the absolute humidity divided by the maximum
amount of water that the air can carry in uniform mixture, i.e., without conden-
sation, at that temperature. This maximum varies rapidly with temperature,
which is why cooling often leads to condensation, i.e., fog or rain, the relative
humidity rising to 100% or more at constant absolute humidity. At 15°C and
100% relative humidity the absolute humidity is 0.0128 kg/m3. Thus a typical
65% relative humidity corresponds to 0.0083 kg/m3, or about 0.7% of the total
air mass. In the British Isles, humidity is usually 40 to 95%. Over the continental
U.S., the variation is extremely wide, according to local conditions.

Table 3.2.1. Standard Properties of Dry Air at Sea-Level, 15°C.
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Table 3.2.2. Properties of Water Substance

Even in temperate climates at low altitude, there are substantial variations in
temperature and pressure, and hence in density. Dry air, considered as an ideal
gas, obeys the perfect gas equation

where RA = 287.05 J/kg K is the specific gas constant for air, ρ is the density and
TK is the absolute (kelvin) temperature. Thus the density is proportional to the
pressure and inversely proportional to the absolute temperature. The ambient
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pressure varies typically ±3 kPa from the mean, i.e., by about 3%. The ambient
temperature varies by typically 15 K from the mean, 5% of the absolute
temperature. Thus at sea level the density can vary by 8% or more from the mean,
with more variation with altitude, and with temperature range variations with
geographical location. The standard conditions should be seen in this light. These
variations are, of course, one of the reasons for the different atmospheric
standards in different countries. The extremes of recorded pressure are 87.6 to
108.4 kPa for the world, and 92.6 to 105.5 kPa for the British Isles. The recorded
temperature extremes for the British Isles are 27°C to +37°C in the shade, and,
again, even wider for the U.S.

Appendix B gives an accurate method for calculation of density and other
properties. Where a more approximate value of density will suffice, as is nor-
mally the case in the dynamics of handling, then it is usual to neglect the water
vapor content and to treat the air as a simple ideal gas, giving, in SI units,

Within the ambient temperature range the dynamic viscosity is often taken as
having a constant value, for example µ = 17.8 × 10 6 Ns/m2, and the speed of
sound, if required, is often taken as constant at VS = 340 m/s.

The typical variation of atmospheric properties with altitude is recognized
directly in the aeronautical standards by specifying the temperature variation
with height, which when combined with a value for the gravitational field g
allows the properties to be calculated. In the troposphere (below 11 km) the stan-
dard temperature declines with altitude at the temperature lapse rate r = 6.5
K/km, from a standard sea level temperature T0 = 15°C, giving

This results in a density relative to sea level of
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where z is the altitude and z0 is a constant of value 44,300 m. The exponent n has
the value

Thus at 1500 m (about 5000 ft), which is a typical operating height in some parts
of the world, the density is reduced by 14%. If this occurs in the tropics then the
density will be even lower because of high temperature.

The standard recommended by SAE J670e (in Appendix E) is dry air of den-
sity 1.226 kg/m3 (2378 × 10 6 slug/ft3), pressure 101 kPa (29.92 in Hg) at 15°C
(59°F), with a viscosity of 17.9 × 10 6 Ns/m2 (373 × 10 9 slug/ft s).

Water is of relevance in several respects (see Table 3.2.2; see also Appendix
B). The main influence of rain is to give a layer of water on the road, depending
on road camber and the quality of drainage. Drop sizes and terminal speeds for
drizzle are 0.05 to 0.5 mm diameter at 0.7 to 2.0 m/s, and for rain 0.5 to 2.5 mm
diameter at 3.9 to 9.1 m/s. The intensity of rain, as coverage, is less than 0.5
mm/h for light rain, 0.5 to 4 mm/h for moderate rain, and over 4 mm/h for heavy
rain. A coverage of 10 mm/h is 10 kg/m2h, or about 3 g/m2s. With a terminal
speed of 8 m/s, the rain density is then 0.4 g/m3, increasing the mean density of
the atmosphere by only about 0.03%. Because of the arrangements for drainage,
the depth of water on a road is mainly a function of the rainfall rate.

In contrast, because snow is not drained until it melts, the depth of snow is a
cumulative effect and can therefore be a particular problem, not least because in
some countries there are floods when it melts. There are various types of snow.
On continental land masses far from the sea, dry snow is common, of density 100
kg/m3. This has small powdery crystals that do not easily bond under pressure
and can be cleared by blowers. For the maritime borders of continents in latitudes
40° to 60°, wet snow is most common, with density up to 300 kg/m3, for which
the crystals are bonded into flakes which easily stick together. This must be
cleared by plow or shovel. In snow or ice conditions, of course, special tires,
sometimes with chains or studs, may be used.

3.3 Wind and Turbulence
A vehicle moves in a non-stationary mass of air. Although time-stepping

computer simulations can deal with the complex situation of a cornering vehicle
in a turbulent windy air, investigations of the effect of air movement are mainly
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related to the straight running condition. This is because vehicles are most criti-
cally sensitive to wind disturbance when running at high speed, for example on
a motorway, when a small angular deflection of the path can quickly lead to a
collision.

Movements of the atmosphere can best be considered in two parts. More than
about 600 m above the surface is the geostrophic wind. Below 600 m is the atmo-
spheric boundary layer, in which air movements are driven by the geostrophic
wind but reduced by the friction of the land or sea surface. The geostrophic wind
arises from non-uniform heating of the air, which gives the pressure differences
that result in the wind. The geostrophic wind in any particular region is a combi-
nation of two contributions. The first is the regular global wind pattern; for exam-
ple, Great Britain is in the "Westerlies" of the temperate zone, with regular
southwesterly winds. In addition there are cyclones and anti-cyclones, familiar
from the weather reports, which introduce a low-frequency (i.e., period of about
four days), more or less random fluctuation to the wind at any point. The total of
these two effects is the geostrophic wind.

The speed in the atmospheric boundary layer varies from zero at the ground
to the full geostrophic value at the top. Except for very slow winds, less than
about 5 m/s at 10 m height, the boundary layer flow is turbulent, giving random
speed fluctuations, the period of which is typically a few seconds but which can
be as slow as five minutes. Thus it is convenient to refer to a sustained wind
speed averaged over some period between ten minutes and an hour, which is free
of the turbulent fluctuations. In engineering applications the sustained wind is
represented as a function of height by a power model

where Ur is the speed at a reference height hr. The standard reference height is
10 m, and this is often referred to, perhaps illogically, as the ground level wind.
The exponent a varies according to the effective friction of the surface, being
typically 0.1 for sea or for land flats, 0.15 for open terrain, 0.25 for suburban
conditions, and 0.35 for a city center. Thus a car, with a characteristic height of
about 1 m, is in a strongly shearing wind distribution, the air speed increasing
rapidly with height from zero at ground level.
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The likelihood of a given wind speed being exceeded is usually calculated
from a Weibull equation. The fraction of the time that the wind speed U will
exceed V is given by the long-term probability

where Vch is the characteristic wind speed, which is typically 3 to 5 m/s for
normal land sites at 10 m height, and β is the wind shape factor, typically 2 and
normally in the range 1.5 to 2.5. The relationship between Vch and Vmean varies
with β, but for β = 2, Vch = 1.128 Vmean. For exposed sites, for example high
bridges, the characteristic speed will be high, giving a correspondingly high
probability of winds that are sufficient to disallow certain types of vehicle from
using the road because of handling problems or the danger of overturning. For a
typical inland site, with a characteristic speed of 4 m/s and shape factor of 2, the
probability of exceeding 12 m/s is only 0.012%, and hence wind speeds are
usually much less than road vehicle speeds.

The actual instantaneous speed, measured with fast-response instruments, is
found to vary erratically about the sustained speed; i.e., the actual instantaneous
speed is the sustained speed U plus a random turbulent component V. These ran-
dom fluctuations have a period of typically a few seconds. The probability dis-
tribution of the instantaneous speed about the sustained speed is found to be well
modeled by a Gaussian distribution, which is characterized by the turbulent
speed deviation W (Figure 3.3.1). The instantaneous speed is within W of the sus-
tained speed U for 68.3% of the time, within 2W for 95.5%, and within 3W for
99.7%.

The turbulence of an airflow is usually specified by the turbulent intensity,
which is the ratio of the statistical deviation of the turbulent speed, W, to the sus-
tained speed VS:

Considering the flow relative to a moving car instead of relative to the ground,
the relative sustained speed will be different but the turbulent deviation W will
be the same. We are considering here the properties of the natural atmospheric
turbulence, not the turbulence created by the car. Because of this change of
relative sustained speed, the turbulent intensity depends on the coordinate system
in which the flow is observed, for example relative to the car or ground, although
the actual turbulent fluctuations are of the same value. The typical turbulent



Aerodynamics 153

Figure 3.3.1. Probability distribution of the speed deviations of a turbulent wind.

intensity of the wind, measured relative to the ground, is about 20%, varying
somewhat with height and tending to be smaller at sites where the speed–height
exponent is smaller. Relative to the moving car, the typical turbulent intensity is
usually less because of the car speed; e.g., in a wind of 10 m/s with I = 0.20, the
turbulent deviation is 2 m/s, so relative to a car moving at 30 m/s directly into the
wind the turbulent intensity is only 2/(30 + 10) = 0.05. Modern wind tunnels tend
to have extremely low levels of turbulent intensity, e.g., 0.1% or less. In some
cases special facilities are provided to generate turbulence, for example by air
jets directed radially inward.

The typical state of the atmospheric boundary layer, when the wind speed is
high enough to be of significance, is a turbulent one, so the vehicle is in a turbu-
lent, shearing flow. There is also likely to be additional turbulence caused by vor-
tex shedding or trailing vortices from other vehicles, or from obstructions to the
wind at the roadside. These are all variations of speed at a given point, i.e.,
unsteady flows.

Another effect that can have a major influence on a vehicle is the spatial vari-
ation of speed because of steady flow patterns as the wind passes around objects
at the roadside. The most familiar example of this is when a vehicle emerges
from a sheltered region, such as a row of houses, into a strong side wind. This
kind of flow is difficult to predict analytically and is usually studied in wind tun-
nels. The response of vehicles can be investigated by specifying a side wind dis-
tribution for the vehicle to pass through, either in theory or in a wind tunnel or in
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a full-size test. The side wind distributions are typically either a sharp step
change, a ramp step change, or a sinusoidal step change.

One classic problem for cars is disturbance when passing, or being passed by,
large vehicles at speed, for example on a motorway. In this case the car is subject
to an airflow that varies systematically in both space and time.

3.4 Principles
The handling response of a vehicle to aerodynamic influences involves deter-

mination of the force acting on the vehicle, and finding the response of the vehi-
cle to that force. The first of these will be introduced in this chapter.

The aerodynamic influences on ordinary vehicles as far as handling is con-
cerned are generally secondary to the tire forces. This is fortunate because accu-
rate determination of the aerodynamic forces in any particular case is rather
difficult because the forces are sensitive to detailed changes in body shape. To
date, theory is rather limited in its ability to predict the forces from first princi-
ples; however, theory is essential in interpreting and using the results of the
extensive wind-tunnel tests that are required to assess the aerodynamic properties
of a vehicle.

The aerodynamics of a ground vehicle are fundamentally different from those
of an aircraft in flight for a variety of reasons, including:

(1) There are severe practicality constraints.

(2) A ground vehicle is a bluff body.

(3) The flow around a ground vehicle separates.

(4) Ground proximity has to be taken into account.

(5) The presence of wheels has to be taken into account.

These factors are of course interrelated. The practicality constraints disallow a
long streamlined tail which means that the body is a bluff one, with separating
flow, for which the drag is largely the consequence of trailing vortices and shed
vortices. In contrast, an aircraft is basically streamlined with a substantial skin
drag, some form drag and trailing vortex drag, but relatively little flow
separation. The aerodynamic forces on an aircraft with its attached flow are more
amenable to theoretical analysis than those on a ground vehicle with its largely
separated flow. The presence of the ground is an additional complexity,
encountered by aircraft only at take-off and landing. Thus the very extensive
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knowledge of aircraft aerodynamics has only limited application to ground
vehicle aerodynamics, which forms a separate subject in its own right.

The aerodynamic forces are found to depend primarily on the vehicle size, the
vehicle shape, the vehicle attitude to the airstream, the air density, and the square
of the relative air speed. The influence of size is such that the forces are propor-
tional to areas, because the other factors combine to give resulting pressures at
the vehicle surface. Hence the total forces are usually expressed in terms of force
coefficients:

where

is the dynamic air pressure, F is the force magnitude, C is the force coefficient,
and A is the reference area. Different force magnitudes will result from a given
coefficient value if different reference areas are used, so it is essential to specify
the reference area in each case. In ground vehicle aerodynamics, it is most
common to use the total vehicle frontal area, i.e., the area inside the vehicle front
profile. Alternatively, the product CA is used, for example the drag area

Sometimes a reference area of one square metre is used, which gives a drag
coefficient numerically equal to the drag area:

which is dimensionless.
The frontal area will be used as the reference area here except where some

other area is declared in some special cases. When modifications to a vehicle are
being tested, the frontal area may be changed by the modifications; in such cases
the usual policy is to relate all the coefficients to the frontal area of the baseline
vehicle; otherwise comparison of the coefficients is not meaningful.

The great utility of force coefficients is that they remain approximately con-
stant with variations of speed and size and of fluid density, provided that the
vehicle shape and attitude are the same. This allows wind-tunnel tests to be made
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on a smaller vehicle, often quarter size, to find the coefficients which then predict
the real vehicle forces. However, the coefficients are not truly constant unless the
Reynolds numbers (Re) and Mach numbers (Ma) of the flows are the same for
the two cases, where

The parameter x is some vehicle characteristic dimension, µ is the fluid dynamic
viscosity, ρ is the density and Vs is the speed of sound. In practice, unless a full-
scale test is performed then the Reynolds numbers and the Mach numbers are not
both correct. Also, of course, the force coefficients are used for a range of speeds
of the real vehicle and so over a range of Reynolds and Mach numbers.

The problem is usually dealt with in the following way. First, model test Rey-
nolds numbers are generally smaller than real because the model is small, so if
possible the test speed is increased to compensate. This makes the Mach number
too high, but in practice this is less important for normal vehicles. Corrections
may be applied for Mach number. For a typical wing, the lift force coefficient is
influenced by the Mach number Ma, according to Prandtl's correction, by

Thus, relative to Ma = 0, there is a 1% correction at Ma = 0.14, which is a speed
of 48 m/s (107 mph). Thus Mach corrections are negligible in ordinary road
vehicle use but may be significant in the wind tunnel, or for racing cars, which
may reach 100 m/s in some cases. For transonic conditions, as experienced by
land speed record vehicles, this method of correction is no longer appropriate.
The forces are then highly sensitive to Mach number, and the b e s t that can be
done is for wind-tunnel testing to be performed at the correct Mach number with
Reynolds number playing a secondary role, possibly with roughness strips to
induce transition in the boundary layer at the required position.

The influence of variation of Reynolds number on force coefficients is poten-
tially complex, but fortunately the effect is usually small. Basically the Reynolds
number indicates the relative significance of the viscous and inertial forces in the
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fluid, and indicates the state of the boundary layer, which in turn controls any
separation of the flow. Thus where flow separation is well located by sharp
edges, Reynolds number will have little effect. Where separation occurs from a
curved surface, the separation point, and hence force coefficients, may change
significantly with Reynolds number. If the flow is fully attached, for example as
on a wing at low incidence, then the Reynolds number usually has a progressive
effect because of change in the boundary layer thickness. In practice for a typical
car, an increase of flow speed and hence of Reynolds number in the usual range
of operating conditions can sometimes give a sudden change of flow pattern with
a step change of force coefficients of perhaps 10%.

In studying the response of a vehicle to gusts it may be necessary to consider
the vehicle to be subject to a non-uniform wind, for example a side wind that var-
ies along the length of the car. In most cases, however, it is adequate to consider
the vehicle to be in a uniform wind.

The ambient wind is measured by the magnitude and direction of the bulk air
velocity relative to the ground, i.e., measured in the Earth-fixed axes XYZ.
Because of the atmospheric boundary layer, this varies with height Vertical
components are normally neglected. Following SAE terminology, the magnitude
of the ambient wind speed is va. (Speeds are denoted by v (vee) and angles by ν
(nu).) The direction, measured clockwise from the X-axis direction, is the ambi-
ent wind angle νa. The relative air velocity may be found by the velocity diagram
of Figure 3.4.1, by plotting the vehicle's velocity relative to the ground, vv at ν
from the X-axis direction, to give point V, and plotting the air velocity relative to
the ground, va at νa, to give point W. The air velocity relative to the vehicle is
then given by the position of W relative to V, with magnitude vr and direction νr

The actual evaluation of the relative velocity is done by considering the X and Y
components and using Pythagoras' Theorem. The speed of the vehicle relative to
the air may conveniently be referred to as the air speed, as distinct from the wind
speed or the ground speed of the vehicle.

Figure 3.4.2 shows the air impinging on the vehicle. In this figure, the air
approaches the vehicle at the angle νr 180°. The path angle ν, vehicle heading
angle ψ, and sideslip angle β are as defined in Section 1.3. The aerodynamic side-
slip or yaw angle is

In still air βAe = β.
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Figure 3.4.1. Velocity diagram for vehicle and wind.

Figure 3.4.2. Vehicle and wind angles.

The other angle required to specify the vehicle's aerodynamic attitude is the
aerodynamic angle of attack, αA. Because the air velocity is essentially parallel
to the ground, this is simply the angular position of the vehicle's x-axis. This can
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easily be extended to other cases, for example a non-horizontal wind because of
sloping ground.

In principle it is also necessary to specify the roll angle of the vehicle. How-
ever, experiments have shown that for normal vehicles the roll angle has only a
rather small effect on the aerodynamic forces, so this effect is generally
neglected.

3.5 Forces and Moments
The air exerts one single total force on the vehicle, but for convenience of

analysis this is usually considered to be resolved into rectangular components of
force at a given point, plus moments about the axes. Therefore there are three
forces and three moments. These are usually expressed as coefficients. The
forces are reduced to coefficients by using

where is the dynamic pressure and A is the reference area, as already
mentioned. To reduce the moments to coefficients, an extra length dimension is
required. Ideally an aerodynamically significant length would be used, such as
the overall length, but in practice the wheelbase is usually preferred, giving

This means that in comparing coefficients between vehicles, differences of the
aerodynamically irrelevant wheelbase may create problems; in practice this is
not a serious handicap. It has the considerable virtue of relating pitching and
yawing moments to the wheelbase, over which they are reacted by the wheels,
and is therefore a very convenient system when applied to handling analysis.

The coordinate system chosen for resolving the aerodynamic force may be the
vehicle-fixed axis system xyz, giving force coefficients for longitudinal force Cx,
side force Cy, and normal force Cz, and moment coefficients CMx for roll, CMy

for pitch, and CMz for yaw.
It is often preferred to express the total aerodynamic force in components

related to the direction of the airflow. In this case the coefficient in the actual
direction of the airflow relative to the vehicle is the drag coefficient. The force
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perpendicular to the flow is generally called the lift; however, there is some con-
sequent ambiguity because the term lift may be applied to the total perpendicular
force, the vertical force or the lateral force. The term lift or vertical lift is nor-
mally used for the component perpendicular to the ground, and the term lateral
lift or side lift is used for the component parallel to the ground. The coefficients
will be denoted CD, CL, and CS, and the moment coefficients about the corre-
sponding axes are CR for roll, CY for yaw, and CP for pitch. CS is taken positive
to the right, i.e., approximately as the y-axis, with Cp positive for pitch up. CY is
positive when it tends to increase the yaw angle. To clarify these coefficients in
the case of possible confusion with tire coefficients, the subscript Ae for aerody-
namics may be added, e.g., CAeS. With these coefficients, βAe is usually taken
for a direction such that dCS/dβAe is positive.

The majority of aerodynamic investigations are concerned with drag, lift and
pitch in straight running, in which case the directions of these axes essentially
coincide with the vehicle-fixed axes xyz, although CD = Cx and CL = C z , i.e.,
CD is positive to the rear, and CL is positive upward.

The use of front and rear lift, instead of lift and pitch, is convenient because
this shows directly the influence on the tire vertical forces, and also because the
lift is usually measured in practice by the reactions at the wheels. If the stated
front and rear lifts are to be applicable to the real steady-state operating condition
then the drag must be taken to act at ground level, because the drag is overcome
by a wheel thrust at ground level.

The selection of the vehicle center of mass as the axis center would be some-
what arbitrary in an aerodynamic sense, since the position of the center of mass
is not aerodynamically significant. Also, the center of mass will be changed in
the real vehicle by loading conditions. Hence, in vehicle aerodynamics, the stan-
dard axes are taken at the center of the wheelbase at ground level; Figures
3.5.1(a) and (b) show the partial vehicle free-body diagram in side view, with
two alternative representations of the standard aerodynamic forces. In particular,
in Figure 3.5.1(b) note that, for example, F A e L f is not a wheel reaction, it is an
effective aerodynamic force exerted on the vehicle, and when it is positive it will
reduce the force exerted by the ground on the wheel.

Because of the use of the wheelbase as the reference length for non-dimen-
sionalizing the moments, there are particularly simple relationships between the
coefficients:
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Figure 3.5.1. Standard aerodynamic axes for road vehicles, side view
(only aerodynamic forces shown).

The side force and yaw moment, which occur when the vehicle is yawed (Figure
3.5.2(a)), can be handled in a similar way. The standard axis origin is on the
centerline, still at the mid-point of the wheelbase, and of course the drag is
deemed to act at the origin. Alternatively the side force may be treated as forces
at the front and rear axles. This gives similar relationships as for lift:
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Figure 3.5.2. Standard aerodynamic axes: (a) plan view, (b) rear view
(only aerodynamic forces shown).

The side force plus yawing moment can be combined to give the side force a
new line of action, no longer at the axis center. The distance of the line of action
of the single total side force behind the axis center (the static margin from the
wheelbase mid-point), hA, is given in terms of the wheelbase by

We must distinguish here between the position of the line of action of this side
lift and the position of the next increment of side lift, analogous to the center of
pressure and aerodynamic center of a wing. Rearward movement of the side lift
with increasing yaw angle implies that the increments are farther back than the
side force. In a steady-state handling analysis, it is the position of the side lift that
is involved in determining the trim state, i.e., the required tire slip angles, and
hence the steering wheel position, but it is the position of the next force incre-
ment that determines the stability of that trim state. Thus it is not correct to say
that a side lift in front of the center of mass necessarily tends to destabilize a
steady state. It really depends on the position of the aerodynamic force increment
in relation to the position of the tire force increment (see Chapter 6). The position
of the force increments behind the axis center is given in terms of the wheelbase
by
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In aeronautical engineering, the distance of the force increment behind the
center-of-mass position is called the static margin.

In rear view (Figure 3.5.2(b)) the origin of coordinates is at ground level at
the center of the track. The side lift acts at ground level. Because of the attitude
angle in cornering, nose inward at higher lateral accelerations, the aerodynamic
roll moment generally opposes normal body roll.

Using coefficient values from the next section as estimates or, preferably of
course, using vehicle-specific wind tunnel data and the following equations, the
drag force, lift force, side lift force, pitch moment, yaw moment and roll moment
may be found:

In principle, the angular speed of the vehicle in yaw, pitch and roll may also
influence the forces and moments. This is important for aircraft, where the fin
and tail provide the pitch and yaw damping, and the outer wings provide the roll
damping. Such effects seem to be rather small for cars, where roll and pitch
damping are primarily provided by the dampers, and yaw damping by the tires
(see Chapters 6 and 7). Path curvature is also an insignificant effect.

For example, approximately, we have for a given path radius
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and dynamic pressure

The aerodynamic side force is

The aerodynamic yaw angle is

Hence the aerodynamic side force is

This is proportional to V4. Interestingly, it is also proportional to the mass.
Although the aerodynamic forces and coefficients are usually referred to axes

with origin at the center of the wheelbase, it may be of interest to consider them
based on axes with origin at the center of mass. This is a distance

in front of the wheelbase mid-point. The forces are unchanged, but the yaw
moment is different.
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Hence the yaw moment coefficient about G becomes

and the moment gradient coefficient becomes

3.6 Coefficient Values
The forces, and even force coefficients, vary considerably between vehicles,

even of similar design. This section will give some examples. For a given vehicle
all forces and moments depend on the three rotations, i.e., the aerodynamic pitch,
yaw and roll. The effect of roll angle on the aerodynamic forces is generally
small and usually neglected. The height position of the vehicle, i.e., the ground
clearance, is significant. This complex interrelationship can be simplified some-
what in practice because a vehicle is roughly prismatic, i.e., vertical longitudinal
sections are roughly the same, and also the vehicle has lateral symmetry. If we
consider the vehicle to be truly prismatic, and considering that pressure forces
dominate over skin friction shear forces, then drag and lift forces and the pitching
moment must be produced by the upper and lower and front and rear faces of the
body. In handling analysis, these forces affect the tire vertical reactions and also
the tractive force requirements. On the other hand, lateral forces, and the yawing
and rolling moments, are produced primarily by pressures on the vehicle sides.
These forces directly affect the lateral dynamics.

First, consider the flow over the top of the vehicle. The vehicle body acts
somewhat like a wing section, giving flows of increased speed and low pressure,
giving a lift force and a pitching moment. The actual flow around a vehicle is
very much a three-dimensional phenomenon, so the drag, lift and pitching
moment cannot be calculated satisfactorily from the centerline pressure distribu-
tion. By adding a spoiler at the rear of the trunk (boot), a positive pressure incre-
ment can be produced over the trunk and rear window, and possibly even on the
roof. The positive pressure increment on the rear window tends to reduce drag
and usually more than offsets the drag on the spoiler itself for spoiler heights up
to about 20 mm. The pressure increment also reduces lift at the rear, i.e., it gives
a negative lift increment and a pitch-up increment. This effect can be made quite
large with a large spoiler, beyond the drag optimum. The pressures ate sensitive
to the shape, for example to the screen inclinations, and satisfactory results can
often be achieved without extraneous devices.
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The actual flow pattern is characterized by flow separation at the rear. The
pattern depends largely on the angle of the rear window because in the range
20°–40° to the horizontal there are strong trailing vortices, so the drag has a peak
at 30° rear-screen angle. Typically, less than 20° is called fastback, 20° to 40° is
hatchback, and more than 40° is squareback. The so-called K-tail, sometimes
Kamm tail, in which the rear is sharply truncated with only limited tapering of
the body, originated around 1935. It was possibly invented by Everling in 1934;
Kamm made extensive studies in 1935, and it was patented by Koenig-Fachsen-
feld in 1936. Although the flat rear has a base drag because of its low pressure,
the avoidance of the strong trailing vortices means that it is often better than an
apparently more streamlined shape of the same length.

At the front of the vehicle the trend is toward low hood (bonnet) fronts, and
raked windshield, with a rather small angular deflection between the hood and
windshield. This wedge-shaped front may help to reduce front lift. A low stag-
nation point at the front means that the air flows over rather than under the vehi-
cle, which is generally favorable.

On commercial vehicles, which are basically box-shaped, even quite modest
radiusing of the front edges can have a considerably beneficial effect; for exam-
ple, for a typical box the CD is better than halved if the leading edges are given a
radius of 5% of the box height.

Underneath the vehicle the influence can be considered in two parts: first the
mean pressure and then the effect of flow. The higher the mean pressure under-
neath, the greater the lift. The mean pressure is a compromise between the high
stagnation pressure at the front of the vehicle and the low base pressure at the rear
because of flow separation. Thus a minimal pressure will be achieved underneath
with a large flow resistance at the front edge of the underside and a small one at
the rear. This will be achieved with a front air dam (spoiler) and with the under-
body open to the low pressure at the rear. Side skirts can help if the average pres-
sure is below atmospheric. The practicalities of ground clearance, and especially
curb clearance, limit the effectiveness of such devices on passenger vehicles,
although they are applied in racing. The mean underpressure can also be influ-
enced by suction at the wheel side apertures.

The flow under a vehicle can be used to great advantage in racing (Section
3.7). On normal vehicles the underbody flow seems principally to increase the
drag because the underside of most vehicles is extremely irregular. With suspen-
sion and exhaust components to be accommodated, this is clearly a problem, but
improvements have been made. The front air dam is helpful in minimizing the
flow beneath the vehicle. Also it tends to give a pitch-down increment so it can
be balanced against a rear spoiler.
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The aerodynamics of cars have long been a consequence of packaging and
aesthetic requirements rather than a decisive influence on design. In general, drag
coefficients have been lower in Europe than in the U.S., possibly because of the
higher price of fuel. The fuel price rises since 1970 have triggered considerable
attention to drag and hence also to other aerodynamic aspects, and there have cer-
tainly been dramatic improvements. Some of these have been without significant
styling repercussions; others do influence styling, but many would say favorably.

In the 1920s, for typical cars CD was about 0.8. Improved metal forming in
the 1940s gave better shapes and CD reduced to typically 0.65. In the 1970s it was
typically 0.55 in the U.S., somewhat under 0.5 in Europe. In 1990, some produc-
tion vehicles are below 0.30, with research vehicles below 0.25. Various studies
suggest that the aerodynamic drag is typically distributed 65/15/5/5/10 in form
drag, interference drag, internal (engine and cabin cooling) drag, skin drag, and
lift-associated drag, but this will vary substantially between vehicles. Skin
roughness has negligible effect, although mismatch of panel edges may be sig-
nificant.

High-speed, piston-engined aircraft can obtain some positive thrust from the
cooling heat, or certainly largely eliminate the drag, by operating the cooling
duct on the principle of a ram jet, with the waste cooling heat as the energy
source. This cannot be achieved on cars because of the lower speed.

Table 3.6.1 gives typical drag figures for a range of vehicles, showing the
frontal area A, the drag coefficient CD and the drag area CDA. The frontal area of
a typical car is 0.81 of its width times its height, and is about 1.8 m2 (European
medium or U.S. compact). A good modern sedan has a drag area of 0.5 to 0.6 m2;
it is remarkable that this is barely any more than that of a touring cyclist.

Values for a racing car vary considerably with the set-up for any particular
circuit, as may be seen by comparing the Sports Prototype Le Mans figures
(high-speed circuit) with those for a more intricate circuit. The Formula 1 values
are average ones. The very high drag coefficient (0.90) occurs because this is a
justifiable penalty for the considerable downforce.

The figures above refer to the vehicle in standard condition, at zero incidence
and yaw, and at standard ground clearance. For a typical car
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This latter figure is largely the consequence of increased airflow beneath the car.
Thus pitch moment is of interest in maintaining correct attitude, to control drag.
The drag itself has some influence on handling because it must be overcome by
a tractive force, which affects the tire lateral force characteristics. Lift and drag
coefficients may vary with speed because of changing height or pitch angle. In
particular, this can lead to a rapid increase of front lift on fast cars.

Table 3.6.1. Example Drag Coefficients and Drag Areas

Representative main aerodynamic coefficients for a car are summarized in
Table 3.6.2. The total lift coefficient of a typical car is about 0.3, ranging widely
from 0 to 0.6 or more. The lift coefficient is quite sensitive to height and inci-
dence, with typically
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Table 3.6.2. Typical Aerodynamic Coefficients for a Passenger Car

The pitching moment coefficient should preferably be small. It is typically 0.05
and varies considerably between vehicles. It varies with incidence, typically at

The lift force and pitching moment, or front and rear lift, can have a substantial
effect on high-speed handling because by changing the tire vertical forces the
cornering stiffness of the tires is altered. Front lift leads to unpleasantly light
steering with low limit lateral forces, and rear lift leads to directional instability,
discussed in more detail in Chapter 6. Passenger car designers aim for zero lift
and pitch or a small amount of balanced downforce. Positive lift can be
dangerous at high speeds.

It remains now to consider the influence of pressures on the sides of the vehi-

cle, i.e., to look at the lateral lift, the yawing moment and the rolling moment.

Although there may be significant pressures on the sides in straight running, they

balance out. A net resultant force occurs only when there is an aerodynamic yaw

angle βAe. In normal conditions the vehicle speed is substantially greater than the
wind speed, so it is yaw angles up to about 30° that are of most interest. The fol-
lowing comments are restricted to that range, and should not be extrapolated
beyond 30°.

The principal effect of yaw is to give a lateral lift and a yawing moment. Var-
ious theories of lateral lift have been proposed, none entirely satisfactory because
of the complex flow pattern. In practice a typical experimental value of the lateral
lift coefficient variation with yaw angle is 0.04/deg, with individual examples
ranging from 0.02 to 0.05/deg. This is usually fairly constant up to 30° yaw.
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The yawing moment is the consequence of the lateral lift and its line of action.
The yaw moment coefficient CY usually increases fairly linearly up to 15° yaw
angle at a rate of about 0.005/deg, i.e., dCY/dβA = 0.005/deg, but then peaks at a
value of typically 0.10 at an angle of 25°, and then declines. This can typically
be modeled by

This reflects the fact that the line of action of the lateral lift starts well forward,
but moves back toward the axis center, tending to reduce the moment. The yaw
moment is normally positive, and hence tends to increase the yaw angle. Better
aerodynamic directional stability is afforded by vehicles with a smaller yaw
coefficient, i.e., greater side area at the rear such as station wagons (estate cars),
or those with a high trunk profile and with a low hood line.

An aerodynamic yaw angle also causes a roll moment coefficient. Typically
this increases smoothly with βAe up to 30°, at 0.005/deg. This is because the side
lift really acts above the ground level, actually at a height (CR/CS)L which is sur-
prisingly low, being about equal to the wheel radius, presumably because the
flow can easily pass around the upper edges.

The yaw angle also causes an increase of drag, typically quadratic in nature,
i.e.,

where in one case k = 1.6 × 10 4 deg 2. Yaw also causes a quadratic increase of
lift coefficient up to about 20°, beyond which it levels off and then declines
beyond 30°. In this case typically k 1.2 × 10 3 deg 2. The pitch coefficient also
tends to increase, typically in this case with k 1.2 × 10 4 deg 2.

The angle of the steered wheels will have some effect on the side lift and yaw.
Measurements on one Formula 1 racing car, with exposed wheels at steer angle
δ, gave

The effects are probably very small for a normal sedan with almost enclosed
front wheels.
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3.7 Competition Vehicles
The aerodynamics of competition vehicles, like their other features, is more

extreme than for normal passenger or commercial vehicles. For land speed
record vehicles, drag has always been important, and lift/downforce has been
considered since the 1920s. The role of aerodynamics in racing-car design has
increased dramatically since the mid-1960s, and is now of great importance. The
history of competition vehicle aerodynamics will be treated briefly here because
of its technical interest. Also, road vehicle design has been influenced to a limited
extent by competition experience, for example by underbody shape and ground
effects.

Early racing and land speed record vehicles appear crude by modern stan-
dards. In many cases aerodynamics was influential in the layout because frontal
area, governed by the large engines mounted high on rigid axles, was generally
minimized within the perceived options. Streamlined body forms, although with
many excrescences including the driver, were naturally applied to land speed
record vehicles in the very early days, for example Chasseloup–Laubat and
Jenatzy in 1899, both with battery electric vehicles at about 25 m/s (56 mph).
Much improved streamlining was achieved by the Baker Electric Torpedo in
1902 and the steam-driven Stanley Rocket in 1906. In view of the limited aero-
dynamic knowledge of the day, these were quite respectable efforts, and in
marked contrast to most of their competition.

In 1927 the rocket-powered Opel Rak 1 appeared, of uncompetitive perfor-
mance but of historical interest because it featured small wings mounted on the
body behind the front wheels. The Rak 2 of 1928 had larger wings of about 1 m2

each. Judging from photographs, however, the design was very odd, using a
fairly thin, well-cambered section fitted as if to give lift, but then set at a negative
incidence that would have resulted in little vertical force at all. It is doubtful that
either of these two vehicles could be considered to be serious contenders; more
likely, they were just publicity vehicles.

Prevost (1928) first described proposals for a venturi-bodied land speed
record car (Figure 3.7.1), with the stated intention of preventing lift. In 1929, the
Irving-designed Golden Arrow set a land speed record of 103 m/s (231 mph).
This used a venturi-shaped underbody (Figure 3.7.2), which according to wind-
tunnel tests, would give 2440 N downforce at the design speed of 112 m/s (250
mph) (Irving 1930). In Prevost's proposal the venturi had a large entry depth, but
in Irving's design the venturi had acquired its modern form, with the entry barely
any deeper than the throat, necessary because a deep entry gives front lift.
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Figure 3.7.1. Proposal for a venturi underbody by Prevost. (Reproduced by
permission of the Council of the Institution of Mechanical Engineers, from

Automobile Engineer, letter from R. Prevost, September 1928.)

Figure 3.7.2. Basic body shape of Irving's Golden Arrow. (Reproduced by per-
mission of the Council of the Institution of Mechanical Engineers, from Irving,

J.S., "The Golden Arrow and the World's Land Speed Record,"
Automobile Engineer, May 1930.)

The massive Eyston–Andreau Thunderbolt of 1938 had the eight wheels
enclosed within the body using a narrow front track to allow this, and achieved
154 m/s (345 mph) on 3500 kW. In contrast, in 1939 the smaller and highly
streamlined Railton Mobil Special achieved 166 m/s (370 mph) on only 930 kW,
with the emphasis on low drag including ice cooling to reduce the internal flow
losses. In contrast to the later thrust reaction types, it was common in that period
of wheel-driven speed vehicles to have traction problems, and this led to the use
of heavy vehicles and in some cases to multiple drive axles. For example, Thun-
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derbolt required a thrust of 23 kN with a weight of 70 kN, for a traction require-
ment of 0.33 even if all eight wheels had been driven, and a much higher value
with only the rear four driven, as actually used. It should also be borne in mind
that record runs were mainly made on natural surfaces, such as sand or salt, with
less friction available than on a prepared hard surface. Inadequate traction has
certainly been the downfall of many wheel-driven record contenders.

The possible application of aerodynamic downforce to improve traction was
recognized in the 1939 Daimler Benz T80 speed record contender, which was
built but never ran. This featured tapered stub wings of low aspect ratio and area
about 0.8 m2 each, positioned on the body sides in front of the rear wheels. How-
ever, in marked contrast to the earlier Opel, this time the wing section was prop-
erly arranged to give downforce, with a cambered section having a flat upper
surface and appropriate incidence, and therefore this should perhaps be admitted
as the first true winged downforce vehicle. An adjustable-incidence rear airfoil
on struts was also proposed, but not used. The drag coefficient was 0.18 on
1.7 m2 frontal area.

It seems that the potential for downforce to improve racing vehicles (as
opposed to speed record vehicles) remained unrecognized, with aerodynamic
attention limited to drag and engine cooling, and provision of a cool buffet-free
cockpit. The next interesting development was the use of a hydraulically oper-
ated air brake on the Mercedes 300SLR sports racer, tested in 1952 and used at
Le Mans in 1955. This was intended to relieve the brakes on fast circuits, but it
was found that cornering also improved if the brake was kept open. This was
because the air brake, a rear-hinged trunk lid that rose to about 60°, acted as a
half-metre-high spoiler that gave downforce.

At Indianapolis in this period there was a vogue for full bodywork which dra-
matically reduced drag compared with the usual fully exposed wheels, but the
extra mass and the adverse aerodynamics in lift and yaw, not yet adequately
understood, were sufficient to halt the trend. Compared with most European cir-
cuits which have a wide variety of corners and a wide speed range, at Indianap-
olis speeds are relatively uniform and high, for example a minimum more than
75% of the maximum (about 90 m/s), so aerodynamic effects are particularly
strong. However, even in Europe the Mercedes W196 of 1954 used full stream-
lining to good effect on some circuits.

In 1956 a Porsche sports racer operated by M. May appeared at the Nurbur-
gring with a downforce aerofoil over the body at mid-wheelbase. It was used in
practice, but disallowed from racing by the scrutineers, rejected as being danger-
ous. Over the next ten years up to the mid-1960s there seems to have been no
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development of the concept. Perhaps in the early 1960s designers were too busy
coming to terms with the rear-engine revolution, which itself improved aerody-
namics by reducing drag because of the lower driver position.

In 1960 spoilers appeared at the rear of Porsche and Ferrari sports racers, giv-
ing some rear downthrust, better high-speed stability and slightly better corner-
ing. In 1965 Herd for McLaren in England and Hall in the U.S. made preliminary
tests on downforce wings, with encouraging results. In 1966, Hall started to use
a downforce wing on his Can-Am series Chaparral, placed high on struts above
the rear wheels. The original intention was apparently to improve high-speed sta-
bility. In 1967 the wing was of roughly symmetrical section, but had pitch control
from a driver's pedal, and was used to give large downforce in corners but
smaller downforce and drag on the straight. In Formula 1, in 1967, limited aero-
dynamic devices were tried, especially small front "bib" or "ear" spoilers on the
nose, but these were often removed because of lack of pitch balance. The exist-
ence of body lift and the variation of lift and pitch moment with pitch angle were
proving a problem, and the Lotus answer was the wedge body that also did well
at Indianapolis in 1968. This then acquired front stub wings and an upswept
engine-cover rear spoiler.

Then, in mid-1968, the wing idea was widely adopted in Europe, and high-
mounted wings appeared on many cars, some acting on the body but most acting
directly on the hub carriers to avoid loading the suspension. Balance was
achieved by a variety of front devices from bib spoilers to stub wings. In 1969
front wings were also mounted high and on the hub carriers, and many wings had
pitch control. However, the severe vibration and aerodynamic load reversals
caused some dramatic accidents. After a period of uncertainty, new rules limiting
wing design were introduced throughout most of motor racing, including For-
mula 1 and Indianapolis. Essentially these limited the size and height of wings,
and required the wings to act on the sprung mass, not directly on the carriers.
Wings were still not universally used; an alternative is to try to use the whole of
the body's upper surface as a wedge. The wedge body shape usually produces
good front downforce, so it is well suited to combination with a large rear wing,
with front wings used just for trimming. A wedge body with hydraulically con-
trolled incidence has also been used. A shallow spoiler was used across the front
of bodies to reduce body lift or improve downforce. Generally, 1970 saw
improved understanding of wings and their use, and the slatted rear wing
appeared.

In sports car racing around 1970 the vehicle front profile underwent a notable
change from rounded to vertical, i.e., the air dam front arrived to reduce under-
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body pressure. Sometimes a "splitter" plate was added – a thin horizontal lip pro-
truding forward at the bottom of the air dam. The splitter helped the downforce
but tended to increase pitch sensitivity (sensitivity of the downforce distribution
to pitch angle). The sides also became flatter and closer to the ground.

Concave longitudinal section front and rear decks were found to be worth-
while to minimize sensitivity to pitch angle, although increasing drag by 10%.
As an example of the influence of bodywork on drag, wind-tunnel tests to
attempt to purge the drag of one Porsche open sports racer reduced CD from 0.70
to 0.49, and to 0.36 with a long tail. The better short-tail version gave its best
track performance with the addition of front and rear spoilers that increased CD

to 0.58. Twin rear fins were found to reduce drag, as was a wing mounted
between them, because this prevented flow separation from the body. Front-edge
fences can considerably increase front downforce without increasing drag. Full-
length edge fences were briefly popular. Before movable aerodynamic devices
were banned, flaps at the rear operated by the suspension were used to minimize
pitch changes. Separate left and right flaps can in principle reduce roll, but in
practice this did not prove helpful.

More revolutionary, in 1970, Hall in the U.S. produced the fan car for sports
racing. This had flexible sealing skirts all around the edges of the body, with twin
fans that extracted the air and blew it backwards, reducing the underpressure.
One advantage of this system over wings is that it functions at full effectiveness
at low speed, so low-speed cornering and low-speed traction are greatly
improved. With 6 m2 of enclosed area, only 1 kPa pressure reduction would give
3 kN downforce, about half the vehicle weight. The principle was very success-
ful, and was promptly banned. The same idea appeared briefly in Formula 1 in
1978, with the same results.

1971 saw a marked improvement in the application of wings. Previously the
rear wing was mounted rather low over the engine, with very restricted flow to
its underside so that it really acted as a large spoiler. On the 1971 McLaren for
Indianapolis, which was basically a wedge with wings and side radiators, the rear
bodywork was improved to give a good airflow below the wing, greatly increas-
ing the downforce. The downforce was equal to about half the car's weight at
maximum speed, about 3 kN at 90 m/s or a total lift area CLA of about 0.6 m2. In
Formula 1 tall air boxes also appeared to deliver air to the engine, although there
was disagreement about whether they made airflow to the rear wing better or
worse. In 1972 there were further dramatic cornering speed increases, with the
rear wing going further to the rear. Total downforce increased to about 6 kN at
90 m/s, a lift area of 1.2 m2. The actual wing areas were about 0.6 m2 at the rear
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and 0.25 m2 at the front, these being limited by the rules. One advantage of the
rearward wing is that the suction on the wing undersurface is not compromised
by suction on the top surface of the body beneath, because the wing is over the
road instead. Also, because the rear wing is of low aspect ratio and in turbulent
air, its maximum lift is limited, so moving it back while retaining overall aero-
dynamic balance allows a larger downforce at the front giving an increased total
downforce.

The period 1973 to 1977 saw refinement of the aerodynamics with increasing
lift coefficients from improved airfoil contours, tip plates, adjustable flaps, slots,
trailing-edge lips, and so on.

The next revolution in racing was to use the underbody to produce downforce,
i.e., ground-effect Venturis as used on speed record cars in the 1920s, introduced
to racing by Lotus in 1977. The essential concept of the car was a very wide
chord wing on each side of the body. The conceptual improvement was large
end-plates with brushes that rubbed against the ground to provide an air seal. The
wing span was severely limited by the body width regulations, but despite the
very low aspect ratio and the poor seal of the brushes, considerable downforce
was generated at a good lift/drag ratio. The cooling radiators were buried in the
wings. The wing and ground considered in longitudinal section act as a venturi.
The wing to ground clearance (the venturi throat) is about 100 mm. The large exit
draws a maximum of air through the throat where the correspondingly high air
speed results in a low pressure on the wing undersurface giving an effective
downforce. A later development was to have a long parallel throat to maximize
the area where the pressure is very low. This effect is assisted by the extractor
effect of the rear wing which helps to draw air through the venturi. The Lotus 79,
for 1978, developed the idea further, the whole layout being governed by optimi-
zation of the ground effects; this included minimizing the width of the true body
to maximize the width of the venturi tunnels. To do this the driver was moved
forward, and the fuel was placed in a single cell behind the driver. This car firmly
established the ground-effect concept.

In 1979 ground-effect cars also appeared at Indianapolis and, wherever it was
allowed, ground effect became essential. Optimization of the ground-effect tun-
nels affected many other features; for example, where previously the flat
opposed-cylinder engine layout was considered ideal because of the low center
of mass, the V8 became preferable because it is narrower and matches the front
profile of the driver with narrow hips and wide shoulders, giving more room for
the tunnels.
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Front wings were often omitted because the downforce from underbody tun-
nels was already well forward, tending to give limit oversteer at high speed. To
help correct this, front wings were sometimes used to give an upward force. It is
important to position the downforce correctly; fine balance is usually achieved
by adjusting the rear wing flap. Front suspension was revised, moving the springs
and dampers into the body to improve airflow to the tunnels.

The downforce did create problems in demanding extremely stiff suspension
springing to minimize height and attitude changes, even with sliding or flexible
sealing skirts. In 1981, in Formula 1, a 60 mm ground clearance was required,
but this rule was circumvented by hydraulic suspension lifters. Flat bottoms
between the axles and greater clearance were required for 1983, which reduced
downforce and allowed suspension action to be restored. The body can still pro-
duce some downforce, but less than the wings.

1981 was also the year of the abortive Lotus 88, an imaginative concept that
fell foul of the rules. This had two chassis, the inner one being the main chassis
with conventional suspension, and the outer one being an aerodynamic shell with
much stiffer connection to the wheels allowing good control of the ground clear-
ance. It was disallowed on the basis that the outer shell was a movable aerody-
namic device.

At their peak, ground effects were such that downforces of about 22 kN were
being achieved in Formula 1 at 75 m/s, corresponding to a lift area of 6.4 m2. Of
this, about 20% came from the wings and 80% from the body. On a vehicle mass
of 660 kg and with a tire friction coefficient of over 1.0, this allows lateral and
braking accelerations of about 40 m/s2 (4g). Also, the position of the center of
mass becomes critical. The drag area was about 1.4 m2, giving a lift/drag ratio of
4.6. The current restrictive rules, specifying maximum wing sizes and calling for
flat-bottomed areas under the body, considerably reduce the downforce values,
although some favorable underbody effect is achieved by swept-up diffuser areas
at the rear. The engine exhaust is often fed to the diffusers, possibly "blowing"
an improved airflow beneath, and also helping the engine by reduced exhaust
back pressure, although often compromising the length of the exhaust pipe sec-
ondaries for optimum pressure pulse tuning.

An interesting aspect of downforce is that for a given force the performance
becomes more sensitive to the total mass. This is because for a large downforce
the tire vertical forces are almost independent of weight, so the maximum lateral
acceleration becomes inversely proportional to mass.

Over recent years there has been detailed optimization rather than revolution,
and aerodynamics is now just a large part of the picture, rather than completely
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dominating it. Continuing detailed optimization and improvement is offset by
gradually more restrictive rules.

Wind-tunnel tests of ground-effect vehicles have sometimes shown consider-
able discrepancies from track behavior. This is caused by the boundary layer on
the floor of the wind tunnel. Nowadays it is considered highly desirable to have
a moving-belt floor in the wind tunnel, the speed of which matches the air speed.
Corrections can be applied for static floors, but this is not completely satisfac-
tory.

Downforce has been used in other competition motoring events, including ral-
lying, drag racing and kart racing. Small stub wings have even been used on
motorcycles to discourage lifting of the front wheel in acceleration, but wings are
now banned. In any case, because a motorcycle leans considerably in a corner,
downforce wings would be of limited effectiveness in cornering. Racing sidecar
motorcycles have more extensive bodywork, so some downforce can be pro-
duced.

3.8 Problems
Q 3.2.1 What is the standard atmospheric density at 500 m above sea level?

Q 3.2.2 Temperature, pressure and relative humidity are measured as
22.3°C, 99.4 kPa, and 54%. Calculate the density according to the
approximate method of Section 3.2.

Q 3.3.1 In open terrain the 10 m wind is 8.4 m/s. Estimate the wind speed at
1 m height.

Q 3.3.2 An airflow has a mean speed of 14 m/s and turbulent intensity of
24%. What speed range will the instantaneous speed be within for
95.5% of the time?

Q 3.3.3 In a wind of 8 m/s and turbulent intensity 28%, a car drives cross-
wind at 27 m/s. What turbulent intensity does the car experience?

Q 3.3.4 The wind at a high bridge may be modeled by a Weibull distribution
with a characteristic speed of 7 m/s and a shape factor of 1.9. What
is the probability for winds exceeding 10 m/s? If sustained winds
exceeding 20 m/s make the bridge unsafe for use, what proportion
of the time is it likely to be closed?

Q 3.4.1 Describe the differences between aircraft aerodynamics and ground
vehicle aerodynamics.
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Q 3.4.2 Describe the problems of obtaining accurate force prediction for a
real car by testing a small model in a wind tunnel.

Q 3.4.3 Describe how force coefficients are likely to change with Reynolds
number for various types of body.

Q 3.4.4 A vehicle travels at 26 m/s at a heading angle of 40° with a sideslip
angle of 4° in a wind of 16 m/s at 160°. Calculate the air velocity
relative to the vehicle. Calculate the aerodynamic yaw angle.

Q 3.5.1 A vehicle has mass 1200 kg, center of mass 1.350 m back on a 3.000
m wheelbase, and CL = 0.412, CP = 0.083, CS = 0.160, CY = 0.020,
and CD = 0.392, based on standard vehicle aerodynamic axes. The
air density is 1.200 kg/m3. The frontal area is 2.35 m2 and the speed
29 m/s. Calculate the actual forces and moments.

Q 3.5.2 For the vehicle of the last question, calculate the CLf and

Q 3.5.3 The vehicle of Q 3.5.1 has a lateral acceleration of 4 m/s2 at a speed
of 45 m/s. Calculate the front and rear axle cornering force coeffi-
cients.

Q 3.6.1 Summarize typical values of car aerodynamic coefficients.

Q 3.6.2 A typical car is given a steady-state cornering test at 8 m/s2 on a
50 m radius, at which it has an attitude angle of 8°. Make an esti-
mate of the aerodynamic forces and moments, and investigate their
significance.

Q 3.6.3 Explain the concepts of center of pressure and aerodynamic center
in the context of lateral aerodynamic force and yaw moment on a
vehicle, including any relevant equations.

Q 3.7.1 The Daimler Benz T80 land speed record contender had a mass of
about 2000 kg and a probable design speed of 200 m/s, with a drag
area of 0.306 m2. Discuss the possible value of the wings (total area
1.6 m2) in enhancing traction, giving calculations.

Q 3.7.2 Describe the features of the bodywork of a typical modern sports
racer, and discuss the reasons for it.

Q 3.7.3 Describe the evolution of Formula 1 or Indianapolis racing car de-
sign in the light of aerodynamic effects and rule changes.
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Q 3.7.4 Consider a motorcycle with a downforce wing. Considering the an-
gle of lean and a constant tire maximum cornering force coefficient,
under what conditions is such a wing advantageous in increasing
maximum cornering speed?

Q 3.7.5 Repeat the last question, but incorporating variation of µY with FV.

Q 3.8.1 See Q 5.19.3 – 5.19.7 at the end of Chapter 5.
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4
Suspension Components
4.1 Introduction

The lateral force exerted by the road on a tire depends on many factors; prin-
cipal among these are the slip angle, the camber angle, the vertical tire deflection
and the longitudinal slip (or the vertical force and the longitudinal force). The
angular positions and the vertical force depend on the suspension system, which
locates the wheel relative to the vehicle body. Thus the suspension system design
plays an important role in the cornering and handling characteristics and requires
detailed consideration. In analyzing the suspension, our main interests are in the
geometry in order to find the wheel camber and steer angles, and in the distribu-
tion of vertical force between the four wheels. This chapter looks mainly at the
properties of individual suspension components. Chapter 5 then looks at the
complete suspension and at suspension analysis in the context of handling,
including ideas such as the roll center and roll axis.

In a practical suspension system, the wheel is connected to the body through
various links; these permit an approximately vertical motion of the wheel relative
to the body, controlled by the spring and damper. The steering system controls a
different type of wheel motion – rotation about an approximately vertical axis.
For a normal road vehicle, the suspension links include rubber bushes. These
reduce the transmission of noise, vibration and harshness into the passenger com-
partment. The compliance in the links, bushes, steering system and chassis has
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the result that the slip angle and camber angle of the wheel are to some extent
dependent on the forces acting. However, in order to obtain a clear picture of the
operation and behavior of suspensions, it is easiest to begin by analyzing them as
though all links were perfectly rigid, and to add the effects of compliance later.
Thus we should consider:

(1) The geometry of idealized suspensions, investigating possible
arrangements of the links and the consequent implications for
the wheel motion relative to the chassis.

(2) The compliance of suspension components, in particular those
that are specifically provided to control the wheel motions,
such as springs and anti-roll bars, but also the compliance of
links and rubber bushes.

(3) Friction, both that deliberately introduced by dampers, and re-
sidual friction in the joints.

(4) Inertia of the components in the types of motion relevant to
suspension action.

The intention of this chapter is not to provide a comprehensive systematization
of all possible suspensions; rather it is to reveal some order among the wide range
of types, and to outline the features that influence handling.

4.2 Mobility Analysis
The following few pages attempt to place some systematic order on suspen-

sion systems by using a degrees-of-freedom (mobility) analysis. Mobility analy-
sis can be very helpful in the design of precise mechanisms, but there are some
difficulties in applying it to vehicle suspensions. Most suspensions include many
compliant rubber bushes so that changes of link lengths are possible, contrary to
the geometrically ideal rigid bodies of mobility analysis. Even worse, sometimes
the link itself is highly compliant, such as a leaf spring supporting an axle or a
trailing twist axle. Such cases must be dealt with by finding geometrically equiv-
alent rigid linkages. Further, some suspensions are redundant, i.e., they contain
"too many" links, because in the idealized analysis one or more of the links
merely confirms rather than controls a particular motion. Finally, a suspension
that in an idealized analysis appears to be a structure rather than a mechanism
may function adequately because of compliance in the bushes or in the links
themselves.
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Notwithstanding the above limitations, most suspensions are amenable to
analysis, and a degrees-of-freedom analysis does provide a helpful framework
for categorizing the wide range of real suspension designs. Even if it does not
point directly to an optimum design, it provides an appreciation of certain limi-
tations of the simple mechanisms that are met in practice.

Every real suspension works in three spatial dimensions. A full kinematic
analysis of the required generality to cope with the range of practical suspensions
is highly complex. Therefore, the presentation here is based on an appeal to rel-
atively simple notions in common engineering usage. Computer software pack-
ages now make possible advanced three-dimensional analysis. Nevertheless, it is
helpful to begin by considering the behavior of two-dimensional suspension-like
mechanisms, especially since the interpretation and discussion of actual handling
behavior is based largely on two-dimensional motion concepts such as camber
and steer. Some principles of kinematics are reviewed here because they provide
the key to important later results.

A two-dimensional mechanism is one with all motions parallel to a given
plane. The dimension perpendicular to that plane is neglected. This could be said
to correspond to a two-dimensional drawing such as a front elevation. To specify
the position of any particular object then requires three coordinates in a specified
coordinate system, and a freely mobile object is therefore said to have three
degrees of freedom when in two-dimensional motion. For example, the position
of a link could be specified by two coordinates (x, y) for a given point on the link,
plus the angle of the link (θ). If such an object moves without change of the angle
θ, it is said to be translating; if it moves with θ changing but the location point
remaining at (x, y), then it is said to be rotating about the point (x, y).

Even in complex motions, at any instant it is possible to identify a point that
is the center of rotation at that instant. This point is called the instantaneous cen-
ter, or centro. Imagining the moving object extended as a sheet in all directions,
the centro is then that point of the sheet that is not changing its (x,y) coordinates
at that instant, i.e., it is the point that is stationary in the selected coordinate sys-
tem at that instant.

One important property of rotation is that all velocities are perpendicular to
the radius from the rotation center, and have a magnitude given by V = ωr where
ω is the angular speed at that moment. This property of perpendicularity is very
useful in identifying centros (instantaneous centers). If the velocity directions are
known at any two points of an object, then the radii can be drawn, and their inter-
section must be the centro. These known velocities must be in a specified coor-
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dinate system or, equivalently, they must be relative to some other specified
object, for example the chassis.

When there are several objects all moving, as in the case of a chassis plus sev-
eral suspension links and a wheel carrier, then we can direct our attention to any
pair of these objects, and that pair will have a particular centro for the motion at
that instant, i.e., for one object relative to the other. This is in general different
from the centro for any other pair of the objects. However, the centro of A's
motion relative to B is the same as that of B' s motion relative to A. The centro is
a property of the objects as a pair. In some cases it is normal practice for one of
the objects to be implied; for example, to speak of the centro of the wheel nor-
mally means the centro of the wheel–body combination, and hence of the centro
of the wheel motion relative to the body. The centro concept is a powerful tool
in suspension analysis.

One special case occurs when the relative motion of the objects is pure trans-
lation. Then the constructed radii intended to reveal the centro do not intersect.
They are said to meet at infinity (at either side), and this is where the centro is
located. This does not cause any practical analytic problems because lines con-
structed from the centro are simply parallel to the locating radii.

In many practical cases of connected components, the centro location is obvi-
ous without formal construction of radii. This is the case, for example, for a
radius rod where the rod pivot itself defines the centro for the rod motion relative
to the base member.

A property that we shall require in the investigation of roll centers is illus-
trated in Figure 4.2.1; the centros for the three possible pairs of a group of three
objects lie on a straight line. This is known as the Kennedy–Arronhold theorem.
In this example AB is pivoted on BC, which is pivoted on CDE. Therefore B is
the centro for AB with BC, and C is the centro for BC with CDE. Considering
motion relative to link AB, evidently C can move only perpendicularly to the
radial line BC. Considering the motion of CDE relative to C, the point E must be
moving perpendicularly to the radial line CE. The velocity of E relative to B,
V E / B , is the vector sum of VE/C and VC/B, which are both perpendicular to BCE.
Thus V E / B is perpendicular to BCE. Thus the centro of AB with CDE must be
somewhere on a line through BC, i.e., the three centros must be on a straight line.

In two-dimensions, the connection of a pair of objects can be classified as
either a sliding joint or a rotating joint. In practice a sliding joint is usually
straight. Relative to a fixed member, a slider has one degree of freedom, i.e., its
relative position can be specified by a single parameter. The pivoting link also
has one degree of freedom (1-dof), but in rotation the relative position is speci-
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fied by a single angle. These elements can be joined serially to allow two degrees
of freedom relative to the base member (Figure 4.2.2) where the trunnion (c or
d) corresponds closely to the function of a typical suspension strut. The links
with two degrees of freedom (2-dof) require two parameters to specify their posi-
tions relative to the hatched members; e.g., in (b) two angles, in (d) one angle
plus the extension.

Figure 4.2.1. Kennedy–Arronhold theorem of co-linear centros.

4.3 Straight-Line Mechanisms
It is often desirable to provide a straight motion path for some point of a sus-

pension member, e.g., for lateral location of an axle, and there are several prac-
tical ways to achieve this. This section presents several such methods. Analysis
of straight-line mechanisms also demonstrates some wider truths that will be rel-
evant later on. In a real suspension, the straight line need only be approximate;
precision of the path may be traded-off against other factors, especially cost.

Geometrically, we wish to constrain a given point on body A to move in a
straight line relative to body B. Thus there must remain two degrees of freedom
for the relative motion. For example, an axle must rise and fall (heave, 1-dof),
and have freedom to roll (1-dof), but must be located laterally. For convenience
we can assume that the angular rolling freedom is achieved because body B is
provided with a pivot hole at the appropriate point to accept a pivot pin; the
mechanism to be designed must therefore cause the pin to have a straight-line
motion relative to body A.

The most direct solution is to provide a simple slider (Figure 4.3.1). Here the
sliding block B has one degree of freedom relative to stationary member A
attached to the body. C is the point with straight-line motion. The axle has its sec-
ond degree of freedom by rotating about C. The locating channel A may alterna-
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Figure 4.2.2. Serial connection for 2-dof.

tively be fixed to the axle and C to the chassis. This is not entirely equivalent,
because when the channel is attached to the rolled body, motion of the axle per-
pendicular to the road requires some lateral motion of the axle or body; in prac-
tice, the slider method of Figure 4.3.1 is not good for passenger cars because of
noise transmission and wear, but it is compact and has been used successfully in
racing.

The second type of straight-line linkage is the simple radius rod (Figure
4.3.2), known as the Panhard rod (track rod in U.S.) when used for lateral axle
location. Of course, in a formal geometric sense, this is anything but a straight-
line mechanism, but it is commonly used because its advantages often outweigh
the inaccuracy of its straight-line approximation. In seeking to provide a straight
line in a given direction it is subject to two kinds of errors. First, the path is non-
linear, having a radius equal to the rod length. Thus a total travel h has a lateral
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Figure 4.3.1. The slider.

path error l(1 – cosθ) where sinθ = h/2l. This error is approximately h2/8l,
showing that the error grows with the square of the travel and inversely with rod
length. For a Panhard rod with a practical length of 1 m, a suspension range of
0.2 m gives a rod angle of up to 6°, with an error of 5 mm. The second kind of
error arises when the rod is not perpendicular to the desired path, this being
equivalent to a misaligned channel in the slider-type mechanism. The influence
of body roll is not as clear as in the case of the slider mechanism. Both roll and
heave of the chassis will alter the height of the pivot, thus introducing errors of
the second kind. Also, the consequences of roll are not symmetrical since the
pivot, normally being on one side of the chassis, will rise or fall according to
direction of roll. The vertical motion of the pivot of a Panhard rod in roll is elim-
inated if the chassis pivot is on the vehicle centerline, but this is achieved at the
expense of shortening the rod and increasing the curvature errors, and is therefore
not normally chosen.

Figure 4.3.2. The Panhard rod (track rod).

A third type of straight-line mechanism is the Watt linkage (Figure 4.3.3).
This may be perceived as a logical development of the radius rod, introducing
compensating errors. As the link BCD rises or falls, the two equal links AB and
DE rotate in opposite senses; C at the mid-point of BD adopts a mean position,
resulting in a remarkably good straight line. The errors depend on the length of
the short vertical link, as does the total limiting range of vertical motion. For sus-
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pension purposes there is negligible error for about half of the total vertical
travel, or over a total range of about one-quarter of the total mechanism width,
neatly encompassing practical requirements of axle lateral location if the full
available width between the wheels is employed. The range of travel can be
increased by angling BCD to lengthen AB and DE, the spacing of A to E remain-
ing constant. Beyond about 30°, however, the linearity begins to deteriorate.

Figure 4.3.3. The Watt linkage.

The Watt linkage can be generalized somewhat; it is not essential for the arms
AB and DE to be of equal length provided that C is located at the appropriate
point along BD to optimally compensate the errors. Simply stated, C must be
nearer to the longer arm, where:

Alternatively, it is possible to have both arms on the same side of the vertical link
(Figure 4.3.4). To retain the error compensation, C must now be on the opposite
end from the short link, with the above proportions still applied. This layout often
appears in the side elevation of rear-axle locations, and also in the front elevation
of independent suspensions, although in this context its relationship to the Watt
linkage usually passes unremarked. Where ground clearance is not important, it
can be used for solid-axle lateral location to give a low roll center, and has been
used in this way as a modification in racing.

A fifth kind is the Roberts straight-line mechanism (Figure 4.3.5). Once
again, this can be considered in terms of compensating errors. As C moves up or
down, the inclinations of AB and CB to the horizontal are kept approximately
equal. For good results, AB, BC, CD and DE should be equal in length and at
equal angles to the horizontal in the middle position. Then C is exactly on AE,
and also passes directly through A and E. It has very little error over the whole
range A to E provided that the initial link inclination θ is kept below about 25°.
Thus links of about 300 mm length at 20° will secure a very good motion over
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Figure 4.3.4. The modified Watt linkage.

an adequate practical suspension range. Its main problem is the need to provide
a low fixture at E; nevertheless it has found application in racing.

This mechanism provides a useful cautionary tale. The instantaneous center F
for the triangular plate is easily found by the usual construction of Figure 4.3.5,
projecting AB and ED, because B must move perpendicularly to AB so the cen-
tro is on AB projected. Thus it is sometimes remarked that this mechanism is
equivalent to a Panhard rod of length CF. This is incorrect; the path for a radius
rod CF is a very poor competitor to the straight line obtained with the true mech-
anism. This difference arises because the instantaneous center itself moves as the
mechanism moves; indeed the reason for the good straight line is that the centro
F keeps pace with C as the latter moves. This keeps CF closely perpendicular to
AE so that at every instant the motion of C, perpendicular to CF, has little or no
component perpendicular to the desired path AE, which is not the case for the
supposedly equivalent radius rod. The truly equivalent radius rod for a given
motion must therefore be derived with some caution; this will be relevant later
when discussing widely used concepts such as the "equivalent swing arm" for
independent suspensions.

Figure 4.3.5. The Roberts linkage.
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The Tchebichef straight-line mechanism (Figure 4.3.6), has a much more lim-
ited useful range; C takes the mean lateral position of B and D, which have com-
pensating motions. The Evans mechanism (Figure 4.3.7), in which the
inclinations of CD and DE compensate, looks reasonably practicable. The Aston
Martin linkage of Figure 4.3.8, which has been used successfully despite its com-
plexity, is well suited to the space that is available adjacent to an axle, and shows
how symmetry can be used to obtain a true straight line. The plate FCJ is prefer-
ably fixed to the body. Links GK and HK ensure that BFG and DJH, which pivot
on FCJ at F and J, must remain symmetrically positioned on FCJ. In a simplified
version, G and H are directly linked, necessary compliance being provided by a
rubber bush or a simple slot.

Figure 4.3.6. The Tchebichef linkage

Figure 4.3.7. The Evans linkage

Figure 4.3.9 shows a close relative of the last one, the Mumford linkage, used
on Mallock racing cars. Here BFG and HJD are still pivoted on the body, but
symmetry is abandoned allowing the simple connecting link GH. Also, by inclin-
ing the links AB and DE, a lower roll center is obtained.
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Figure 4.3.8. The Aston Martin linkage.

Figure 4.3.9. The Mumford linkage.

Figure 4.3.10 shows the Adex mechanism, which was used in the 1920s and
was particularly suited to the chassis construction of that period. Here, DE and
EB act to keep B and D symmetrical about the centerline, and BC and CD there-
fore keep C in the center.

Figure 4.3.10. Adex linkage.

A last example: Taking advantage of the third dimension admits a further
solution, the Alfa-Romeo T-bar (Figure 4.3.11), in this case shown in plan view
instead of rear view; the locus is a true straight line in rear view, but does have
curvature in the side view.
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Figure 4.3.11. Alfa-Romeo T-bar (plan view).

4.4 Two-Dimensional Analysis
This section presents a simple analysis of two-dimensonal suspension-like

mechanisms. In this case the "wheel" must have one degree of freedom relative
to the chassis structure, for vertical motion. This suggests two particularly simple
suspensions: a slider and a single pivot (Figure 4.4.1). The slider corresponds to
the pillar suspension, now practically extinct. The instantaneous center for the
wheel and body is, in this case, at infinity on a line perpendicular to the slider
direction. The pivot corresponds to the swing axle, for which the centro is at the
pivot.

Figure 4.4.1. 2-D suspension.

If we allow the wheel an extra degree of freedom by adding a pivot at the outer
end of the swing-axle pivot arm, then an additional radius rod may be added (Fig-
ure 4.4.2), corresponding to the three-dimensional two-wishbone (two-A-arm)
suspension. The centro of the wheel relative to the body is in this case at the inter-
section of the radius arm lines, at infinity if they are parallel. Alternatively, a
trunnion may be added (Figure 4.4.3); this gives the equivalent of the strut-type
suspension. In general the strut slider does not align with the lower outer pivot.
It usually does align with the trunnion top pivot, although it need not do so. To
find the centro of the wheel relative to the body, the correct radius line for the
trunnion is the line perpendicular to the slider line AB and passing through the
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top pivot point A; the centro of the wheel motion relative to the body is where
this line meets CD extended. This should be distinguished from the steering axis,
which is line AC that goes from the trunnion point A down to the radius arm outer
ball joint C.

Figure 4.4.2. 2-D suspension using two rods.

Figure 4.4.3. 2-D suspension using one rod plus one trunnion.

This range of four suspension types realistically exhausts the elementary geo-
metric types within two dimensions. These suspensions can be divided into two
types: those in which the location is through a single member (pillar and swing
axle), and those in which there are separate upper and lower locations (the double
link, and the trunnion with link). The last two types, although somewhat more
complex, do permit a much wider choice of location of instantaneous center. Of
course, more complex systems can be devised since there is no limit to the num-
ber of links in a mechanism having one degree of freedom.
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4.5 Independent Systems
In the full three dimensions, an unconstrained object has six degrees of free-

dom: three of translation and three of rotation. Relative to the chassis, a wheel
has two degrees of freedom for a given steering position. One of these is rotation
corresponding to normal rolling. The other is for the vertical action of the sus-
pension. The wheel carrier has only one degree of freedom when the steering is
fixed. Since an entirely free object has six degrees of freedom, it is necessary to
provide constraints to remove five degrees of freedom from the carrier, including
the constraint of the steering.

Figure 4.5.1 outlines some constituents of the appropriate constraints. It is
convenient to consider these to be built-up in the following way. A spherical
(ball) joint (a) allows three degrees of freedom. A radius rod (b), ball-jointed at
each end, allows five degrees of freedom, i.e., constrains one degree. The only
constraint of such a radius rod on the two objects that it connects is that it pre-
vents relative motion directly along the rod. Two such radius rods will constrain
two degrees of freedom. These two rods can be connected together to form a
wishbone or A-arm. How the names derived from the shape is visible in Figure
4.5.2, but they are now used interchangeably, with the term "A-arm" favored in
U.S. while "wishbone" is used in U.K. The wishbone constraint results in one
point on member D being constrained to move in an arc about an axis through
the two spherical joints on A, leaving D four degrees of freedom. The same result
is obtained by a pivot arm that is ball-jointed to the carrier (Figure 4.5.2(c)). The
term wishbone will be used generically for wishbones and A-arms, and pivoted
arms with a ball-joint at the end. On the other hand, if member D is simply piv-
oted directly on member A, equivalent to locking the three degrees of freedom
of the spherical joint on D, then only one degree of freedom remains. Evidently
this gives a complete suspension unit, i.e., the wheel carrier has a "rigid arm" (as
opposed to a wishbone) that is pivoted only on the chassis, for example a trailing
arm (Figure 4.5.3).

The wishbone and rigid arm are shown in Figures 4.5.1(c) and (d), respec-
tively. The trunnion connection in three dimensions (e) provides two degrees of
constraint – the inner slider (at its notional extended point next to the trunnion
pivot) cannot move in either of the two directions perpendicular to the slider
alignment. Thus the trunnion constrains two degrees of freedom. The universal
joint (f) constrains plunge and rotation. The shaft spline (g) allows plunge but
constrains rotation. The plunging universal joint (doughnut) (h) constrains rota-
tion and radial motion in two directions. The sliding pivot (j) is free to slide and
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Figure 4.5.1. Various suspension elements.
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Figure 4.5.2. Plan views: (a) wishbone, (b) A-arm, (c) pivot arm.

Figure 4.5.3. Rigid semi-trailing arm.

rotate. The torsion link (k), a torsionally rigid link between two pivots, removes
four degrees of freedom.

The above classification makes it possible to list the practical range of simple
independent suspension types. The practical combinations to constrain five
degrees of freedom are presented in Table 4.5.1, showing the constraints in
brackets.

It is of course necessary that all alignments are appropriately made so that no
member s are geometrically redundan t . Also , the list is not exhaustive. The twin-
trunnion plus rod, for example, is certainly possible, even if unlikely in practice.
More complex combinations are, of course, always possible.
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Table 4.5.1 Practical Link Combinations

The directly pivoted carrier, i.e., the rigid arm of Figure 4.5.3, does not admit
the possibility of steering, but is widely used at the rear for both front- and rear-
wheel drive. It is mainly characterized by the pivot angle θ to the vehicle center-
line. If θ is 90°, it is a plain trailing arm. If θ is 0°, it is a transverse rigid arm,
sometimes loosely called a swing axle. In the particular case that the axle, with
no plunge freedom, forms part of the arm, then it is a true swing axle. Intermedi-
ate values of θ, mostly in the range 15° to 30°, give the semi-trailing arm.

The twin wishbone plus rod suspension is widely used for the front, with the
rod controlling the steering. The wishbone pivot axes are usually roughly parallel
to the car's centerline. However, pivot axes perpendicular to the centerline give
the twin trailing arm (e.g., VW Beetle). There have even been cases of perpen-
dicularity of the two axes in plan view (e.g., Rover 2000). Twin wishbones at the
rear is unusual on road vehicles. The all-around wishbone system is the classic
and universal method adopted for purpose-designed racing care in recent years

The combination of trunnion and wishbone is widely used at the front, and is
continuing to gain in popularity. This includes the classic Macpherson strut, in
which the front member of the effective wishbone is the lever of the anti-roll bar.

The use of a trunnion at the rear is relatively unusual, again tending to be
restricted to vehicles aspiring to particular handling qualities. A trunnion plus
three rods has been used in some cases. One interesting special case is the Chap-
man strut, where one of the rods is provided by the fixed-length driveshaft.

Where a wishbone is used at the rear, the wishbone plus toe-control rod can
become difficult to distinguish from three rods (Figure 4.5.4). Types (c) and (d)
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are often referred to as reversed wishbones, since the pivot axis of the "wish-
bone" is on the wheel carrier rather than the chassis.

Figure 4.5.4. Rear wishbone plus rod, plan views.

The torsion link plus rod has been used at the rear, with the torsion link below
and the fixed length driveshaft acting as the extra rod. In practice the torsion link
has inadequate stiffness against tractive forces, so it is supplemented by an addi-
tional link forward from the hub.

The five-link independent suspension has only recently come to fruition. It
offers the possibility of achieving certain desirable load–distortion properties
that will be discussed later. In general, its geometric behavior requires computer
analysis. The other systems can be considered as special cases where simple rela-
tionships among the links permit a comprehensible analysis. Although the mov-
ing two-dimensional body always has an instantaneous center (in a given
coordinate system) even if this is at infinity, the motion of a three-dimensional
body does not necessarily reduce to rotation about an instantaneous axis – there
is in general an axial velocity left in addition to the rotation. In a number of prac-
tical suspensions, however, the linkage system is such that there is an instanta-
neous axis of rotation for the wheel carrier. Generally, this is so if all motion is
parallel to a single plane. This is always true for the rigid arm. It is also true for
double wishbones provided that the pivot axes are parallel (and that the toe-con-
trol rod is in sympathy). Steering permitting, it will be approximately true for the
trunnion and wishbone because the trunnion will behave as the notional infinite
wishbone with its axis parallel to the bottom wishbone axis.
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4.6 Dependent Systems
A dependent (i.e., non-independent) system is one in which the location of

one wheel depends in a direct way on its partner on the other side. The depen-
dence must be essentially geometric – an anti-roll bar on an independent system
is not considered to make it dependent.

In the normal dependent system, i.e., the axle in its narrower sense, the wheel
carriers are rigidly connected together so that the whole can be considered as one
unit. Axles are broadly divided into three kinds:

(1) The dead axle – used at the rear with front drive, having un-
driven wheels.

(2) The live axle – has driven wheels and carries the differential in
an integrated unit.

(3) The de Dion axle – has driven wheels but does not carry the
differential.

Live and de Dion axles have more stringent location requirements, particularly
for rigidity to avoid large displacements or large-amplitude axle vibrations when
tractive forces are applied.

The axle must have freedom to heave and roll relative to the body, hence
requiring two degrees of freedom, i.e., a four degrees-of-freedom constraint.
This can therefore be achieved by four radius rods (Figure 4.6.1(a)). It is com-
mon practice to introduce an extra link to provide two links above the axle (Fig-
ure 4.6.1(b)). Although this is geometrically redundant, it affects the stiffness and
hence the response to forces. The Panhard rod lateral location of Figures 4.6.1
(a), (b) and (c) can, of course, be replaced in any of these examples by an alter-
native such as a lateral Watt linkage. The upper longitudinal links can be turned
around to also give the Watt type linkages (Figure 4.6.1(c)). Alternatively the
two top links can be angled to provide lateral location, thus eliminating the need
for the Panhard rod and reducing the number of links back to four (Figure
4.6.1(d)).

This upper link pair is sometimes formed into a single wishbone, or a T-bar.
The lower links may also be inclined inward (Figure 4.6.1(e)). There are several
systems using a single front ball-joint (three degrees of constraint), plus a lateral
location. These may be wide-based at the rear (Figure 4.6.1(f)), or the so-called
"torque tube" (Figure 4.6.1(g)), a singularly unfortunate name since it does not
resist significant engine torque except on those rare cases where it is mounted
rigidly to the engine unit, but does oppose axle pitch.
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Figure 4.6.1. Axle location systems.



Suspension Components 201

Figure 4.6.1. Axle location systems (continued).

As these examples show, the lateral location of an axle may be achieved as
part of the function of a convergent link pair (or pivot arm), or by a dedicated
system such as a Panhard rod. The sliding block and channel gives an accurate
straight-line path, but there are large lateral forces so it has substantial friction
and consequently also wears, although a roller-bearing system might resolve this.



202 Tires, Suspension and Handling

The depth of channel, which must be significantly greater than the total axle
movement, would be inconvenient in many cases. The Panhard rod is simple and
easily adjustable for suspension tuning, although it gives a relatively poor
straight line. It is a likely choice at the rear for a front-wheel-drive vehicle, where
it has been demonstrated to be highly successful (Alfa Sud, Saab). However, for
rear-wheel drive it does not seem to be so satisfactory, and then one is more likely
to find good handling where there is a Watt linkage. The Alfa-Romeo Giulia
series used a T-bar with success, although this was later abandoned in favor of
the Watt linkage, possibly to achieve a lower roll center. The Roberts mechanism
offers good straight line accuracy and is compact laterally, but rather deep. It has
found use on some competition cars but does not seem to have found application
in quantity production.

4.7 Compliant Link Systems
Although not a new idea, semi-dependent systems have recently come to

prominence, particularly at the rear of small front-drive vehicles. Figure 4.7.1
shows a trailing twist axle in which an essential variable is the position of the
transverse connecting member. This transverse member is rigid in bending,
hence locating the wheels in plan view, but it has torsional compliance, allowing
roll and acting as an anti-roll bar. Independent (trailing arm) and dependent
(beam axle) represent two particular extreme cases of a continuous range of trail-
ing twist axles. The camber angle of the wheels in single-wheel bump (or when
the body is rolled) depends on the geometry and rigidity of all the members. With
the cross beam behind the wheel centers it is even possible to camber both wheels
into the corner.

Figure 4.7.1. Trailing twist axle (plan view).
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Leaf springs are capable of providing location in both directions perpendicu-
lar to the direction of maximum compliance. The use of leaf springs has been
reducing over the years on passenger vehicles, although the Hotchkiss drive (live
rear axle plus two leaf springs) has been persistent and is still popular on com-
mercial vehicles. New materials such as glass-reinforced plastics for the leaf
springs may give it a new lease on life. Two example applications will be con-
sidered here: first a cantilever ("quarter elliptic"), and second a typical rear-axle
location by a beam spring ("half elliptic") on each side. The term "elliptic" stems
from stagecoach days when curved back-to-back beam springs were indeed
roughly elliptical. Terms such as semi-elliptic and quarter-elliptic are really mis-
leading because in practice there may be little or no curvature visible.

The cantilever type is exemplified by the front transverse multi-leaf beam
clamped rigidly at the center, since this acts as two independent cantilevers. It
was also adopted by Bugatti for rear-axle location as a leading arm, presumably
for reduced unsprung mass. Since the leaf spring is designed, approximately at
least, for uniform surface stress, the radius of curvature under load is roughly
constant along its length, while the length itself is hardly changed at all. The geo-
metrically equivalent radius arm length is approximately 0.75l. The cantilever
form finds little application today; it has been superseded by separate geometric
location, with a coil spring.

The leaf spring has survived longer at the rear as a complete beam (Figure
4.7.2(a)), in this case often initially curved and with a shackle (short radius arm)
at the rear to permit effective length changes. Equivalent linkages can be con-
structed usually based again on a constant radius model, typically as Figure
4.7.2(b), where the center link remains horizontal. Evidently the equivalent link-
age is highly dependent on the particular application. If the leaf is very rigid in
front of the axle (a common modification in sedan car racing), then the equiva-
lent linkage is effectively a simple trailing arm with a spring applied at the rear.

Figure 4.7.2. Full leaf spring and equivalent linkage.
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4.8 Spring Types
Springs are components designed to have a relatively low stiffness compared

with normal rigid members, thus making it possible to exert a force that varies in
a controlled way with the length of the member. Springs are generally classified
according to the material used and the way that the forces and corresponding
stresses occur. As far as vehicle handling is concerned, it is the apparent proper-
ties of the "spring unit" that matter, i.e., force, stiffness, inertia, friction, etc., as
felt at the wheel, rather than the precise way in which those results are achieved.
Therefore the choice of a springing medium, such as nitrogen, rubber or steel,
does not in principle pre-empt the achievement of any particular handling quali-
ties. The wide range of systems in practical use today shows that no overwhelm-
ing advantage has been demonstrated for any particular type of spring.

The most obvious first decision is that of the state of the springing medium:
solid, liquid or gas. A gas is of course highly compliant, and therefore little mass
is required for a given energy storage. Even when the necessary associated con-
tainers are included, it is competitive. Typically, nitrogen is used at about 2.5
MPa. Of course, most vehicles are already fitted with four air springs: the tires.
Among liquids, oil is relatively compressible and is used in aircraft oleo legs, but
is not favored for normal ground transport. Water and water–alcohol mixtures
have a relatively small compressibility and are therefore not used as the actual
spring medium, although they are commonly used as the working hydraulic fluid
for force transfer to a rubber spring, e.g., hydrolastic, or to a gas spring, e.g.,
hydragas.

Among solids, rubber is pre-eminent in offering a high natural compliance.
Indeed, new synthetic materials with high compliance are usually described as
rubber, so this is perhaps better seen as a definition of the term "rubber." In order
to achieve the extreme fatigue life necessary, rubber is best used in a combination
of shear and compression.

For metal, the stiffness in direct compression and tension is very great, so
bending or torsion is used. The beam spring (i.e., in bending – the leaf spring)
has a rectangular-section bending stiffness of ab3E/12 where b is the dimension
perpendicular to the bending axis, and E is the material normal stress modulus
(Young's modulus) – about 205 GPa for steel. Figure 4.8.1 is the bending-
moment diagram of a typical leaf spring and shows that the strength requirement
varies considerably along the beam. Since it is desirable to use a thin beam (small
b rather than small a) to give the required compliance, the best shape is a dia-
mond, i.e., one that has a width in proportion to the bending moment, but of con-
stant section depth. This also has excellent rigidity against side forces, i.e.,
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bending about the other axis. Because of the likely inconvenience of the great
width at the center, it is usual to "slice up" the diamond shape and to place the
slices on top of one another. The bending stiffness in the normal load direction
is the same. It is reduced for transverse loads, but still higher by a factor (a/b)2.
The bending stress distribution means that the material near the centerline of
each leaf is hardly stressed; the leaf is, in practice, too thin to take advantage of
the I-section shape prevalent among deeper structural beams. All of the above
comments also apply to the cantilever spring, which can be considered to be one-
half of a beam spring.

Figure 4.8.1. Bending-moment diagram of beam (leaf spring).

A more efficient utilization of material is achieved by a torsion bar, because
with the circular section the bulk of the material is nearer the edge, and is oper-
ated nearer to the highest stress. A hollow section may be used, eliminating the
relatively understressed core. Controlled overloading and yielding can modify
the working stress distribution usefully for solid bars. This reduces the surface
stress and hence improves the fatigue life. The angular displacement under a load
torque is

where G is the shear modulus (80 GPa for steel) and J is the polar second moment
of area,

for a concentric tube. For a solid rod, ri is zero, and the torsional stiffness varies
as the fourth power of diameter.

The coil spring is essentially a coiled torsion bar, as may be seen by observing
the loading on a cross-section of the spring wire. As a complete unit it is gener-
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ally loaded in compression for suspension applications. For a load of this kind,
the deflection is given approximately by

where F is the force magnitude, D is the coil diameter between centers, N is the
number of working turns, G is the shear modulus and d is the wire diameter. The
stiffness is

Thus the stiffness depends on the fourth power of the wire diameter, and varies
inversely with the cube of the spring diameter and inversely with the number of
working coils.

The coil spring generally has rather little stiffness laterally and in bending,
although these may cause some increase of the effective stiffness for suspension
geometries that give large angular changes at the spring seats. The performance
of the spring is sometimes varied by designing it with varying coil spacing, vary-
ing coil radius or varying wire diameter, so that the spring progressively closes,
reducing the number of working turns and increasing the stiffness.

The modern high-quality coil spring is produced on complex automatic
machinery. The leaf spring, in contrast, is relatively easily manufactured without
special facilities, and this, coupled with the fact that it also provides fore and aft,
lateral and pitch angle axle location very cheaply, was the reason for its very
widespread use in the early days of motoring. Although the steel leaf spring is
generally regarded as rather heavy and inferior to a link and coil system, the use
of glass-reinforced plastic leaf springs offers possible weight savings and has
resulted in a new interest in this old design. Transverse glass-reinforced plastic
(GRP) beam springs with link location have recently been used on a production
sports car.

4.9 Spring Linkage Geometry
The spring can be brought to bear on any moving part of the suspension. For

the wishbone and trunnion suspension, it is natural to place a coil spring around
the trunnion unit, as for example on the Macpherson strut, although the spring is
sometimes placed elsewhere. For the double wishbone, common at the front, the
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spring usually operates on the lower arm since this is more compact overall.
When this space is occupied by a driveshaft, the spring can act on top of the upper
arm. For many years purpose-designed racing cars usually had the spring unit
attached diagonally, acting at the outer end of the lower wishbone. The era of
ground-effect aerodynamics called for a reduction in drag and turbulence from
the front, so rocker arms, pullrods and pushrods, combined with internal springs,
became more popular. For a rigid arm, such as a typical rear trailing arm, the
spring unit may operate down on the arm, or is sometimes placed horizontally,
acting on a tongue.

In general the spring compression or extension is different from the wheel dis-
placement, and their ratio is not constant. The force at the spring is generally
greater than that at the wheel, but because the required range of motion is corre-
spondingly reduced, the energy storage and hence the material requirements of
the spring are not dependent on the ratio. The wheel motion ratio may be
expressed either as the motion at the spring divided by that at the wheel, or as the
motion of the wheel divided by that at the spring. The former will be used here.
To achieve a given effective suspension stiffness at the wheel, the spring stiffness
required depends on the motion ratio squared. In practice, the motion ratio may
be far from constant, and this may be done deliberately to give a rising rate sus-
pension, i.e., an effective stiffness that increases as the wheel rises.

Neglecting detailed arrangements which may have some secondary influence,
for example through rubber bush distortion, the important parameters for han-
dling analysis are the force at the wheel and the stiffness at the wheel, which is
usually called the wheel rate. It is sometimes considered desirable for the wheel
rate to increase as the wheel rises, i.e., for the force to increase nonlinearly, so
that when heavily loaded the vehicle has increased wheel rates. This may be
achieved by the characteristics of the spring unit. Gas and rubber springs have
this kind of behavior due to the material itself. Steel coil springs can do so if the
coils are unevenly spaced, or if the wire diameter is tapered, so that they close up
progressively. Leaf springs do so if initially curved so as to be separate. Alterna-
tively, it may be achieved through a variable motion ratio of the linkage by hav-
ing an increasing moment arm for the spring as the wheel deflects. The latter
method is more amenable to adjustment and control, and can also give progres-
sive damping.

The use of torsion bars for basic springing requires that space be found for the
long bars. This length can be reduced by using a compound rod, i.e., a rod in a
tube, fixed together at one end. Alternatively several thin rods in parallel can be
used. The rod may be mounted anywhere and connected to the geometric links



208 Tires, Suspension and Handling

by a "drop-link" – a short radius rod. In practice there are two typical installa-
tions. First, a bottom wishbone (front suspension) will be splined directly to the
torsion bar which lies parallel to the vehicle centerline. Second, the rod is trans-
verse, and splined to a trailing arm (rear) or a wishbone with transverse axis
(front).

Whatever the means of providing springing, to find the effective force at the
wheel generally requires some analysis. For coil spring or equivalent units, the
extent of spring compression must be found from a series of position diagrams.
The effective spring rate at the wheel for any particular position is related to the
actual spring force by the mechanical advantage. If friction is neglected, or dealt
with separately, then the mechanical advantage and the motion ratio are recipro-
cal and may alternatively be found by constructing a velocity diagram. This pro-
cess can be computerized, of course. This is reasonably easy in two dimensions,
but a considerable task in three dimensions if general designs are to be handled.
The analysis requires not only the solution of intersecting spheres and circles,
and so on, but some logical process to select between alternative solutions to qua-
dratic equations.

There may be some secondary contributions to stiffness. The distortion of
rubber bushes is one, adding perhaps 10% to the wheel rate. This can be calcu-
lated for some cases, such as simple cylindrical bushes in rotation. Another
source of force is the pressurized gas-filled damper. The typical pressure of 2.5
MPa, acting on the piston-rod cross-sectional area, may exert a force of about
200 N which will raise the suspension a few millimetres. This pressure is, how-
ever, not highly dependent on position, so the effect on suspension stiffness is
small.

Inevitably there are limitations on the possible movement of any suspension.
If no explicit provision has been made, then eventually there will be metal-to-
metal contact between suspension arms and body, or the wheel will strike the
body, or the spring will become coil-bound. In view of the harshness of such
occurrences to both passengers and vehicle, it is normal to provide bump and
droop stops which soften the final blow. These are usually in the form of a
molded rubber block which is squeezed between a suspension arm and the body
at an appropriate point.

It is sometimes not possible to provide such a stop, for example for an axle in
droop. In such a case the dampers are sometimes allowed to define the limit, or
straps may be used.
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4.10 Roll and Pitch Springing
The provision of stiffness has so far been examined in the context of a single

wheel. However, the position of the body in relation to the road, as far as suspen-
sion location is concerned, should also be considered. It is essentially one of
heave, roll and pitch.

Body roll is geometrically equivalent to the raising of one wheel and lowering
of the other one, while heave is equivalent to equal motion of the two wheels in
the same direction. Thus, for conventional suspension, springing at each wheel
will contribute to both body heave and body roll stiffnesses. However, the result-
ing values may not be as required; it may be desired to have more roll stiffness
without increasing the heave stiffness, or sometimes vice versa. This can be
achieved by appropriate spring design and coupling.

A zero roll-stiffness suspension may be produced by arranging for roll to have
no effect on the springs. Figure 4.10.1 shows one example; the spring is con-
nected only to the two parts of the axle, not to the body. The transverse leaf spring
can be given this characteristic if provided with a central pivot. The illustration
shows a swing-axle type suspension, but equivalent systems for more advanced
independent systems or for true axles are easily devised. The use of a swing-axle
illustration is in fact appropriate, because they do generally benefit from the use
of only a small roll stiffness to reduce load transfer which causes problems for
this type of axle. Another possibility is the Z-bar (Figure 4.10.2). Provided that
the two lever arms are equal and the suspensions are symmetrical, there is no roll
stiffness. The positioning of the body pivots for the Z-bar is not critical but they
should be well spaced and symmetrically disposed about the vehicle centerline.
Its operation is best imagined by considering the Z-bar rotating – one wheel rises,
the other falls; this is equivalent to body roll. Body heave causes opposed
motions of the end levers, putting the center section into torsion. Hence the Z-bar
gives heave stiffness with no roll stiffness. In practice a zero roll stiffness system
is likely to be combined with conventional springing to give the desired overall
combination of properties.

It is also possible to devise elements that provide stiffness in roll only, with
no heave stiffness. In practice, one particular type is used more-or-less exclu-
sively – the anti-roll bar (Figure 4.10.3). It is a direct corollary to the Z-bar;
although shaped as a U it is rarely called a U-bar. The end levers must be of equal
length with symmetrical suspension, or a heave stiffness results. Again, in prac-
tice the anti-roll bar is combined with conventional springs to give the desired
overall properties.
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Figure 4.10.1. Zero roll-stiffness suspension (rear view).

Figure 4.10.2. Z-bar of no roll stiffness (plan view).

Figure 4.10.3. Anti-roll bar with pure roll stiffness (plan view).

A combination of Z-bar and anti-roll bar can provide any required combina-
tion of heave and roll stiffness. In principle either one of them, using unequal
lever arms, could provide a required combination, although this is not done. In
practice, the usual requirement is for the roll stiffness to exceed that obtained
from the springing selected for heave stiffness, so the use of anti-roll bars is com-
mon, combined with conventional springs. The opposite case, a requirement for
particularly low roll stiffness, seems to be restricted to the virtually defunct
swing-axle suspension, and that is where the Z-bar finds its primary evolutionary
niche.

Because of their torsion and stiffness, longitudinal leaf springs have an anti-
roll effect which can contribute typically 40% to the total body roll stiffness. If
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there is extra lateral location, for example a Panhard rod at a different height from
the leaf springs, then the consequent lateral bending of the leaf springs can give
considerable additional roll stiffness.

As will be discussed in more detail later, the distribution of roll stiffness
between front and rear axles is used for adjustment of handling qualities. To con-
trol the limit handling balance, it is quite common on racing cars to have the roll
stiffness at one axle adjustable by the driver without stopping. This is typically
done by using an anti-roll bar with one lever arm of thin wide section that can be
rotated to change its effective bending stiffness.

In contrast to roll, in pitch the basic springing tends to give rather a high stiff-
ness for comfort, especially for small vehicles. Thus some fore-and-aft intercon-
nection may be used in the furtherance of ride quality if not handling. The front-
to-rear Z-bar has been used to provide basic heave springing, coupled with tor-
sion-bar support for pitch springing, plus front and rear anti-roll bars. The trans-
verse anti-roll bars have no effect on pitch or heave at all. Front-to-rear
interconnection to reduce pitch stiffness is perhaps more easily achieved with
hydraulic suspension systems.

Front-to-rear connection to increase pitch stiffness, for example by longitudi-
nal U-bars, is not used on passenger vehicles. It has, however, been suggested for
racing vehicles to reduce the pitching and associated wheel camber changes that
are detrimental to braking with modern wide tires, and even more importantly to
avoid shift of aerodynamic downforce, which is very pitch-sensitive on many
racing cars.

4.11 Damper Types
The damper is commonly known as the shock absorber, although the implica-

tion that shocks are absorbed is misleading. Arguably, the shocks are "absorbed"
by the deflection of the tires and springs. The purpose of dampers is to dissipate
any energy in the vertical motion of body or wheels, such motion having arisen
from control inputs or from disturbance by rough roads or winds. As an agglom-
eration of masses and springs, the car with its wheels constitutes a vibrating sys-
tem that needs dampers to optimize control behavior by preventing response
overshoots, and to minimize the influence of some unavoidable resonances. The
mathematical theory of vibrating systems largely uses the concept of a linear
damper – with force proportional to extension speed – mainly because it gives
equations for which the solutions are well understood and documented, and usu-
ally tolerably realistic. There is no obligation on a damper to exhibit such a char-
acteristic; nevertheless the typical modern hydraulic damper does so



212 Tires, Suspension and Handling

approximately. This is because the vehicle and damper manufacturers consider
this to be desirable for good physical behavior, not for the convenience of the the-
orist. This characteristic is achieved only by some effort from the manufacturer.

Damper types, which are explained later, can be initially classified as friction
(solid elements) or hydraulic (fluid elements), the latter being the only type fitted
in recent times. The friction type came originally as sliding discs operated by two
arms, and later as a wrapped belt, the "snubber." The hydraulic varieties are
lever-arm and telescopic. The lever-arm type uses a lever to operate a vane, now
extinct, or a pair of pistons. Telescopics, now most common, are either double-
tube or gas-pressurized single-tube.

The history of damper development is virtually as old as that of the car itself.
Before 1900, Paris cycle engineer Truffault invented a friction disc system of
bronze and oiled hide pressed together by conical disc springs and operated by
two arms with a floating body. Between 1900 and 1903, he developed a version
for cars at the instigation of Hartford in the U.S., who began quantity production
in 1904. In 1901 Horock patented a telescopic hydraulic unit, laying the founda-
tions of the modern type, while in 1902 Mors actually built a vehicle which used
simple hydraulic pot dampers. In 1905, Renault patented an opposed-piston
hydraulic type, and also patented improvements to Horock's telescopic type,
establishing substantially the design used today. Renault used the piston type on
his 1906 Grand Prix cars but not on his production cars. Meanwhile Houdaille
started to develop his double-arm vane type. Caille proposed the single-lever par-
allel-piston variety in 1907. In 1909 a single-acting Houdaille vane type was fit-
ted as original equipment, but this was an isolated success for the hydraulic type,
the friction-disc type remaining dominant. In 1915 Foster invented the belt
"snubber" which had great commercial success in the U.S. The beginning of a
turnaround to telescopics was the introduction by Lancia of the double-acting
hydraulic unit incorporated in the front independent pillar suspension of the
Aurelia in 1924. 1930 saw the issue of Armstrong's telescopic-type patent, and
Monroe began manufacture of telescopics in 1934. In racing, at Indianapolis the
hydraulic vane type arrived in the late 1920s and was considered a great step for-
ward; the adjustable-piston hydraulic appeared in the early 1930s, but the tele-
scopic was not used there until 1950. In 1947 Koning introduced the adjustable
telescopic. The one remaining major advance was the gas-pressurized, single-
tube telescopic, invented by de Carbon in the same period and manufactured
from 1950.

Each damper type has some advantage, although the hydraulic, particularly
telescopic, now reigns supreme. The simple friction-disc was light and cheap and
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easily adjusted, even remotely while driving. However, its characteristic is that
of typical Coulomb friction, reducing with speed. It was sensitive to water or oil
contamination, and it is not easy to arrange for controlled asymmetry of force.
Perhaps it is fanciful to suggest that materials might be developed with a contact
friction rising in a suitable way with sliding speed, although this is not a priori
impossible. The Coulomb friction gives poor ride and handling by present stan-
dards, and there is little incentive to abandon fluid dampers, so the friction-disc
damper seems to be defunct.

The belt snubber was a strap wrapped around a pair of spring-loaded wooden
blocks and fixed to one of them. Release of tension allowed the block to expand
to take up slack. Pulling the strap gave a tension presumably governed by the
usual exponential function for wrapping members as applied to drive belts, ropes
on bollards and the like. Thus it was single-acting, on rebound only, although still
not speed-dependent. SAE defines the term snubber to mean any type of damper
using Coulomb friction. It seems unlikely that snubbers will return for basic
wheel damping.

Of the hydraulics, the vane type is seriously disadvantaged by the long seal
length at the vane edges, giving wear problems, and seems to offer no adequate
compensating advantages. This leaves those types based on motion of one or
more pistons in cylinders. There are various possible configurations, since all
that is fundamentally needed is to move the fluid through a restriction. They fall
into two distinct categories: the lever type with two pistons, and the telescopic
with one piston. The lever types are opposed piston, parallel piston, and parallel
piston operated by involute cams. In practice, to provide different bump and
rebound characteristics, two passages and two restriction control valves are gen-
erally provided. If the fluid, after its pressure drop, passes directly into the other
cylinder, which is the normal arrangement, the same fluid is continuously re-used
so good heat transfer around the passages is important to keep temperatures
under control. This problem is eased if the fluid is exhausted to the reservoir
above the pistons, giving a general circulation, but demanding high-flow replen-
ishment circuits. The small fluid-circuit volume means that lever dampers are
sensitive to gas in the circuit, but fortunately the body is mounted to the vehicle
sprung mass and the fluid circuit is normally isolated below the pistons, so aera-
tion is minimized.

The telescopic types (Figure 4.11.1) are most easily understood in reverse
order of invention. The arrows shown indicate the fluid flow direction when the
valve is restricting the flow in a controlled way. The emulsified type (Figure
4.11.1(a)), is simply a piston and rod in a fixed-volume cylinder full of an emul-
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sion of oil and gas (nitrogen). The gas separates out when the car is parked, but
re-emulsification is achieved quickly and therefore separation does not seem to
be a problem. The piston contains two valves, one that controls the pressure dif-
ferential across the piston during bump, and the other in rebound. These are cal-
ibrated appropriately for the emulsion, not pure oil. During bump (compression)
an increasing volume of the piston rod is contained in the cylinder; this causes a
pressure rise, and is the reason why it is necessary to have some gas present. This
pressure exerts a force on the piston-rod area, trying to expand the damper. Alter-
natively, the anti-emulsion single-tube damper has the gas separated at one end
by a floating piston. Otherwise the function is similar. For these single-tube types
there is little problem of reduced effectiveness in sustained use, even on quite
rough roads. Hence they are popular in rallying and off-road racing.

Figure 4.11.1. Telescopic dampers.

The remote reservoir anti-emulsion type reduces the need for a gas separator
piston, especially if the reservoir is chassis-mounted and connected by flexible
tubing. This may help cooling in difficult conditions. Arranging the reservoir as
an annulus around the main working cylinder gives the double-tube type (Figure
4.11.1(b)). This type is inherently poorer at cooling, although it is improved by
arranging some circulation from the top of the inner tube out into the reservoir
during rebound. All other types can be mounted upside-down with the lighter pis-
ton-rod end on the wheel.
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The telescopic damper is not entirely free of problems. The double-tube type
must be mounted with the reservoir end on the suspension; this is subject to
severe agitation, and although baffles or an annular piston are helpful, aeration is
generally a problem in severe conditions. This has been alleviated by anti-foam-
ing agents and solved by the single-tube type. However, the latter type is more
prone to damage by stone impact because the active cylinder is exposed. A
potential problem with the pressurized type is loss of pressure which may occur
over a period of twelve months or so. Oil sealing has been really successful only
with the arrival of chromed piston rods of excellent finish running in synthetic
rubber seals. Temperature effects have been alleviated by high-viscosity-index
oils.

4.12 Damper Characteristics
Hydraulic dampers have substantial advantages in that the damping force can

be made a function of speed and direction, and even of position. Positional
change of damping effect has rarely been used on cars so far, although it is com-
monly used on motorcycles to act as a bump stop for the front forks. This can be
achieved by placing the bump valve in the side of the working cylinder so that
the piston passes it, then forcing fluid through a smaller orifice at the bottom. An
important advantage is absence of the bounce that occurs with a rubber stop. One
make of damper has used a fluid bypass around the piston central position, with
the intention of reducing the damping to improve the ride on smooth roads, while
retaining good control of larger suspension excursions. Some positional modifi-
cation of the damping rate, as seen at the wheel, may be achieved by the connect-
ing linkage geometry, as for springs. Positional variation within the damper itself
has been used in racing, but nowadays this is preferably achieved through con-
trolled variation of the motion ratio.

Some advantages may be gained by pressurizing the entire damper, typically
to 2.5 MPa cold. This is essential for the anti-emulsion single tube to operate the
secondary piston; it is normally done to single tubes, but not to double tubes.
Such pressurization means that the flow return valves previously designed to
have very low resistance can now contribute to the damping without causing the
low pressures (below 100 kPa absolute) liable to cause cavitation. As a conse-
quence of the pressure acting on the piston-rod area, there is a force of typically
300 N attempting to expand the damper, even near full extension, and this
increases at about 500 N/m as it shortens. This is at normal temperatures, and
may double in severe use.
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In order to achieve the desired basic damping characteristic, i.e., the relation-
ship between force and speed, it is necessary to employ a valve system – simple
orifices are inadequate. When a fluid passes through a hole or tube there are two
contributions to the pressure drop. One is the viscous drag at the walls, which for
the usual turbulent flow is roughly proportional to the flow rate squared. The sec-
ond is dissipated kinetic energy, at the entry and exit, which depends on the den-
sity rather than viscosity, and is again proportional to the flow rate squared for a
given hole. Use of the second effect in preference to the first would reduce sen-
sitivity to viscosity and hence to temperature. In either case, illustrated in Figure
4.12.1, line A shows the variation of force with velocity for a given hole. The
addition of a larger hole B in parallel gives line A + B. By applying to B a valve
which opens progressively, a transitional characteristic is obtained. Proper
choice of the basic jet sizes A and B and the progressive qualities of the valve
enable quite a good straight line, or other desired shape characteristic, to be
achieved. These are referred to as stages: stage 1 is valve closed, stage 2 is valve
partially open, stage 3 is valve fully open. The valve begins to open at typically
0.1 m/s damper speed, and is completely open at several metres per second.

Figure 4.12.1. Damper characteristic.

The typical car damper is designed to exert only about half the force in bump
as in rebound. A large rebound coefficient helps to stop the wheel from dropping
into potholes. Very early dampers acted only in bump, working as a buffer to dis-
courage bottoming of the suspension (hence the name shock absorber). Some
later types operated only in extension. However, it is now considered that the best
all-around behavior is achieved if, for a given total damping, 60–70% is on the
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rebound stroke. This is expressed as, for example, a 30/70 bump to rebound
(compression to extension) ratio. The order in which the proportions are quoted
is usually bump/rebound, but this is not always so. Fortunately, it is reasonably
safe to assume that the larger figure is for extension. In vehicle dynamics analy-
sis, because of this asymmetry a bilinear damper model is frequently used: this
is an asymmetric damper with a linear force-velocity relationship but different
coefficients for the two directions. With asymmetric rates, oscillating damper
motion results in a non-zero mean force which slightly lowers the body, undesir-
able on a rough road. This is called damper jacking.

Adopting a proportional model, the damper characteristic can be expressed
simply by the slope of the force–speed curve, i.e., the damping coefficient c, typ-
ically 2 kN/m s 1 or 2 kNs/m. For a lever-arm damper this is evidently dependent
on the arm length. It is, of course, the effective force at the wheel that matters. It
is therefore necessary to establish the motion ratio between wheel displacement
and damper length or arm position. This motion ratio R may vary with wheel
position – it is typically about 0.7 for a separate damper (there is less damper
movement), and near to 1.0 for a damper incorporated in a strut. For a given
wheel speed the damper speed and force is thereby reduced, and the damper force
itself is further levered down as seen at the wheel; so the damping effect is pro-
portional to R2, for a linear damper at least, as was found for spring rates. The
energy dissipating service required does not depend on R, so it is a matter of pro-
viding a larger-diameter shorter-stroke unit for a bigger R.

The damping forces seen at the wheel can be expressed in various ways. For
example, dividing the total damping coefficient at the wheels in bump by the
vehicle weight gives a characteristic speed, of order 10 m/s, representing a
notional steady sink rate at which the car would settle on its suspension when
resisted by its dampers without spring support. However, the optimum damping
depends not just on the vehicle mass, but on the spring stiffness too, so it is better
to refer to the classic vibration concept of damping ratio. This is a poor approxi-
mation to apply when damping in the two motion directions is different, but it is
useful in a qualitative way. Figure 4.12.2 shows the behavior of a system for var-
ious damping ratios, ζ, when released from a deflected position. A damping ratio
of 1.0 just prevents overshoot. A more lightly damped vehicle, such as the aver-
age car, will have some overshoot, e.g., ζ = 0.4. The average damping ratio for
body motion is typically in the range 0.2 to 0.6. Opinions regarding the optimum
damping ratio seem to vary over a range of at least 2:1, which is not surprising
in view of the subjective nature of ride assessment. Competition vehicles are
likely to have twice the damping ratio of a normal passenger vehicle.
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Figure 4.12.2. Free response with various damping ratios in linear damping.

Operation of the damper results in a temperature rise of the fluid, the kinetic
energy of motion of the body being dissipated in thermal energy in the fluid. The
dampers must not become too hot during the rated sustained operation. Brief
intensification of heating is not immediately dealt with by heat transfer to the air,
but by a temporary temperature rise according to the thermal capacity of the
dampers. Thus the fluid mass and cooling arrangements depend on the vehicle
and service requirement. In off-road racing, probably the worst case, water cool-
ing to a radiator with electric water pump and air fan has been used, but multiple
dampers to reduce individual heating is the widely adopted solution. For ordinary
road use a telescopic piston area of typically 1 to 2 mm2/per kilogram (10 to 20
cm2/ton) of wheel load is provided, referred to the wheel, with a fluid volume of
300 to 500 mm3/kg (300 to 500 cm3/ton). The temperature rise at a single stroke
depends on the pressure drop, and hence speed, and thermal capacity (about 2.5
J/gK) and will be typically in a range up to 0.5°C for the active fluid only. Thus
high-frequency short stroking can cause problems if the fluid is not well cooled
or circulated.

Manual and automatic electrically adjustable dampers are becoming more
common. Adjustability may be applied to any aspect of the valve, so different
designs may respond very differently to their adjustments; for example, varia-
tions of orifice A or of orifice B or of the valve preload force affect the force-
velocity curve quite differently.
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Different makes of dampers do not have a large difference in effect in ordi-
nary driving, although optimization is important for competition. The main dif-
ferences are in life, adjustability, resistance to aeration, and consistency one to
another. Like a carburetor, the damper depends on fine control of fluid in small
orifices, and production tolerances can result in substantial variation between
dampers of the same specification from the same manufacturer, and even greater
variations between dampers of the same specification from different manufactur-
ers. The best dampers have well-finished internal surfaces to minimize seal wear,
have close tolerances and are individually calibrated, which is expensive.

4.13 Parasitic Friction
Apart from the deliberately introduced damper viscous friction, there are

other sources of damping inherent in the system. One is the aerodynamic damp-
ing force on the body; this appears to be insignificant for wheeled vehicles.
Another is the residual friction in suspension pivots and sliders, driveshaft
splines and the like. These generally behave in a Coulomb friction manner. This
means that for small changes of vertical wheel force, the suspension remains
locked, giving a poor ride quality, e.g., boulevard jerk, a mode where the body
and wheels vibrate vertically as one on the tire stiffness. It is also detrimental to
handling because it interferes with operation of the suspension and therefore
alters the vertical force on the tires. Thus it is generally desirable to minimize
such friction.

The total parasitic friction on one wheel is typically equivalent to about ±5
mm of suspension movement, for example ±200 N on a one-ton vehicle, and pos-
sibly a good deal worse for a poor design or if there is inadequate lubrication of
joints. The friction value of 200 N could result in a diagonal load distribution
asymmetry of 400 N, a diagonal bias of about 2%.

The source of this friction is the various sliding joints, including dampers and
suspension arms, rubber bushes and especially strut sliders. The friction force
depends on the normal forces involved at the sliding face. For example, the main
spring may operate on the suspension arm only one-third along; the inner pivot
must then support twice the load at the outer ball joint. Loads in the joints are
affected by any change of wheel force, especially cornering forces. Again, the
leverages involved often give large forces at the joints. An interesting case is the
strut and pivot arm suspension. This must transmit, through the guide and piston
of the strut damper, a force whose true line of action is through the top bulkhead
joint. As a consequence it is desirable to make the strut length as great as possible
to maximize the distance between guide and piston. The guide rod itself must be
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much larger than for an equivalent damper, to spread the load at the guide, and
consequently the potential leakage path is also greater. Struts with angled main-
springs have been used to align the spring force with the intersection of the tire
and bottom link force; this can eliminate the strut side force in straight running,
but at the cost of worse forces in cornering.

The springs themselves can be a source of friction. The coil spring and the tor-
sion bar splined directly to the arm are ideal with respect to friction. The internal
friction of metal is entirely negligible. The multi-leaf spring, however, is usually
replete with friction because of sliding of the leaves. In the early days this was
considered to be useful free damping, although it tends to be rather variable espe-
cially when wet; nowadays it is sometimes minimized by the incorporation of
plastic spacers. Lubrication does not seem to be very helpful, since it reduces
only the dynamic friction and not the static breakout value.

Rubber springs exhibit the usual rubber hysteresis loop. This is not viscous –
it is hardly speed-dependent for speeds of interest – but it is not entirely of a Cou-
lomb friction nature either. Therefore, although a rubber-suspended car may
exhibit a large friction deadband in suspension height, the ride will not necessar-
ily be as bad as this would suggest.

In order to minimize sliding friction at suspension joints, it is now normal to
use a cylindrical rubber bush that distorts in shear as the suspension operates, so
most suspensions have an element of rubber type friction and stiffness. A well-
lubricated bearing might be better for handling, but rubber bushes are a practical
compromise with low cost, low maintenance and good vibration isolation, but
generally poorer for handling because of flexibility. In production cars modified
for competition, bushes are replaced with harder rubber for rallying, or spherical
joints for racing.

The exact influence of all these effective friction sources is not easy to estab-
lish, even if the total result as a suspension height deadband is measured directly,
because of uncertainty in the influence of vibration from the engine and road
roughness. However, since the development of effective hydraulic dampers,
there is little to be said in favor of Coulomb friction, and there has been a contin-
uous campaign to reduce it.

A further difficulty arises in the case of the driven wheels, particularly for
independent suspension. The suspension geometry generally requires that there
is some ability in the driveshafts to extend and contract, usually facilitated by a
sliding spline joint. When drive torque is transmitted, or when braking if the
brakes are inboard, the splines are subject to considerable friction because of the
large torque acting on the splines at a small radius. The consequent binding of
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the suspension may particularly affect traction on poorer surfaces. There are a
number of possible solutions. The effective friction seen at the wheel depends on
the motion ratio, so spline sliding should be minimized; this is an unwelcome
additional requirement on the geometry. A wire-reinforced flexible "doughnut"
can be used for limited plunge. An attractive solution due to Roesch in 1933 is to
make the driveshaft of fixed length and to use it as one of the suspension links.
The first to actually implement this idea was Chapman on the 1956 Lotus Elite
rear suspension, where it was used as part of the bottom arm with a strut above.
Various others have used it since; while it solves the friction problem, the drive-
shaft is not in the most convenient position for a suspension link. A more general
solution to this problem is now available – the ball-spline. This uses steel balls
to minimize the friction, and is completely effective, although expensive.

4.14 Inertia
The total mass of the vehicle may be considered to be divided into sprung

mass and unsprung mass. These terms refer to the component motion relative to
the road. Basically the sprung mass is the body and the unsprung mass is the
wheels. This distinction is made because it may be necessary to consider the
unsprung mass separately, for example for rough roads, or when calculating the
load transfer distribution in cornering.

When the road is not smooth, for good handling it is generally desirable to
have a small unsprung mass. For a given spring stiffness, a small unsprung mass
will follow the contours of the road better with a more uniform vertical force, and
hence less lateral force variation and a greater maximum mean cornering force.
The choice of suspension spring stiffness is mainly governed by the vehicle body
mass, so a useful parameter is the ratio of sprung to unsprung mass. This is usu-
ally considered separately for the two ends of the vehicle.

Actually the unsprung mass is not strictly a constant for a given vehicle, but
depends on the purpose of the analysis. For example, in single-wheel bump an
axle does not exhibit an inertia equal to half of the value for double-wheel bump.
The reason for this may be seen by considering a single uniform suspension link.
Its weight will be distributed equally between the two ends. However, its angular
inertia about one end is ml2/3, so when one end is pivoted and the other end is
moved, the apparent inertia there is only m/3. An extra point mass only half-way
along contributes an inertia at the end of only 1/4 of its mass, i.e., the effective
mass contribution depends on the square of the motion ratio. Apart from the case
of a live axle, the contribution to the unsprung mass is dominated by the wheel
unit, so these effects can usually be neglected, and the links considered to be dis-
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tributed half as sprung and half as unsprung with little error. Conventional leaf
springs are about 2/3 unsprung.

Table 4.14.1 shows representative sprung and unsprung masses for an axle,
expressed as a percentage of the total end-mass. The unsprung mass runs from
13 to 26% of the total end-mass, and the sprung to unsprung mass ratio ranges
from under 3 to nearly 7. Compared with the minimal set-up of wishbones, coils
and inboard brakes, a de Dion axle adds 2%, a differential adds 2%, outboard
brakes add 5%, and longitudinal steel leaf springs add 4%. A transverse GRP
cantilever leaf spring is as good as coil springs. The quite good showing of the
swing axle here has possibly contributed to its use despite its other shortcomings.

Table 4.14.1 Example Unsprung Masses for Heave of an Axle

The unsprung mass should include an appropriate contribution from all the
links, the moving part of the damper, the spring, etc., factored according to the
appropriate motion ratio squared. However, as these figures show, these are usu-
ally a small proportion of the total, so precise assessment is not important.

The excellent mass ratio of independent systems may appear to account for
the widespread use of such systems on the front of cars. This is not entirely so.
The success of front independent systems is probably more due to the elimination
or reduction of various steering vibration problems, better compatibility with
engine space requirements, and better steering geometry which is very difficult
to achieve with soft springs and large movements on solid axles.
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4.15 Gyroscopic Effects
A rotating wheel also acts as a gyroscope, and any attempt to turn the wheel

out of its existing plane of rotation results in a precession effect. For example, if
the wheel in bump is cambered a little by the suspension, then it will attempt to
rotate about the steering axis. The other wheel will resist, but there will be some
effect on the steering. This also arises when the wheels camber in roll. The pre-
cession torque is given by

where Ω is the wheel angular speed because of forward motion, and ω is the pre-
cession angular speed. I is the second moment of mass about the spin axis, and
is typically 0.6 kg m 2 for a passenger car wheel.

4.16 Problems
Q 4.2.1 Explain the Kennedy–Arronhold theorem.

Q 4.3.1 Compare the merits of various straight-line mechanisms in the role
of axle lateral location.

Q 4.3.2 Analyze the forces and stresses in the Watt linkage for a lateral force
of 6 kN. Choose suitable materials and dimensions. Consider buck-
ling.

Q 4.3.3 Analyze the forces in an Adex linkage for a lateral force of 6 kN.

Q 4.3.4 Analyze the accuracy of the motion of the Watt linkage.

Q 4.3.5 Analyze the accuracy of the motion of the Adex linkage.

Q 4.5.1 L i s t and explain the combinations of links that form the basic inde-
pendent suspensions.

Q 4.6.1 Describe the basic forms of link combinations for axle location (as-
sume lateral location by a Panhard rod if lateral location is separate-
ly provided).

Q 4.7.1 Explain the concept of an equivalent rigid-link system.

Q 4.8.1 Explain the relative merits of the various types of spring and spring
materials.

Q 4.9.1 A spring and linear damper both have a motion ratio of 0.80. The
damper coefficient in bump is 2.0 kNs/m and the spring stiffness is
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9.0 kN/m. Find the effective spring stiffness and damping coeffi-
cient values at the wheel.

Q 4.10.1 Explain the various ways in which extra roll stiffness arises as a side
effect, beyond that corresponding to the normal spring stiffness.

Q 4.10.2 Explain how roll stiffness may be added.

Q 4.10.3 Describe the various ways in which a very low roll-stiffness suspen-
sion may be achieved. Why might this be done?

Q 4.10.4 Describe ways in which a small pitch stiffness may be achieved.

Q 4.11.1 Describe the various damper types and their advantages and disad-
vantages.

Q 4.12.1 Explain how valving may be used to obtain an approximately linear
force–speed relationship for a damper.

Q 4.12.2 A vehicle damper exerts a force of 3 kN at an extension speed of
2 m/s. What is the damping coefficient? Approximately what force
would you expect to be required to compress the damper at 1 m/s?

Q 4.13.1 Summarize the methods used to minimize the influence of Coulomb
friction in suspension members and driveshafts. Does Coulomb
friction have any advantages?

Q 4.13.2 A two-wheel-drive vehicle of mass 1400 kg and wheel radius 0.3 m
accelerates at low speed at 8 m/s2. The driveshafts have splines of
effective radius 15 mm, and a coefficient of friction of 1.2. Find the
plunge force required to move the splines axially.

Q 4.14.1 Summarize the advantages and disadvantages of keeping the un-
sprung mass to a small value.

Q 4.14.2 Discuss what can be done to keep the unsprung mass as small as
possible.

Q 4.15.1 A wheel with second moment of mass 0.7 kg m2 about its spin axis,
of radius 0.30 m traveling at 50 m/s, is forced to rotate in camber at
20 deg/s as the wheel passes over a bump. What precessional torque
must be applied by the steering if the wheel is held rigidly?

Q 4.15.2 Gyroscopic moments are considered in Chapter 5, questions
Q 5.10.12 to Q 5.10.15. If you understand lateral load transfer, do
those questions now.



5
Suspension Characteristics
5.1 Introduction

This chapter considers characteristics of the suspension as a complete system,
in contrast to the previous chapter which considered components in isolation. In
particular this chapter presents analysis of chassis heave and roll, the roll center
and roll axis, load transfer and the distribution of vertical forces, and the influ-
ence of pitching in response to acceleration and braking. This is followed by a
look at the geometry of steering systems, at the steering effects of wheel bump
and chassis roll, and at the steering effects of wheel forces because of system
compliance. These factors are of considerable importance in controlling the
behavior and feel of the vehicle, and every one of them must be carefully con-
trolled if the vehicle is to handle well.

The term "axle" is used here in a wide sense to include independent suspen-
sion, in which case it means the combination of the wheels, hub carriers and links
for the two sides.

5.2 Bump and Heave
The term "ride" is a general one referring to vehicle motions of the sprung and

unsprung masses caused by the longitudinal road profile.



226 Tires, Suspension and Handling

Bump is upward displacement of a wheel relative to the car body, sometimes
applied more broadly to mean up or down displacement. It is also known as com-
pression or jounce. The opposite, a lowering of the wheel, is called rebound,
extension, or droop. Bump is so called because it occurs when a single wheel
passes over a bump. When a pair of wheels rises symmetrically this is called dou-
ble-wheel bump, often referred to simply as double bump. Heave is a vertical
upward motion of the body without roll. This is also known as bounce. Double
bump is geometrically equivalent to a negative heave of the body, without roll.
Bump and heave influence the wheel camber and steer angles relative to the body
and road, and also influence the spring and damper forces and hence the tire ver-
tical force. These all influence the tire lateral force. The terms bump and droop
may also be applied to velocities to show the direction and motion; in that case
it should be borne in mind that a bump velocity may occur in a droop position,
and vice versa. Bump velocities also affect the slip angle because of the scrub
velocity component. Body roll in cornering gives a combination of bump and
droop on opposite wheels, relative to the body. When the car is in combined
braking and cornering, the longitudinal and lateral load transfers result in a dif-
ferent combination of heave and bump on each wheel.

The motion ratio (or installation ratio or link ratio) of the spring is the velocity
ratio of the spring to the wheel, or the ratio of small displacements for the spring
divided by that for the wheel:

A similar definition applies for the damper motion ratio:

It is the vertical motion of the wheel and the length change of the spring or
damper that are relevant. For a complete concentric spring and damper unit as
often used on racing cars, or for a strut unit, the spring and damper motion ratios
are the same. In the case of a strut the ratio is close to 1.0. For a spring or damper
acting part way along the bottom suspension arm, as is common, the ratio may
be around 0.7.

The effective suspension stiffness as seen at the wheel, Kw, is called the wheel
rate or the suspension rate, and depends on the actual (linear) spring stiffness Ks

and the spring motion ratio Rs, provided that this is constant, according to
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For a variable motion ratio,

Similarly, for a linear damper the damping coefficient at the wheel Cw (Ns/m)
depends on the actual damper coefficient CD and the (constant) damper motion
ratio:

As far as vehicle dynamics is concerned, it is only the force values at the wheels
that are important. A change of spring stiffness or damper coefficient coupled
with an appropriate change of motion ratio resulting in unchanged values at the
wheel do not in principle change the vehicle dynamics. There may, in practice,
be some minor effects, however, because the different internal forces could affect
rubber bush distortions or sliding bush friction.

Although the wheel rate for a given spring depends on the local motion ratio,
when this is constant, the actual spring force at the wheel still cannot be calcu-
lated in this way because it depends on the cumulative spring displacement and
therefore on an integral of the motion ratio.

Evaluation of motion ratios may be performed by drawing velocity diagrams
for the suspension linkage, or, as is usual nowadays, by computer analysis. A
motion ratio is not constant through the range of motion of the suspension, so a
graph of the ratio versus wheel bump position is informative.

Modern formula racing cars frequently use a double-wishbone suspension
with the spring-damper unit laid horizontally alongside the gearbox or along the
top of the front body, operated by a pushrod from the outer end of the bottom
wishbone, working via a rocker. The geometry of the rocker, namely the initial
moment arms l1 and l2 provide a convenient way to introduce a desired motion
ratio; the initial angular positions θ1 and θ2 of the arms provide a means to vary
the motion ratio in a progressive manner.

A similar but more modest rising rate effect may be achieved for a spring act-
ing direct on a suspension arm by angling the spring, inward at the top, so that
the effective moment arm increases as the spring is deflected.
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For a solid axle with springs of stiffness Ks at spacing S on track T, in double-
wheel bump each wheel requires a force equal to the spring force, i.e., in this case
the wheel rate equals the spring stiffness (the motion ratio is 1.0):

However, if only one wheel is raised, then by moments

In practice this expression is good for coil springs, but for leaf springs the
effective rate is greater because of their torsional stiffness. A representative value
of S/T is 0.7. Where coil springs act on links, it is the spacing of the link
connection on the axle and the effective stiffness that the spring creates at the link
that are relevant.

As an example of independent suspension, consider the double-wishbone sys-
tem of Figure 5.2.1. The complete range of motion of the wheel can be investi-
gated by position diagrams, or preferably by computer analysis. This will also
give the spring length, and hence force. If the forces in the links are found, the
bush distortions and torques can be included. Such analysis will reveal the vari-
ation in camber angle, and also the variation in track, i.e., the lateral scrub of the
center of tire contact F. Scrub is significant when the wheel is moving in bump
because there is then a scrub speed; combined with the existing longitudinal
speed this scrub speed gives a change of tire slip angle. From the spring and
damper force may be found the vertical force at the wheel. The variation of ver-
tical force with vertical position is called the wheel rate. The ride stiffness (or
rate) is the wheel rate in series with the tire vertical stiffness, and may be found
from the equation

In Figure 5.2.1, the intersection of AB and CD extended gives point E, the
instantaneous center (centro) for the wheel relative to the body (SAE swing
center). Thus the direction of motion of F relative to the body is perpendicular to
EF. The scrub rate is the rate of change of lateral F position in bump. This is the
tangent of the angle between the direction of motion of F and the vertical, which
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Figure 5.2.1. Double-wishbone suspension in rear view.

equals the angle EFH. Therefore the scrub rate equals EH/HF. Minus twice this
value is the rate of track change in heave. The SAE swing arm radius is defined
as the horizontal distance from E to F, i.e., the length HF, taken positive if E is
on the centerline side of the wheel. This is a rather misleading term because the
motion of F does not have a radius of curvature equal to HF, or even EF, because
the centro E also moves. This was discussed in Section 4.3. In practice E is
typically chosen to be approximately at the opposite wheel. However, in some
cases the arms are parallel, giving an infinite swing arm, or E may even be on the
other side of the wheel, known as a negative swing arm.

The double-wishbone system is particularly amenable to design adjustments
to obtain properties that the designer considers important. Bollée had an unequal
wishbone suspension as early as 1878. In the modern phase of wishbone usage,
they began with short parallel equal arms. Longer arms were then adopted
because these reduce all unfavorable effects. The top arm was made shorter, this
leading to negative camber relative to the body in bump which is favorable when
the body is rolled in cornering. Nowadays a non-parallel unequal-arm layout is
usually favored.

The centro E for other suspensions can also be found quite easily, given the
idealization of neglecting bush distortions, and is discussed in more detail later
(Fig. 5.5.2). For example, for a Macpherson strut and link, the top line is perpen-
dicular to the slider (not the steering axis) and through the top connection to the
body. For pure trailing arms, E is at infinity, with FE parallel to the arm axis in
front view. For a semi-trailing arm, projecting the axis of the arm into the trans-
verse vertical plane of the wheel centers gives E. For a true swing axle, it is the
axle pivot, usually close to the differential.

Equilibrium analysis of the wheel and links with the spring, bump stops,
bushes and static damper force determines the relationship between wheel posi-
tion and vertical wheel force. (Under dynamic conditions, wheel inertia and
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damping effects alter the actual vertical force of course.) This is central to han-
dling analysis because it controls the load distribution between the wheels. It is
convenient to consider the isolated wheel force with the anti-roll bar discon-
nected, and to handle the anti-roll bar couple separately. Figure 5.2.2 shows a
typical result for wheel force versus bump position, which may be obtained the-
oretically or experimentally. Point A is the reference standing height and force.
The gradient at A is the wheel rate. Moving into bump, if there is an upward cur-
vature then the suspension is rising rate. Point B is the fully loaded condition. In
further bump, in due course the bump stop is engaged at C where there may be a
discontinuity of stiffness depending on the bump stop design. The force then
rises rapidly to the bump limit position D; this is sometimes called the metal-to-
metal bump position, although it is rarely literally true because of the presence
of bump rubbers. The distance of wheel motion from normal ride height to max-
imum bump deflection is called the ride bump clearance, often just ride clearance
or bump clearance.

Moving from the central position in the droop direction, there is usually a lin-
ear or slightly reducing stiffness until the droop stop, also known as the rebound
stop, is encountered at E. Again, here there is likely to be a sharp change in stiff-
ness, especially if the limiter is the damper or an axle strap. Point F is the free
droop position of zero vertical wheel force, with the droop stop engaged and act-
ing against the main spring. If the wheel is pulled down it can go on to G. This is
sometimes called the metal-to-metal droop position, and again is rarely literally
true. The distance of wheel motion from normal ride height down to maximum
droop deflection is called the ride droop clearance, droop clearance or rebound
clearance. The point of engagement and progressiveness of the bump and droop
stops varies considerably between vehicles. In some cases the bump stops are
already engaged at normal height and are used to provide a steadily progressing
stiffness. The curve of Figure 5.2.2 is the mean force for both directions. In prac-
tice the curve will exhibit some hysteresis, even for essentially static measure-
ments, because of Coulomb friction or hysteresis for rubber springs.

The spring wheel force may be modeled as nonlinear over a limited range by

where zS is the suspension bump deflection.
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Figure 5.2.2. Wheel vertical force against suspension deflection.

The quadratic stiffness factor Kr [N/m2] is zero for a linear system. The sus-
pension force rising rate facto fsr is defined by

This may have a value of around 2/m (2%/cm).
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The stiffness at bump zS is then

where fkr is the suspension stiffness rising rate factor,

Figure 5.2.3 shows the rear view of the example double-wishbone suspension
again. The forces associated with weight, acceleration and load transfer of the
unsprung mass have been subtracted from the tire force, leaving the tire force
exerted on the spring and links. The resulting vertical and lateral tire force has
been resolved into perpendicular components, FR1 and FR2 (R for right) where
FR2 acts through E. Consider an idealized (impractical) case, the idealized spring
model, where the suspension spring acts on the wheel carrier directly along the
line of action of FR1. The force FR1 will then be resisted by the spring and have
no effect on the links. FR2 will be transmitted by the links and have no effect on
the spring because it has no moment about E. Also, considering the link AB, if
we neglect its weight and any torques applied by the bushes then it will be in pure
tension or compression. Hence the force exerted by the link AB on the body will
be along AB. Also the force exerted by CD will be along CD. The total resultant
force from the two links must therefore have a line of action through E, because
they exert no moment about this point. So, for the idealized spring position the
force FR2 is transmitted simply by the links, and FR1 simply by the spring. FR1

and FR2 are the net spring force and the net link force. Consider now a more
general case of spring position, for example acting part way along a link; then the
force FR1 will be partly transmitted to the body by the spring and partly by the
links. Such a spring position will give rise to forces in the links, but these will be
"internal" forces that balance out, not affecting the suspension other than
through, for example, rubber-bush distortion. However, the important result is
this: FR2 will still have no effect on the spring because it acts through E, and FR1

is still the force to be balanced by the spring.
The equivalent suspension with a spring acting directly along FR1 will be

called the idealized spring model. The spring characteristic in this model is cho-
sen to give the correct wheel forces. This model has different internal forces but
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Figure 5.2.3. Resolved forces for double-wishbone, rear view.

the same external effects. In particular, the link forces are simplified and reduced
to the transmission of FR2, which is of special significance when investigating
roll centers. The idealized spring model is explained further in Section 5.10.

The point E is known as the force center of the links. It is approximately the
same as the centro E in Figure 5.2.1, but strictly not identical because different
approximations have been made with regard to link stiffness, bush stiffness, link
weight and bush torques.

When the car is running straight then there is little lateral force on the tire, in
which case FR2 is quite small. Nevertheless because of the inclination of FE,
some of the vehicle's weight is supported through the links rather than on the
springs. Our main interest in the FR2 force is when it comes into play in a signif-
icant way in cornering. However, it is interesting that when a car is lowered from
a central jack, a symmetrical condition with each side like Figure 5.2.3 may
occur, with large F2 forces acting inward on the tires and holding the body in an
unusually high position. These forces are relaxed when the car is allowed to
move forward. The fact that F2 can relieve the springs of some of the car's weight
comes into play in cornering, giving the link jacking effect.

As in the case of the centro, the force center E for other suspensions can be
found quite easily, but now given the idealization of negligible bush torque or
friction, discussed later (Figure 5.5.2). For a Macpherson strut, neglecting slider
friction the top line is perpendicular to the slider and through the top body con-
nection. For pure trailing arms, E is again at infinity with FE parallel to the arm
axis in front view. For a semi-trailing arm, projecting the arm axis into the verti-
cal transverse plane of the wheel centers gives E because there can be no moment
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exerted about this axis. For the swing axle it is at the pivot near to the differential,
again because there can be no moment about this point.

5.3 Roll
Body roll is mainly the result of suspension roll, plus some axle roll from tire

deflection:

Suspension roll is formally defined (SAE) as rotation of the vehicle sprung mass
about a fore–aft axis with respect to a transverse line joining a pair of wheel
centers. It is positive for clockwise rotation viewed from the rear. This is
unambiguous provided that the ground is flat and that front and rear wheel
centers have parallel transverse lines (e.g., that wheels and tires are the same size
side-to-side). If the ground is not flat then some mean ground plane must be
adopted. The roll angle and roll velocity are in practice fairly clear concepts.
Asymmetries, such as the driver, mean that the roll angle is not necessarily zero
under reference conditions.

For a torsionally rigid body, the body torsion angle is negligible (applicable
to most passenger cars), in which case

In the case of most trucks, the chassis torsion angle needs to be considered, in
which case

Roll is geometrically equivalent to bump of one wheel and droop of the opposite
one, relative to the body. Thus roll speed generally results in a scrub speed of the
tires relative to the ground, causing temporary changes to slip angles and hence
to tire forces. In a rolled position, suspension geometry is generally such that
there are changes of wheel steer angles relative to the body. This is roll steer,
dealt with in Section 5.14. It is equivalent to bump steer for independent
suspension, but not for solid axles. The roll gradient is the rate of change of roll
angle Φ with lateral acceleration A:
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The total roll gradient is the sum of suspension and axle roll gradients:

The rolled position also results in wheel camber relative to the body, and more
importantly relative to the road, introducing camber forces. In general, in the
rolled position the spring stiffnesses on the two sides are different, usually
greater on the lower side, so there is some heave of the body as a consequence of
roll. This is spring jacking. If a droop stop is engaged first, the body may be
lowered. There are other jacking effects through the links in cornering and
through damper action which are discussed later.

The vehicle suspension roll couple is the sum of the two suspension roll cou-
ples arising because of body roll. The vehicle ride roll stiffness is the sum of the
two ride roll stiffnesses. The total ride roll stiffness kR at each end arises from the
suspension roll stiffness kS acting in series with the axle roll stiffness kA arising
from tire vertical stiffness. Hence

The suspension roll stiffness is the rate of change of the suspension roll couple
with respect to suspension roll angle. For small roll angles the roll couple
depends on the main springs and anti-roll bars, while for larger angles the bump
and droop stops come into play. Longitudinal leaf springs contribute some roll
stiffness of their own because they are in torsion, as does the crossbar of the
trailing twist axle, these effects being similar to an anti-roll bar. The roll couple
may be found by assuming some angular position and calculating the couple. In
general the body heave position varies to keep the total vertical force constant.
The total vehicle roll couple may be found experimentally by applying a couple
and observing the angle. If all four wheel vertical forces are measured on a flat
surface, then an applied body roll angle will show the roll stiffness for each
suspension. While doing this the wheels should be free to scrub.

The suspension roll couple is most easily understood for a solid axle with lin-
ear spring stiffness Ks, at a spring spacing of S. At a body roll angle of Φ radians
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each spring force changes by , so there is a couple of moment ,
and the suspension roll stiffness is

This depends on the spring spacing. Where coil springs act on links, it is the
spacing of the link connection on the axle and the effective stiffness that the
spring creates at the link end that are relevant. For nonlinear springs, or if the
bump or droop stops are engaged, it is necessary to find the body heave position
first. There may be additional torques arising from torsion in leaf springs or from
the bushes of locating links. For a solid axle with coil springs, is the
correct basic expression and hence the roll stiffness is less than the effect that the
double-bump wheel rate would give if acting at the track spacing. However, for
leaf springs the extra torsional stiffness of the leaves is such that the track T may
be used as an approximation for the effective spacing instead of the actual spring
spacing.

In the case of independent suspension, it is possible to calculate the roll
moment by detailing the spring and link forces, but it is much easier to work
directly with the wheel forces. Independent suspension can be considered as
equivalent to a solid axle with wheel rate springs acting at the full wheel track,
giving

Thus the actual position of the springs does not alter the relationship between roll
and vertical stiffnesses, unlike the case of the rigid axle. Independent suspension
is also subject to extra torques from rubber bushes in the links, or friction, but
this can still be accommodated in terms of the wheel force. Because the spacing
of springs on a solid axle is less than the track, the relationship between roll
stiffness and heave stiffness is basically inferior to that of independent
suspension.

For both solid and independent axles, the axle roll stiffness arising from tire
vertical stiffness is given by

Either a solid axle or an independent suspension may be fitted with an anti-roll
bar to increase roll stiffness. The effective roll stiffness depends primarily on the
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torsional stiffness of the active part of the rod, on the length of the lever arms,
and on the point of connection of the drop links onto the suspension arms or axle.
Secondary factors include the stiffness of the usual bushes, including those
where the rod is mounted to the body, and bending of the rod, primarily in the
lever arms. In some cases the anti-roll bar has been mounted by strapping directly
to the trailing arms giving no contact with the body, i.e., as a nascent trailing twist
axle, achieving the anti-roll effect with less noise transmission to the body.

The roll couple or stiffness of each end of the vehicle can be summarized by
a roll couple graph (Figure 5.3.1). This is usually roughly symmetrical in roll, but
not necessarily exactly so because of suspension asymmetries such as a Panhard
rod. The initial position is approximately zero roll, the gradient at A being the ini-
tial roll stiffness. There is then typically a constant or rising stiffness until B,
where there may be a discontinuity of stiffness where a bump stop is engaged.
There may be a further stiffness discontinuity at C where the opposite droop stop
is engaged, especially for solid axles. At D the inner wheel is lifted from the
ground.

Figure 5.3.1. Roll couple against roll angle.

There is one roll couple graph for each end of the vehicle, and one for the
whole vehicle. At any roll angle, the roll couple distribution is the distribution of
the total between front and rear, usually expressed as percentages. The roll stiff-
ness distribution is similarly defined. Such distributions may be quoted for the
suspension alone, or for the ride roll couple including tire effects. There may be
considerable differences, particularly if the suspension bump or droop stops are
acting. In fact, the roll stiffness distribution is usually quoted for the zero-roll
position, but this is not always satisfactory because the influence of the distribu-
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tion of roll couple on handling mainly comes into play at medium to large lateral
accelerations, when a substantial roll angle has developed, and the roll couple
distribution may then be different from the initial value.

5.4 The Roll Center
This section presents the basic theory of the roll center. With detailed com-

puter simulations that consider the forces in the individual suspension links it is
not necessary to use the roll center concept. However, the roll center is a very
useful idea because the roll center height concisely summarizes the effect of the
links. With known roll center heights it is easy to calculate the roll angle and the
load transfer at each of the front and rear axles. This is important in handling at
large lateral accelerations because it affects the individual tire vertical forces and
therefore their lateral forces. Hence the roll center height may be used as a sum-
mary of the load transfer characteristics of a suspension found by a detailed sus-
pension analysis, or as the input specification for a simple handling simulation.
An explanation of the use of roll centers in lateral load transfer calculation is
given in Sections 5.10 and 5.11.

SAE defines the roll center in terms of forces, despite its kinematic name. A
definition based on forces will be presented and used here. However, many
authors introduce the roll axis as an axis about which the vehicle actually rolls
during cornering, the roll axis being the line joining the front and rear roll cen-
ters. When a vehicle is actually moving on a road, the concept of a kinematic roll
axis is difficult to justify in a precise way, especially for large lateral accelera-
tions. Therefore the idea of the vehicle rolling about such an axis, although useful
as a qualitative idea, should be treated rather cautiously, except in the special
case of a stationary vehicle subject to loads in the laboratory. From a practical
point of view, its kinematic significance is that it permits calculation of the lateral
movement of the sprung mass relative to the axle, which affects the load transfer
(Figure 5.4.1) and is related to the scrub rate in bump.

The roll center is defined in SAE J670e Vehicle Dynamics Teminology
(Appendix E) in the following way:

"The [SAE] roll center is the point in the transverse vertical plane
through any pair of wheel centers at which lateral forces may be ap-
plied to the sprung mass without producing suspension roll."

This does not call for the roll center to be in the center plane and is therefore
ambiguous, although it is usually taken to be there. This is a convenient
definition when the roll effect of a force applied externally to the body is
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required, for example an aerodynamic force. However, the usual application of
the roll center is in evaluating the roll angle and the front-to-rear distribution of
lateral load transfer during cornering; i.e., it is primarily concerned with the
application of forces by the axle to the body, or by the body to the axle. These
are action and reaction, which by Newton's third law are equal and opposite and
have the same line of action.

The following basic definitions for roll center and roll center height will be
adopted initially here :

The roll center is a point in the center plane and in the vertical trans-
verse plane of the wheel centers, at roll center height.

The roll center height is the height at which lateral forces may be
applied to the sprung mass without producing suspension roll.

This is illustrated in Figure 5.4.1 showing the rear-view free-body diagram of an
axle in left-hand cornering.

Figure 5.4.1. The free-body diagram of a solid axle in vehicle-fixed axes; rear view in
left-hand steady-state cornering.

Figure 5.4.1 actually shows a solid axle; it is permissible for the current pur-
pose to treat the parts of an independent suspension as equivalent to a solid axle.
We are here assuming a small lateral acceleration. This is a notional single-axle
two-dimensional vehicle; alternatively we could interpret it as a vehicle with
identical suspensions front and rear. The real double-axle case is dealt with in
Section 5.11. Figure 5.4.1 distinguishes the sprung and unsprung masses mS and
mU at heights HS (unrolled) and HU. The total weight is
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There is a steady-state cornering lateral acceleration A, and the free body is
shown in vehicle-fixed axes, so centrifugal compensation side forces are
included. The sprung mass with center of mass at the point GS has rolled by Φ
about the roll axis at point R. There is a total lateral load transfer FT, so the wheel
vertical forces are

Acting at the unsprung center of mass is the unsprung weight force, and also the
unsprung compensation side force

The sprung mass compensation side force

really acts at GS but it is resisted at the roll center, so the sprung compensation
side force FS is shown acting at the roll center along with a moment MS. The
sprung mass weight force is also transferred to the roll center, and also
contributes to MS, giving a moment

where

is the distance of GS from the roll center. It is the moment MS that is resisted by
the springs and anti-roll bar and creates the suspension roll angle. The sprung
mass force FS acting at the roll center is resisted directly by the links and creates
no suspension roll, by definition. Hence the total load transfer can be considered
in three factors:
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(1) FTU from the unsprung side force

(2) FTL from the sprung side force at the roll center

(3) FTM from the sprung moment

The sprung-mass side force at the roll center is transferred through the links of
the idealized spring model. By taking moments about the mid-point between the
tire contacts, the load transfer is

Thus a high roll center increases the load transfer through the links while
reducing that through the springs and anti-roll bar, reducing the roll angle.

In the application of roll centers in handling analysis, the load transfer contri-
bution caused by the sprung-mass force at the roll center is calculated from the
roll center height, so the relevant equation is

This provides an alternative mathematical definition of the roll center height:

To some extent this is a circular definition, because in practice FTL is usually
found from h. We could say that FTL is the part of the total sprung-mass load
transfer left after FTM is subtracted. For independent suspension, in practice the
springs are placed in a way that causes a complex combination of link and spring
forces that to a large extent cancel out. However, if we consider the idealized
spring model of the suspension, then FTL is simply the load transfer through the
links, and FTM is simply the load transfer through the springs and anti-roll bar;
these are called the net link load transfer and the net roll load transfer. The
idealized spring position model was introduced in Section 5.2, and is further
explained in Section 5.10; it has the spring that directly resists F1 in Figure 5.2.3.
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Using the idealized spring model we can define the roll center height using the
above equation where FTL is the net link load transfer, or as:

The roll center height is the load transfer through the links of the
idealized spring model, divided by the sprung mass side force,
times the track.

We could alternatively think in terms of a non-dimensionalized roll center
height, expressed as a fraction of the track. This is simply equal to the load
transfer as a fraction of the sprung mass side force, which we can call the load
transfer factor, fL:

Hence the load transfer factor is defined in words as follows:

The load transfer factor is the load transfer through the links of the
idealized spring model divided by the sprung-mass side force, and
also equals the roll center height divided by the track.

From the above we may deduce two obvious but important equations:

As discussed in Section 5.10, a high roll center reduces the roll angle. The load
transfer factor can also be termed the "anti-roll," analogous to anti-dive or anti-
squat in longitudinal dynamics. The anti-roll coefficient is

usually quoted as JAR × 100%.

5.5 Independent Suspension Roll Centers – Part 1
The load transfer characteristics, and hence the roll center height, may be

found by detailed force analysis of the suspension. Figure 5.2.3 showed the force
exerted by the ground on the wheel for the case of a double-wishbone suspen-
sion. This acts at F, which we can approximate in the usual way as at the center
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of the contact patch. Given appropriate tire data (overturning moment), a better
point could be chosen for F. Here we have already subtracted the part of the force
associated with unsprung weight force, unsprung-mass side force and unsprung-
mass load transfer, which can be dealt with separately. The force F is resolved
into F1 and F2 perpendicular and parallel to EF. All further discussion is about
the idealized spring model, hence eliminating the internal forces with no net
effect. Force component F1 is the part of the force that has a moment about E,
which cannot be transmitted by the suspension links; it is therefore transmitted
to the body by the idealized spring. The force F2 acts through E and has no
moment about E, and is therefore the total force exerted by the links of this side
of the suspension on the body when the idealized spring is used. This side net
total link force therefore has a line of action along EF. This is the basis of the con-
struction of the line EF for a force roll center.

Figure 5.5.1 shows both wheels, with left and right link forces FL2 and FR2.
Their resultant must act through the intersection of FL2 and FR2 because they
have no moment about this point. Hence this intersection point is the roll center.
For a symmetrical vehicle this point is on the centerline. A lateral force applied
here can be reacted directly by the links, giving no force in the springs and there-
fore without resulting in any roll.

Figure 5.5.1. Independent roll center and forces, rear view.

The above development shows that the roll center can be deduced by an argu-
ment based on forces only, without mention of a kinematic roll center. It also
shows the real approximations that are usually involved, for example small fric-
tion and small bush stiffness, which are quite different from the approximations
of the kinematic roll center. In a fully detailed analysis, usually by computer, the
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roll center height, with the definition adopted here, provides a convenient sum-
mary of the load transfer characteristics of the suspension.

From Figure 5.5.1 we can see that a lateral force at the geometric roll center
could be exactly equilibrated by suitable magnitudes of FL2 and FR2, there being
unique values to do this. However, there is no guarantee that this will actually
occur, because the magnitudes of FL2 and FR2 depend on the distribution of tire
lateral force on left and right wheels. If they are unequal, with the correct hori-
zontal total, then there will be a residual jacking component.

The presence of friction in the joints, tending to be greater with Macpherson
or Chapman strut-type suspensions than with wishbones, introduces an interest-
ing point of principle. There is actually a range of heights over which a side force
will cause no roll. The actual line of action of the link forces is uncertain within
this band. Thus the force roll center height is also uncertain within this friction
band range.

Figure 5.5.2 summarizes the initial roll center constructions (i.e., for small lat-
eral acceleration) for various independent suspensions. With the assumption of
symmetry, it is sufficient to draw one side only. For the strut and link (Macpher-
son) suspension, Figure 5.5.2(b), the upper construction line is perpendicular to
the slider, not to the steering axis AD; these are generally different. For the essen-
tially obsolete slider (pillar) suspension, Figure 5.5.2(c), E is at infinity; there is
a single construction line from the wheel contact patch perpendicular to the slider
direction. For the true swing axle, Figure 5.5.2(d), the roll center is very high. For
the transverse rigid arm, the swing arm, Figure 5.5.2(e), sometimes also called a
swing axle or pseudo swing axle, it can be made lower.

For a trailing arm or semi-trailing arm suspension, in general the pivot axis
should be projected into the vertical transverse plane of the wheel centers. This
provides the effective E point because the link cannot exert a moment about this
axis, neglecting bush friction and stiffness. If the pivot axis is perpendicular to
the vehicle center plane in plan view, i.e., pure trailing arm, then the E point is at
infinity, even if it is inclined in front view, Figures 5.5.2(f) and (g). For small lat-
eral acceleration, on the simple trailing arm of Figure 5.5.2(f) the roll center is at
ground level, even if the trailing arms are inclined in side view.

If the trailing arm pivot is inclined in front view only, Figure 5.5.2(g), then E
is at infinity parallel to the pivot axis. For a semi-trailing arm the pivot axis is not
perpendicular to the centerline in plan view, so the axis must be projected into
the vertical transverse plane of the wheel centers to find the actual E point which
will not be at infinity, Figure 5.5.2(h).
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Figure 5.5.2. Basic roll centers for independent suspensions.
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An interesting and unusual case of double wishbones that has been used is
with the pivot of the upper arm perpendicular to the vehicle centerline in plan
view. In front view this gives a straight path of the outer end, at any required
angle to the vertical, so that the front view is geometrically rather like a strut sus-
pension, but with the advantage of prospectively lower friction.

With the roll centers determined by the above method, combined with the
equations of the previous section, the net link load transfer can be calculated. A
high roll center increases the net link load transfer, reducing the net roll load
transfer and so helping to reduce the roll angle and roll steer effects. However, a
high roll center means a high centro, which means more scrub in bump. Early
independent suspension roll centers were at ground level, but the compromise
usually found nowadays is a height of 50 to 200 mm.

5.6 Independent Suspension Roll Centers – Part 2
The previous section presented the roll center concept in the degree of detail

and accuracy normally applied. However, the load transfer is most important at
large lateral accelerations, in which case the body is rolled and the symmetry
approximation may not be good. The effective roll center height may then be
considerably different from the value in the unrolled position. Therefore this sec-
tion presents extended analysis of the roll center concept at large lateral acceler-
ations. The explanation is still based on the idealized spring model.

We should make a distinction now between the height at which the link force
acts, and the height at which the next increment of force acts, for an increment of
lateral acceleration. Such a distinction is routinely made in related fields, such as
the center of pressure and the aerodynamic center of a wing. The corresponding
terms "roll center" and "incremental roll center" will be used here. The SAE def-
inition does not explicitly address this distinction. The formal definition of the
incremental roll center height hi that will be used here is:

The incremental roll center height is the rate of change of lateral
load transfer through the links of the idealized spring model with re-
spect to the sprung mass side force, multiplied by the track.

Hence
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Differentiating FTL = hFS/T with respect to FS and neglecting track change

(which is not important in this case), it may be shown by the usual method for a

product of variables that

It is the incremental roll center heights that determine the front-to-rear
distribution of the incremental lateral load transfer. Again, we can define a non-
dimensional incremental roll center height, as a fraction of the track, which is the
incremental load transfer factor fLi:

The incremental load transfer factor is the incremental roll center
height divided by the track, and equals the rate of change of lateral
load transfer through the links of the idealized spring model with re-
spect to the sprung-mass side force.

Hence

for which

The position of the incremental force roll center is associated with movement of
the force roll center. A high incremental roll center implies a rising roll center.
For small lateral acceleration, the roll center height remains approximately
constant, and the incremental roll center height equals the roll center height, but
this is not so for large lateral acceleration.

In cornering at large lateral accelerations the body is rolled, in which case a
symmetry approximation is not appropriate. For example, in the idealized spring
model of Figure 5.6.1(a), representing any kind of independent suspension, the
positions of E L and E R depending on the particular geometry, with a total vehicle
radial acceleration to the left, the forces resolve as shown, with the link forces
directed F R to E R and E L to F L . The intersection of the EF lines gives a point H
on the line of action of the total link force on the body; in general this is not on
the vehicle centerline. This total force generally has a vertical upward compo-
nent, because FR2 is different from FL2 and θL; different from θL; this is the jack-
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ing force, which partially supports the body weight, relieving the springs and
raising the body. From Figure 5.6.1(a), where the total link forces are FL2 and
FR2, the total jacking force is

Because the intersection point H is not on the centerline, the jacking force itself
is generally distributed unevenly on the two sides, and therefore has some
influence on the body roll angle. Actually, for an asymmetric vehicle such as
some front-drive vehicles with unequal spring stiffnesses side-to-side, even a
central jacking force will result in roll. The vertical line on which a vertical force
will cause no roll is called the spring center (SAE). Here we should go further
and distinguish between the incremental spring center for a small additional
vertical force applied in a given cornering trim, and the (ordinary) spring center
which is the place where the vertical component of the total link force can be
considered to exert no roll effect.

The point H is not actually the kinematic roll center, that is, it is not the point
about which the body rolls relative to the axle. Consider a point M on the center-
line at the same height as H. A rotation about H is equivalent to a rotation about
M plus a height change. However, the height changes are actually governed by
other factors such as jacking force, spring stiffness, etc., not just by the suspen-
sion geometry. Therefore the rotation of the body relative to the axle is not con-
strained to be about H (geometrically there are two degrees of freedom). This is
particularly obvious when H moves a long way off to one side, when a roll about
H would then demand a very large height change, which simply does not occur.
The actual center of roll of the body relative to the axle is offset if there is any
jacking, but its position can be found only by first finding the roll angle and heave
motion.

Within the approximations stated, the total force exerted on the body by the
links acts at H, but not horizontally (Figure 5.6.1(b)). There are points J on the
vehicle centerline, K below G, and L on the spring center, all on the line of action
of the total link force. If we resolve the total link force into horizontal and vertical
(jacking) components at L instead of H, then by definition the jacking component
no longer has a rolling effect, and instead the horizontal component now has a
different moment because of its new height h3. In the simplified symmetrical
case H, J, K and L are all on the centerline at J.
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Figure 5.6.1. Roll center at high lateral acceleration.

Where then is the force roll center? Consider the roll center as the point of
application of the suspension force to the body. According to this concept, any-
where on the line of action HJKL would do. However, the roll center height is
used to calculate the load transfer and the rolling moment, and usually in this pro-
cess the rolling effect of the jacking force is neglected. In this case we really
should use the height of the point L on the spring center. The difference of height
between H and L depends on the inclination of the suspension forces, which may
be substantial for high lateral acceleration. If we use a point other than L as the
roll center, then the moment of the jacking force should be dealt with as a sepa-
rate item. We may consider the roll center to be on the centerline at the height of
L; it need not be considered to be at L itself.

The distinction between H, J, K and L is important in principle, and may also
be in practice for large lateral accelerations. In particular, H may move sideways
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and up or down because of the suspension geometry, and L may move sideways
because of nonlinear springs and bump stops.

With the definition of the roll center proposed here, the roll center height in
Figure 5.6.1(a) may be determined by force analysis. The definition of link lat-
eral load transfer is:

The load transfer through the links is one-half of the difference in
the vertical upward components of the net forces exerted through
the links.

Hence, in Figure 5.6.1(a),

where a plus sign is used because FL2 acts downward here with θL positive. The
roll center height is then found from h = (FTL/FS)T. Of course, having found the
load transfer directly, the roll center height need not be found, other than as a
matter of record or interest or as a convenient summary of the suspension
characteristics.

Two specific examples will be considered here. Figure 5.6.2 shows a parallel
equal-arm double-wishbone suspension. In this case the body roll lowers the
inside end of the outer (right-hand) side links, the link angle and hence θ depend-
ing on the link length and the lateral spacing between the link–body mounting
points. In this case

By definition, the total link force from both sides exerts no moment about the roll
center for the idealized spring model. In general, at high lateral acceleration
FR2 > FL2, so the roll center will be nearer to the line of action of FR2 than that
of FL2, i.e., with increasing lateral acceleration and roll, the roll center falls for
this kind of suspension; this is generally true of double-wishbone suspensions.

Figure 5.6.3 shows a plain trailing-arm suspension. For this case, with roll
angle Φ,

Again, considering the point on the centerline with no moment from FL2 and
FR2 combined, and with FR2 > FL2, we see that in this case the roll center rises
above ground level. It approaches the line of action of FR2 as FL1, and hence FL2,
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Figure 5.6.2. Rolled equal parallel wishbones.

Figure 5.6.3. Plain trailing arms in rolled position.

tends to zero, and therefore may reach 100 mm or more for large lateral acceler-
ations. This is in marked contrast to the usual assumption that it remains at
ground level for this kind of suspension. In other words, there is a link load trans-
fer and also a jacking force in contrast to the usual assumption that these are zero.
This is easily seen for the extreme case when the inner wheel vertical force goes
to zero, leaving a jacking force FR2 sinΦ and link load transfer . These
are not apparent from the simple theory of Section 5.5 because they develop in a
nonlinear way.
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For steady-state handling analysis, the roll center height may be represented
approximately by

where kRCA2 is the quadratic roll center height variation coefficient, with a value
possibly around ±0.001 m/(m s 2 ) 2 (0.1 m/g2).

Because the effect of a rising or falling roll center comes into play only as roll
angle develops, it would be possible to treat the roll center height as fixed and to
have an extra equivalent anti-roll bar. However, this would have to be nonlinear,
probably with moment proportional to roll angle squared, and its properties could
be established only by investigating the roll center movement. For a falling roll
center it would have negative stiffness.

5.7 Solid-Axle Roll Centers
This section deals with the determination of the roll center for solid axles with

rigid link location. Leaf-spring axles are considered in the next section. Figure
5.7.1 shows a general four-link axle. The method is based on studying the sup-
port links to find two points A and B where forces are exerted by the axle on the
body, the roll center necessarily lying on the line joining A and B, at the point
where this line penetrates the transverse vertical plane of the wheel centers. Con-
sider idealized springs at the wheels, or at least springs that do not act on the
links. One link pair has an intersection point at A, so the combined force exerted
by these links on the body must act through A (neglecting bush torques and link
weight). Similarly the other link pair exerts a force through B. The resultant of
the two forces at A and B acts through a point somewhere on AB. However, the
cornering force acts in the vertical transverse plane of the wheel centers, neglect-
ing pneumatic trail, so the roll center is where AB intersects this plane. The
torque due to trail can be dealt with separately.

Suitable points A and B can be found for other axle link layouts. For example,
if the lower links are parallel then the point B is at infinity, so AB is parallel to
the bottom links. If the bottom link pair is replaced by a torque tube or similar
system (Figure 4.6.1(f)), then point B is the front ball-joint. If transverse location
is by a Panhard rod, then point A is the point at which the rod intersects the ver-
tical central plane. A characteristic of the Panhard rod is that the roll center rises
for roll in one direction, and falls for the other because of vertical motion of the
point of connection to the body. For other axle lateral location systems it is sim-
ilarly necessary to find point A where the line of action of the force intersects the
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Figure 5.7.1. Roll center for four-link solid axle.

central plane. In the systems described in Section 4.3, this generally corresponds
to the pivot pin point C.

The forces exerted on a solid axle are as in Figure 5.4.1. The resolution into
components directed along and perpendicular to the line from the contact to the
roll center, as in Figure 5.5.1 for independent suspension, is no longer appropri-
ate because the wheels exert forces directly on each other. Hence the solid axle
has no link jacking force.

5.8 Compliant-Link Roll Centers
Finding the roll centers of compliant-link systems is especially problematic.

In the cases covered so far, the locating links were physically distinct from the
springs. The functions of horizontal location and vertical force generation are
sometimes combined in single elements, for example the leaf-spring or trailing
twist axle. This complicates the issue considerably.

In the case of location by longitudinal leaf-springs, the load transfer proper-
ties depend on the bending and torsional stiffness of the springs and bushes,
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which comes into play only once the body rolls; so it is necessary to separate out
the roll stiffness effects as an equivalent anti-roll bar, to leave the effective roll
center height. As an example to find a first approximation to the roll center posi-
tion, consider the simplified case of Figure 5.8.1.

Figure 5.8.1. An idealized leaf-spring axle.

First, consider the case of perfect torsional rigidity of the straight spring ABC,
and complete rigidity of link DC and the bushes at A, C and D, other than their
basic design motion. In such a case, a force could be applied to the body at any
height without any roll rotation being possible. This is equivalent to a perfectly
rigid anti-roll bar. To completely eliminate anti-roll bar effects, which must be
done to find the roll center, compliance must be introduced into the system, in
particular for the bushes about axes AC or AD. In practice, because of the tor-
sional compliance of the leaf-spring, the effective stiffness of bush C will be less
than that of D. If we consider bushes A and C to have complete compliance about
AC, but D to be rigid, then a side force applied to the body on the line AC can be
transmitted to the suspension because DC will act as a rigid cantilever. In this
simplified case, the roll center will be at the height of the line AC where it passes
the vertical transverse plane of the wheel centers. For other more complex cases,
such as curved springs ABC, it is still usual to take this approximation, i.e., to use
the line joining the front and rear spring eyes. This is clearly only an approxima-
tion because even with a side force applied at roll center height there will be tor-
sion of the spring and additional torque at A and C. In any case, the roll stiffness
because of spring torsion with body roll must be treated as an equivalent anti-roll
bar.

Because of the lateral compliance of the leaf-spring location system, it is pos-
sible to supplement it with a Panhard rod or other lateral location device, as is
sometimes done for racing. If the stiffness of the rod with its bushes is sufficient,
i.e., much greater than the leaf system, then the rod will be decisive. Otherwise
the result will be some intermediate position. If the rod is at a different height
from B, this calls for increased lateral deflection of the leaf-springs and therefore
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results in an additional roll stiffness, which must be treated as an equivalent anti-
roll bar.

In the case of the trailing twist axle the crossmember acts in torsion giving an
anti-roll bar effect, so to eliminate this we must consider a zero torsion stiffness
crossmember, still with bending stiffness. Figure 5.8.2(a) shows a rear view of a
simplified case with horizontal arms and small roll angle. The tire lateral forces
are L and L . The crossbeam has the free-body diagram in rear view of Figure
5.8.2(b). The wheel vertical forces are reacted separately by springs on the trail-
ing arms. The tire side forces exert moments Ls and L s on the ends of the beam.
For beam rotational equilibrium there must be vertical end forces as shown. This
gives the beam the bending-moment diagram of Figure 5.8.2(c).

Figure 5.8.2. Trailing twist axle: (a) rear view, (b) beam free-body
diagram, (c) bending-moment diagram.

When L L the central bending moment is small in this view. A similar argu-
ment applies in plan view. In conjunction with the zero torsion specification, this
means that each half of the suspension exerts negligible moment about an axis
from its own front bush through the mid-point of the crossbeam. Therefore this
axis can be projected into the transverse plane of the wheel centers to find the
force center, as for a trailing arm. The approximations are increasingly in error
as the lateral acceleration increases, so this is only the initial position of the roll
center.
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5.9 Experimental Roll Centers
Various methods have been suggested at times for the experimental measure-

ment of roll center position, none of which are really very satisfactory. One
method is the observation of body displacement with application of a lateral
force at the center of mass, for example using a laterally slanted ramp, but this is
definitely not suitable. The large lateral displacement at the tires is a problem
which may be eliminated by using solid wheels, but there will still be inappropri-
ate lateral displacements within the suspension compliances. A correct method
of finding the SAE roll center would be to apply lateral forces at various heights.
With the lateral force applied at the height of the roll axis, there will be a lateral
displacement of the body because of compliances and a vertical displacement
because of the jacking force, but no rotation. In this sense, the force roll center is
directly analogous to a shear center, which would probably be a better name for
it, although the former name is no doubt too entrenched by use to change now.

As in the case of a shear center, there is a more direct method of measurement.
If the displacement is observed when a moment is applied, the shear center will
be the center of rotation, i.e., the point of zero displacement. The most conve-
nient way to apply a moment is by a couple, for example by a joist through the
doors, with a load first on one end then on the other. This does involve a vertical
load which is acceptable if the vehicle is to be tested in a loaded condition. Oth-
erwise it is necessary to arrange for a vertical upward force to be applied as half
of the couple, say by a hydraulic jack or a weight over a pulley. The actual deflec-
tion has been analyzed by double-exposure photographs, but in the interest of
accuracy it is much better to take measurements of the displacement of specific
points by dial gauges. If these points are not in the vertical transverse plane of the
wheel centers, then the data must be used to find the roll axis, and this then used
to find the roll axis position at each suspension.

This method is still subject to serious errors and problems. Under real corner-
ing conditions there are actually large forces in the suspension links causing geo-
metric changes through bush distortions. These are largely absent from the test.
Any small inappropriate lateral displacement of the body will give a large error
in the measured roll center height. The applied couple will change the load on the
tires, giving an additional rotation of the complete chassis, including the wheels,
about a point at ground level roughly midway between the tires. The result is a
false lateral motion of the body at roll center height. This must be guarded against
by using solid disc wheels, although this exacerbates the problem of allowing
scrub because when finding the roll center for large angular displacements, there
will be a consequent track change. This must be permitted, perhaps with air bear-
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ing pads, but without allowing any inappropriate lateral motion of the body,
which is critical. It is difficult to say how the body should be located.

In summary, it is fairly easy to observe the displacement of a vehicle when it
is subject to loads or couples, but it is much more difficult to obtain results that
have a worthwhile roll center interpretation, especially for large lateral accelera-
tions. Probably the only satisfactory experimental method is to use an instru-
mented vehicle in real cornering to find the actual load transfer for each axle with
strain gauges on the links, and to deduce the net link load transfer and force roll
center height from that, using the equations of Section 5.4.

5.10 Suspension Load Transfer
During cornering, the vertical forces on the outer tires increase at the expense

of those on the inner ones. This is vertical force transferred laterally, commonly
called lateral load transfer. This section describes lateral load transfer on a single
solid or independent axle. A complete vehicle with two axles is examined in the
next section.

As perceived in vehicle-fixed axes, the load transfer FT is accomplished by
several simultaneous compensation forces on the axle, referring back to Figure
5.4.1. These are:

(1) The centrifugal force FU = mUA on the unsprung end-mass at
its G height, giving load transfer FTU.

(2) The centrifugal force FS = mSA on the sprung end-mass acting
at roll center height through the links, giving the net link load
transfer FTL.

(3) The moment MS resisted by the idealized springs and anti-roll
bar, because of roll angle, giving the net moment load transfer
FTM.

This gives

Actually, the springs normally act on the links in a way that creates additional
internal forces in both that have no net effect on the body or axle. Of course, in
the investigation of internal effects, e.g., bush distortions, it is necessary to
consider the real spring position. However, the important effect of the spring and
anti-roll bar is to produce the wheel vertical force, and for handling their exact
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position is not important provided that the end result is the same. For example,
for a given wheel force a spring acting on a wishbone will need to exert a smaller
force if it acts closer to the wheel end. Different spring positions for a given
wheel force give different spring and link forces, but do not alter the net effect,
so it is very convenient to reduce a suspension to the idealized spring model. This
has the same links, but the spring and anti-roll bar are deemed to act in a way that
creates no link forces; e.g., in Figure 5.2.3 this will mean that the spring force
acts directly along the line of action of FR1. In the idealized spring model, the
conflicting internal forces are eliminated, leaving only the important net effects.

In Figure 5.5.1, the net link load transfer is the difference of vertical compo-
nents of FL2 and FR2. The net roll load transfer from the springs and anti-roll bar
is the difference of vertical components of FL1 and FR1. The jacking force is the
total vertical force exerted by the links of the model, and so is the sum of the ver-
tical components of FL2 and FR2.

Figure 5.10.1(a) shows the rear-view free-body diagram of a highly simpli-
fied notional two-dimensional vehicle in steady-state left-hand cornering, in
Earth-fixed (inertial) coordinate axes. There are tire lateral forces giving the
vehicle a radial acceleration A to the left. Figure 5.10.1(b) shows the free-body
diagram in the vehicle-fixed axes. The appropriate compensation force mA has
been added at the center of mass, so that the vehicle has no acceleration in this
coordinate system. Bearing in mind that the total tire lateral force FYL + FYR

equals mA, that the total tire vertical force FVL + FVR equals W, and that there is
no roll acceleration, summing moments about the center of mass G for either of
these figures gives

Hence

The total load transfer is half of the difference of tire vertical forces:
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The wheel vertical forces are therefore

The total load transfer depends only on the lateral force mA, the center of mass
height H and the track T. This demonstrates that for this model the total load
transfer cannot be influenced by adjustment to internal characteristics such as the
suspension.

Figure 5.10.1. Free-body diagrams: (a) Earth-fixed axes, (b) vehicle-fixed axes.

Actually, this is not exactly true for a body that rolls because the roll angle
moves the center of mass out slightly relative to the wheels, depending on the
height of GS above the roll axis, as shown in Figure 5.4.1. At maximum lateral
acceleration this lateral motion of G gives a load transfer of about 5% of the total
weight, compared with a load transfer of about 35% of the weight from the other
factors. It is sometimes stated that a vehicle that does not roll has no load transfer;
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this is false. Zero roll will eliminate the small factor because of lateral G move-
ment, but will have no effect on the major factors shown in the zero-roll model
above.

It is often convenient to express the lateral load transfer in terms of a non-
dimensional vertical force lateral transfer factor eV. This is defined as

where FVi0 is the static vertical force on the inner wheel. Hence eV = 1
corresponds to inner wheel lift-off.

It is desirable for safety reasons that overturning should not occur before the
tire friction sliding limit, placing limits on the relationship between H and T.
These limits are met by normal cars but often not met by trucks, especially when
loaded. Because of the tire characteristics, the greatest total lateral force can be
achieved if the vertical force is as uniform as possible from side to side, giving a
strong incentive for racing and sports vehicles to have a low center of mass and
a wide track.

Rollover would occur at a lateral acceleration at which the load transfer
reduces the inner reaction FVL to zero:

If the maximum lateral acceleration achievable, limited by grip, is AM, then the
safety factor against roll is defined to be

Using the above expression for the value of AR, then

which is around 1.5 for a conventional passenger car. The simple expression for
SR immediately above can be refined by a more accurate calculation of AR,
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including load transfer from body roll (lateral G position), gyroscopic effects,
and tire lateral distortion. This gives:

where m4W is the mass of the four wheels, k is their radius of gyration, and ky is
the tire lateral stiffness relating the offsetting of FV to the side force. This more
accurate value of AR is about 20% lower than the simply calculated value, giving
a correspondingly much lower calculated SR.

The steady-state analysis above is useful for basic comparison purposes, but
dynamic effects through the sudden or cyclic application of steering can consid-
erably increase the propensity to roll over. Also, many rollovers occur by trip-
ping at a curb. Actual rollovers occur at a rate of around 0.01% per annum for
passenger cars. A high SR value helps to reduce this, but driving style is a major
factor. Also rollovers are due to tire, wheel or suspension failure. Heavy trucks
are especially prone to roll over because their high center of mass and low natural
roll frequency make them especially sensitive to roll resonance problems.

Figure 5.4.1 showed the forces exerted on an axle seen in vehicle-fixed axes,
including consideration of separate unsprung and rolling sprung masses. The
total tire lateral force is

The unsprung mass centrifugal compensation force mUA is applied at the
unsprung center of mass height HU. The sprung-mass centrifugal compensation
force, really applied at the sprung center of mass, is shown instead transferred to
the roll center, along with a moment. The sprung weight force, now offset
because of roll, is also transferred to the roll center and also contributes to the
moment. Using

then the moment is
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In the vehicle-fixed axes, all moments are in equilibrium so setting moments
about the mid-point between the tire contacts to zero and dividing by the track T
gives the total load transfer:

Thus the load transfer arises from three factors: unsprung side force at the
unsprung center of mass height, sprung side force through the links at roll center
height, and the moment associated with the roll angle. It is usual to treat the two
unsprung parts of an independent suspension as having a combined center of
mass. For independent suspension, the unsprung load transfer actually results in
link forces that affect the sprung mass roll angle slightly, depending on the
details of the linkage geometry. This is usually neglected for simplicity.

Part of the total load transfer from the sprung mass is taken by the roll angle
acting against the roll stiffness giving FTM, and part is exerted directly by the
links giving FTL. The allocation of load transfer to the two methods depends on
the roll center height. Usually 0 < h < HS, in which case the vehicle rolls outward,
and the load transfer by both methods is positive. If h = HS there will be zero roll
angle and all the load transfer is through the links. For a roll center higher than
the sprung center of mass (h > HS), not normally met in practice, the links would
transfer too much load which would be balanced by a negative load transfer in
the springs, and the body would lean into the turn. For a roll center below ground
level (h < 0), sometimes met in practice, the links have a negative load transfer
so the springs and anti-roll bar must have a load transfer exceeding the total.
However, whatever the roll center height, the total load transfer is not altered
other than that a high roll center helps to reduce the roll angle which reduces the
relatively small effect of the lateral movement of the center of mass.

The roll moment produced by the stiffness elements in roll depends on the
body roll relative to the axle, i.e., relative to a line joining the wheel centers. This
is the suspension roll angle. Because of load transfer on the tire vertical stiffness,
typically 250 N/mm, the axle itself, solid or independent, has a small roll angle
called the axle roll angle. The body roll is the suspension roll plus the axle roll.
Axle roll is typically one-eighth of suspension roll, reaching 1–2°.
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5.11 Vehicle Load Transfer
Figure 5.11.1 shows a two-axle vehicle model. This distinguishes the sprung

mass mS from the front and rear unsprung masses mUf and mUr, each with its own
center of mass. There are different front and rear roll center heights, tracks, etc.
The vehicle is in steady-state left-hand cornering. It is convenient to perform this
analysis in the accelerating coordinate system xyz attached to the vehicle (vehi-
cle-fixed axes), so the centrifugal compensation forces are included at each mass
center. In this coordinate system there are no linear or angular accelerations. The
sprung-mass weight force is shown; other weights and tire forces are omitted for
clarity of the figure. The lateral acceleration considered here is that perpendicular
to the vehicle centerline. This is not quite the same as the cornering radial accel-
eration because the vehicle body has an attitude angle to its direction of travel
arising from steering, the slip angle of the rear tires and roll and compliance steer
effects, so the vehicle radial acceleration resolves into a lateral acceleration and
a longitudinal one. The longitudinal acceleration component causes a front-to-
rear load transfer that can be calculated separately. The linear analysis will be
presented here in order to illustrate the principles. In practice, the load transfer is
important at higher lateral accelerations, in which case nonlinearities may well
come into play (for example, bump stops). A good computer simulation can, of
course, deal with the nonlinearities.

In these vehicle-fixed coordinate axes, the vehicle is held in equilibrium, with
zero acceleration. The forces mUfA and mUrA act directly on the front and rear
axles, respectively, each transferring load only between its own pair of tires. The
effect of the sprung-mass forces mSA and mSg may be determined as before.
The distance of the sprung center of mass from the roll axis is d = HS – h. The
roll angle is Φ. The forces mSA and mSg may be replaced by forces at A plus a
moment, which is

This moment is reacted by the springs and anti-roll bars, distributed front-to-rear
appropriately (according to the distribution of roll stiffness for the linear case for
a torsionally rigid body). This determines the suspension roll angle. To find this
roll angle, this total applied moment must be matched against the total vehicle
roll couple characteristic from Figure 5.3.1. The roll angle is usually small
enough for a small Φ approximation for the applied moment, giving
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Figure 5.11.1. Vehicle load transfer model, vehicle-fixed axes.
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If the resistance moment is also linearized, which is a more restrictive
approximation, then

in which case the roll angle has the simple solution

Here kS is used, the roll compliance on the tires being neglected for simplicity.
In practice it is desirable to include this, especially for higher roll stiffness
suspensions.

Consistent units must be used; it is normally necessary to convert mSgd from
Nm/rad to Nm/deg to agree with k, this then giving roll angle in degrees. The roll-
angle gradient is

From the known roll angle and the front and rear roll couple graphs or roll
stiffnesses, the front and rear load transfer from roll angle may be found. For the
linearized case

This completes the calculation of roll stiffness load transfer.
The effect of the sprung mass force mSA, which has been transferred to point

A on the roll axis, is found by redistributing the side force between the front and
rear roll centers according to the position of the unsprung center of mass along
the wheelbase. The wheelbase is
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where the sprung center of mass is aS behind the front axle. The front and rear
sprung end-masses are:

where mf and mr are the total front and rear end-masses:

where m is the total mass. At the front and rear axles the sprung end-mass forces
are

The sprung end-mass forces FSf and FSr each act on the appropriate suspension
and cause load transfer on their own end only, according to the roll center height
for that end, giving the net link load transfer:

where f = h/T is the suspension load transfer factor. This completes calculation
of the load transfer from the sprung mass.
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The unsprung mass load transfer is simply caused by the height of the centrif-
ugal compensation force on the unsprung center of mass (an approximation for
independent suspension), so

where HU is the unsprung center-of-mass height.
The total load transfer from sprung and unsprung effects at each end is then

For the linear case, all this can he summarized by

In this way the front and rear lateral load transfer may be found. The distribution
of lateral load transfer moment should be carefully distinguished from the
distribution of roll stiffness, even in the linear case. The front load transfer
moment distribution factor is

with rear factor
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The front and rear load transfer gradients are

Where required, the calculation above may be refined by including tire
overturning moment, the gyroscopic effect of the wheels, and possibly engine
and aerodynamic effects. These may have a substantial cumulative influence.

The procedure for finding the cornering load transfer and its distribution may
be summarized as follows:

(1) Find the total applied rolling moment for the sprung mass for
each end in terms of Φ.

(2) Find Φ using the total roll couple curve or roll stiffness.

(3) Find the roll load transfer for each end using the end roll couple
curves or roll stiffnesses.

(4) Find the front-to-rear distribution of side force from the sprung
mass.

(5) Find the sprung-mass force load transfer for each end using the
roll center heights (net link load transfer).

(6) Find the unsprung-mass load transfer for each end using the
unsprung-mass heights.

(7) For each end, sum the load transfers by unsprung-mass side
force, net link side force, and the roll stiffness moment.

It is sometimes suggested that account should be taken of the inclination ρra of
the roll axis, which is usually 6° or less, and 12° in the extreme. Then instead of
transferring the sprung side force directly down to the roll axis, it is moved
perpendicularly to the roll axis; in practice this means slightly backwards and
with a slightly smaller moment arm. However, if this is done then one should also
allow for the fact that the moment about the roll axis has a component about a
vertical axis, which compensates for the rearward movement. Also, for realistic
values of inclination the cosine is so close to 1.0 that the change of moment arm
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is negligible. Allowing for axis inclination therefore simply complicates the
equations without usefully improving the accuracy.

The above analysis assumes that the body is torsionally stiff, to the extent that
the torsion angle is much less than the roll angle, i.e., the front and rear suspen-
sion roll angles are taken to be equal, which is generally true enough for cars but
not so for trucks. If this is not the case, then the moment about the roll axis is dis-
tributed front-to-rear in a more complex way. For a torsionally compliant body,
attempts to adjust the distribution of roll stiffness by anti-roll bars is ineffective,
so this ceases to be an effective tool in handling adjustment. In this context, tor-
sional compliance of the body must be compared with the torsional compliance
of the suspension. Also, additional effects may sometimes need to be considered.
For example, the center of mass may be off-center, or the ground may be sloping,
or aerodynamic forces may be significant.

Tire compliance also has some effect, especially for racing cars. It has rela-
tively little effect on passenger cars, but can be included if desired.

Aerodynamic effects may be added, calculating the forces and moments
according to the methods of Chapter 3. The effect of lift and pitch is considered
in detail in Section 5.13. Roll, yaw and side lift have some effect on lateral load
transfer, this is usually small, but may be significant for some vehicles. For left-
hand cornering, as in the rear view of Figure 5.10.1, positive forces act to the
right, so the compensation forces are positive and the tire forces are negative, and
clockwise moments will be taken as positive. Taking the attitude gradient as pos-
itive, the attitude is negative for low speed with front steering, becoming positive
for large lateral acceleration. C S, C R and C Y are usually simply given positive
values, in which case the side lift, roll moment and yaw moment are

where βAe is the aerodynamic attitude angle, which in still air is
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The aerodynamic effect on roll angle depends on the aerodynamic roll moment
about the roll axis. Considering that the side force acts at the mid-point of the
wheelbase, and that the yaw moment has a component about the roll axis, which
has inclination

the aerodynamic moment on the sprung mass about the roll axis is

Hence

with a representative value of 0.003 for a sedan. Including consideration of the
sprung-mass weight force, this gives an aerodynamic roll angle

which when significant is generally negative, although not invariably so because
the attitude angle may be negative with front steering. This roll moment is
distributed front-to-rear according to the roll stiffnesses acting against the roll
angle.
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The side lift force FAeS, acting at the mid-point of the wheelbase, is distrib-
uted equally to the front and rear roll centers. Hence the front and rear aerody-
namic load transfers are:

where FAeS and ΦAe are generally negative when significant. Hence, for positive
attitude angle the aerodynamic roll is generally negative, reducing the normal
roll slightly, and the aerodynamic roll load transfers are negative. The aerody-
namic roll angle is generally less than 1°, and the aerodynamic load transfer
reaches 2–3% at high speed for an average sedan.

5.12 Pitch
Vehicle longitudinal dynamics are not of relevance in themselves here, but

sometimes need to be considered in conjunction with lateral dynamics, for exam-
ple during combined braking and cornering or during strong acceleration and
cornering, and in racing. Because of aerodynamic pitch moment, or hill climbing,
or braking or accelerating, or steady-state cornering with an attitude angle, there
will be longitudinal load transfer, i.e., longitudinal transfer of tire vertical force.
It is considered positive when the rear reactions are increased. It generally also
results in ride height changes at the front and rear suspensions, which may alter-
natively be considered as a change of height at the center of mass plus a change
of pitch angle. This has geometric effects on the wheels, such as camber and
steering angle changes, and also affects the caster angles significantly. As in the
case of lateral load transfer, the longitudinal load transfer may be achieved partly
through the springs and partly through the links. When the linkage arrangements
are such as to transfer some of the load through the links rather than through the
springs, this is called anti-dive at the front and anti-rise at the rear in the case of
braking, and anti-lift at the front and anti-squat at the rear in the case of traction.
Having a roll center above ground could correspondingly be described as "anti-
roll."

The total longitudinal load transfer moment is
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The load transfer moment on the suspension is

The tire pitch stiffness is

giving an unsprung pitch angle

The suspension pitch stiffness is

giving a suspension pitch angle, for no anti-dive or anti-rise, of

The body pitch angle, for steady acceleration, is

with an associated angle gradient around 4 deg/g (longitudinal).
The principle of anti-dive for a twin-wishbone front suspension is shown in

Figure 5.12.1. The lines where the planes of the wishbones (i.e., the planes of the
pivot points) intersect the plane of the wheel are arranged to converge to a point
E, possibly at infinity. The suspension goemetry is characterized primarily by θgf

and by the horizontal arm length lad. With the usual approximation of zero
moment about the pivot axis, the suspension links can exert no moment about E.
When, resulting from brake action, a horizontal force is applied by the road to the
wheel at the bottom, this can be resolved into components along and perpendic-
ular to AE. The component F2 perpendicular to AE must be reacted by the
springs: at the front it acts downward on the wheel, extending the spring and so
opposing the usual compression of the front spring in braking. This is anti-dive.
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Figure 5.12.1 assumes that the brakes are outboard. If they are inboard then the
torque transferred by the driveshafts means that the brake force is effectively
applied at the wheel center height, so it is necessary to arrange for appropriate
inclination of line CE instead. Similar principles can be applied to the rear sus-
pension, but in this case the force center must be in front of the wheel to discour-
age the usual extension of the rear springs in braking or compression in
acceleration.

Figure 5.12.1. Anti-dive and anti-squat geometry (only braking forces shown).

The notation for angles in Figure 5.12.1 is that subscripts c and g mean from
the center and ground, respectively, and subscripts f and r mean front and rear as
usual. The anti-coefficients will be denoted by J (in practice usually expressed as
J × 100%). For example Jal is the anti-lift coefficient. Table 5.12.1 summarizes
the parameters, showing which angle is relevant to which coefficient. As an aide
memoir to distinguish between rise and lift, it is convenient to recall that Rise is
at the Rear.

Table 5.12.1. Anti-Dive/Rise/Lift/Squat Parameters
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The total deceleration depends on the total force at both ends, but the horizon-
tal suspension force on each end depends on the braking proportion at that end.
Accurate calculation of the anti-dive requires consideration of the proportion of
brake force at the front, the sprung and unsprung masses, and the sprung center-
of-mass height. The analysis is usually simplified by neglecting the inertial effect
of the unsprung mass, as in the following. As an example, consider the braking
force

where p is the proportion of braking at the front, which may be acceleration-
dependent, for example if there is a rear pressure limiter. The resulting vehicle
deceleration is

The total longitudinal load transfer to the rear is

The vertical force exerted by the ground on the front axle is therefore

The forces on the suspension from the body have no moment about E, so taking
moments about E for the front wheel shows the idealized front spring force (two
wheels) to be
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Hence the front anti-dive against forces exerted on the wheel at ground level is

where θgfi is the "ideal" angle for full anti-dive, given by

In braking, with outboard brakes, at the rear the anti-rise is correspondingly
given by

where

In the case of traction, with tractive force

where t is the tractive force fraction on the front wheels, the tractive force is
produced because of torque in the driveshafts, totaling for both wheels tmAr at
the front and (1 – t)mAr at the rear (neglecting rotational inertia of the wheels).
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This means that the effective line of action of the tractive force is transferred to
the center of the wheel. The front anti-lift is

where θcf is the angle of CE at the front:

and θcfi is the angle for full anti-lift, given by

The traction anti-squat at the rear is

where

In the case of inboard brakes, the braking force is associated with a driveshaft
torque, so the inclination of CE gives the relevant angle. All of the above
equations can be extended to include the effect of the translational and rotational
inertia of the unsprung masses. For example, during linear vehicle deceleration,
the wheels also have angular deceleration, with angular momentum change that
must be provided by the moment of a longitudinal load transfer.
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In practice there are objections to anti-dive geometry. It tends to lead to harsh-
ness of the front suspension on rough roads because the wheel moves forward as
it rises, attacking the bump; it may also cause steering kickback and wander
under braking. It also becomes more difficult to achieve good-quality steering
geometry, so instead of full anti-dive a proportion is often used, usually
expressed as a percentage. Up to 50% anti-dive has been used on passenger cars.
Amounts in excess of 50% have been used on ground-effect racing cars because
of their extreme sensitivity to pitch angle. However, a large amount may be prob-
lematic on small-radius turns, where the large steer angle plus cornering force
result in significant jacking forces. The most successful applications of anti-dive
seem to be those in which the geometry is arranged to minimize changes of caster
angle, and the quantity is more moderate at 20% to 25%.

Considering again Figure 5.12.1, characterized by the angle θgf and horizontal
anti-dive arm length lad, it is apparent that vertical motion of the wheel (suspen-
sion deflection) is liable to give an effective rotation about some point. In the
case of a rigid leading arm, this point is simply E, but this is not so for a double
wishbone suspension, for which more detailed analysis is required. Any such
rotation changes the effective angle of motion θgf so the anti-dive coefficient will
change. The pitch angle of the body (perhaps 4° to 5° in strong braking) will also
influence θgf. Any effective rotation also changes the caster angle; this can be
eliminated, if desired, by using parallel arms, although this still leaves the body
pitch angle affecting the caster angle, i.e., the anti-dive and the geometric caster
change can be chosen independently.

In the case of the pitch-up caused by traction forces, with rear-wheel drive it
is quite common to have some anti-squat at the rear. It is not possible to provide
anti-rise at the front of a rear-drive vehicle because there is no associated hori-
zontal force applied to the wheel. Anti-squat may have detrimental effects on
traction on rough surfaces. Anti-squat effects may also be achieved by other
arrangements of the rear suspension, such as a lift bar which is rigidly attached
to the rear axle, protruding forward and acting upward on a rubber block on the
body; the axle reaction torque therefore provides an upward force on the rear
body, depending on the length of the lift bar, relieving the rear springs.

It is sometimes convenient to express the longitudinal load transfer in accel-
eration in terms of a vertical force longitudinal transfer factor
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where Nf is the constant-speed front axle reaction, so eX = 1 is front axle lift-off.
Correspondingly, the vertical force braking transfer factor is

The preceding description and analysis of longitudinal behavior is based on
two-dimensional considerations. A precise analysis requires consideration of the
suspension in three dimensions. In the case of a solid arm suspension (e.g., a
leading arm or trailing arm) then the pivot axis of the arm is well defined (within
the limits of compliance effects). Projecting this axis into the transverse vertical
plane of the suspension gives the swing arm center E in front view, and hence the
roll center. Projecting it into the longitudinal vertical plane of the wheel gives the
side-view arm center E (Figure 5.12.1), and hence the anti-dive, etc.

In the case of a double wishbone (A-arm) suspension, each arm has an asso-
ciated geometric plane defined by three points, usually the outer ball-joint and
the two inner pivots. The planes of the two arms intersect in the instantaneous
pivot axis. In the case of a strut suspension, the top plane is through the strut top
location point, perpendicular to a line from there to the lower ball-joint. The
instantaneous pivot axis pierces the vertical transverse suspension plane and the
longitudinal wheel plane at the relevant points. When the wheels are steered, then
the transverse vertical plane is no longer appropriate, and each wheel needs to be
considered independently using the plane perpendicular to the wheel. The dis-
tinction between anti-dive and anti-roll can be maintained, of course, but these
no longer correspond to the wheel longitudinal and lateral force components, but
more nearly to the central and tractive force components.

A full three-dimensional analysis of the suspension, including springs and
spring linkages (pushrods, rockers, etc.) is of course feasible, and useful as an
adjunct to qualitative understanding. Such programs are far more complex than
the relatively easy two-dimensional analysis.

5.13 Wheel Vertical Forces
A statistically determinate system is one in which the forces in the members

may be determined by equilibrium analysis. A statistically indeterminate system
requires consideration of the deformation of members under load in order to cal-
culate the forces.

The four wheels of a conventional vehicle constitute a statically indeterminate
system for the vertical forces at those wheels. There are only three equilibrium
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equations available: heave, roll and pitch. As a consequence, the distribution of
the vertical forces at the wheels depends on the system's internal characteristics.
For example, a symmetrical vehicle with center of mass at 46% of the wheelbase
from the front, on level ground, would have 27% of the weight supported at each
front wheel and 23% at each of the rear wheels, giving 54% total on the front,
46% total on the rear and 50% on each side (Figure 5.13.1(a)). The diagonals D1

and D2 are equally loaded, being 50% each. However, because of the indetermi-
nacy, the load on one diagonal can be increased at the expense of the other by
adjusting the suspension; this is static diagonal load transfer, usually called diag-
onal bias. Figure 5.13.1(b) shows a diagonal bias of 6% of the total weight, i.e.,
the diagonals D1 and D2 are 56% and 44%, while the front total, rear total, and
side totals remain as before. The convention will be adopted here that a positive
diagonal bias means more reaction on the right-front diagonal (D1).

Figure 5.13.1. Wheel vertical forces (static): (a) symmetrical, (b) 6% diagonal bias.

Diagonal bias can be caused by adverse accumulation of production toler-
ances, operating distortion, incorrectly repaired crash damage, suspension fric-
tion or engine torque reaction. Competition vehicles that predominantly run on
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one-handed tracks are sometimes deliberately adjusted in this way (called
weight-jacking in the U.S.), achieved by adjusting the height of a spring seat or
fee length of an anti-roll bar drop-link.

The distribution of vertical wheel forces is important in handling at higher lat-
eral accelerations. The desired result is achieved by controlling the front-to-rear
distribution of lateral load transfer. Figure 5.13.2(a) shows the same car with
symmetrical trim, statically as in Figure 5.13.1(a), in left-hand cornering with lat-
eral load transfer equal to 20% of the total weight, where the distribution of lat-
eral load transfer is, in this case, shared equally between front and rear. The
front/rear load transfer moment distribution is 50/50. This still leaves the diago-
nal sums D1 and D2 at 50% each. Increasing the lateral load transfer at the front
to three-quarters of the total load transfer (load transfer moment distribution
75/25) gives Figure 5.13.2(b), where the diagonal sums are now 60% and 40%.

Figure 5.13.2. Wheel vertical forces (cornering): (a) had transfer distribution 50/50
front/rear, (b) distribution 75/25 front/rear.
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These effects may be summarized by the following equations, using sub-
scripts L for left, R for right, f for front and r for rear. The diagonal bias is the
force transferred diagonally:

For zero (static) diagonal bias, the cornering effects give front and rear load
transfers

Hence the diagonal bias is

The total lateral load transfer is

The aerodynamic effects on wheel vertical forces may be found as follows, with
forces and moments calculated by the methods of Chapter 3 using the coordinate
axes of Figures 3.5.1 and 3.5.2. The lift aerodynamic force is

and this acts vertically upward at the center of the wheelbase, this being the
aerodynamic coordinate center. Therefore each wheel vertical force is changed
by

For passenger vehicles, the lift is usually positive, thus reducing the wheel
vertical forces, typically by 5 to 10% at full speed.

A positive pitch moment is defined to give a longitudinal load transfer
increasing the rear wheel vertical forces. The pitch-up moment is
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so the total longitudinal aerodynamic load transfer is

and half of the above for each wheel. The pitch coefficient usually causes a
longitudinal load transfer of 1% to 2% of total weight at high speed. There may
also be a small lateral load transfer from the aerodynamic roll moment.

A diagonal load transfer effect occurs because of the driveshaft torque on a
conventional live axle. The driveshaft torque, basically engine torque times the
gear ratio less friction (except for rear gearboxes), is as much as 600 Nm for
strong acceleration in low gear when the effect is worst. It acts on the axle to give
a load transfer. Its reaction acts on the sprung mass and is distributed front-to-
rear according to the roll stiffnesses, compensating partially for the direct prop-
shaft torque on the axle. In the case of a three-wheeled vehicle with rear axle, all
the body roll stiffness is at the rear, so there is a resulting roll angle but the net
load transfer effect is zero. For a four-wheeled vehicle with all the roll stiffness
at the front, the full diagonal loading would occur.

The propshaft torque reaction causes a roll angle

which is normally positive in left-hand cornering, i.e., it then increases the roll.
The propshaft front load transfer is then

The rear load transfer is the negative torque on the axle, plus the body load
transfer through the roll stiffness, giving

For a vehicle with a live solid rear axle the result is a significant net lateral load
transfer at the rear during strong acceleration. This acts to limit traction forces
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and hence to limit forward acceleration. It is a relatively small asymmetric effect
in steady-state cornering, i.e., it has differing effects for different directions of
turning. This effect is absent for most front-drive vehicles with the driveshafts
from the side of the differential on the sprung mass, or for de Dion rear axles.

For manual computation these effects can best be summarized as in Table
5.13.1, which shows the result corresponding to the diagonal bias of Figure
5.13.1(b) plus the cornering load transfer of Figure 5.13.2(b), and 4% longitudi-
nal load transfer plus example aerodynamic lift and pitch effects.

Table 5.13.1. Example Load Transfer Effects (Percentages of mg)

It is often convenient to express the vehicle or axle lateral load transfer in terms
of the vertical force lateral transfer factors eV, eVf and eVr. These are defined as
the lateral load transfer divided by the vertical force on the inner wheel(s) before
the load transfer. Thus for the case of Table 5.13.1,

The vertical force longitudinal transfer factor is defined in a similar way.

5.14 Steering

5.14.1 Steering Linkage Geometry
Directional control is normally achieved by steering the front wheels, i.e., by

rotating them about a roughly vertical axis. The effective steer rotation of the
wheels relative to the body is represented by δ (delta). This is mainly the result
of steering wheel movement by the driver, but partly the result of suspension
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characteristics. Rear-wheel steering is inherently unstable at high speeds, but
because of its convenience in maneuvering it is sometimes used on specialist
low-speed vehicles such as dumper trucks. Recently some interest has been
shown in variable rear steering for road cars, coupled with conventional front
steering, and this is now commercially available.

In the early days of motoring, various hand controls were tried for the driver.
It was Benz who introduced the steering wheel, and this was almost universal by
1900. Tests in other control applications show that the hand wheel is the best way
to combine rapid large movements with fine precision. For cars, the road wheels
steer through a total of about 70°, and the steering wheel through three and a half
turns, requiring a gear ratio of about 18. The average is actually about 17 for
power-assisted steering and 21 for unpowered steering. For trucks the steering-
wheel movement and gear ratio are about twice those for cars. A high steering
gear ratio means a smaller steering force requirement, but it is less favorable for
rapid response in emergencies.

The steering of the road wheels is not governed exclusively by the steering
hand wheel position. In addition there are:

(1) Toe angle – the initial fixed settings.

(2) Suspension geometric steer arising from vertical wheel motion
coupled with the linkage geometry, expressed through bump
steer or roll steer.

(3) Suspension compliance steer, resulting from forces or mo-
ments and link compliance, mainly in the rubber bushes.

(4) Steering system compliance, mainly in the steering column.

The wheel camber angles are also affected by geometric effects (bump camber
and roll camber) and by the flexibility (compliance camber).

The steering system must connect the steering wheel to the road wheels with
the appropriate ratio, and also meet other geometric constraints such as limits on
bump steer. It is desirable for the forward efficiency of the system to be high in
order to keep the steering forces low. On the other hand, a low reverse efficiency
helps to reduce the transmission of road roughness disturbances back to the
driver, at the cost of some loss of the important feel that helps a driver to sense
the frictional state of the road. Hence, there is a conflict in steering design which
must be resolved according to the particular application.

For independent suspension there are two principal steering systems in use,
one based on a steering box, the other on a rack-and-pinion. In the typical steer-



Suspension Characteristics 285

ing box system (Figure 5.14.1), known as the parallelogram linkage, the steering
wheel operates the Pitman arm A via the steering box. The box itself is nowadays
usually a cam and roller or a recirculating ball worm-and-nut system. The gear
ratio of the box alone is usually somewhat less than that of the overall ratio
because of the effect of the links. Symmetrical with the Pitman arm is an idler
arm B, connected by the relay rod C, so that the whole linkage is geometrically
symmetrical, although the forces are introduced on one side. From appropriate
points on the relay rod, the tie-rods (track-rods) D connect to the steering arms
E. The length and alignment of the tie-rods are critical in controlling bump steer
effects. The steering box system has the advantage of a suitable reverse effi-
ciency, but this has become less important than in the earlier days of motoring
because of the improved quality of roads.

Figure 5.14.1. Steering box system.

In the steering rack system, the steering column is connected directly to a pin-
ion acting on a laterally moving rack. The tie-rods may be connected to the ends
of the rack, or they are sometimes attached close to the center where the geome-
try favors this, for example when the rack is high up with strut suspension. Road
shock feedback can be controlled to some extent by choosing a suitable gearing
helix angle, minimizing wheel offset, or increasing handwheel inertia. Flexible
mounting of the rack has also sometimes been used, but this causes loss of steer-
ing precision. A steering damper may also be useful.

Precision is of great importance in the steering system, and the rack system
has a superior reputation, although it is quite difficult to observe any substantial
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difference between a rack and a good box system in comparative driving tests.
To prevent play in the various inter-link ball-joints, they are spring-loaded.
Where the suspension is mounted on a subframe which has some compliance rel-
ative to the body, in the interests of steering precision it is desirable to also mount
the steering rack or box on the subframe.

On trucks it is still common to use a rigid axle at the front, mounted on two
longitudinal leaf-springs. Usually the wheel steering arms are connected together
by a single tie-rod (Figure 5.14.2). Steering is effected by operating a second
steering arm A on one of the wheels by the horizontal drag link B from a vertical
Pitman arm C. This acts from the side of the steering box which is mounted on
the sprung mass.

Figure 5.14.2. Truck steering (leaf-spring front axle).

For all systems, the wheels and hubs are pivoted about the kingpin axis (Fig-
ure 5.14.3). Nowadays, on cars at least, kingpins are no longer used; the steering
axis is now defined by a pair of ball-joints. In front view the axis is at the kingpin
inclination θk, usually from 0 to 20°, giving a reduced kingpin offset b at the
ground. The inclination angle helps to give space for the brakes. Where the steer-
ing arms are forward (rack in front of the wheel centers) it also gives room to
angle the steering arms for Ackermann geometry. Sometimes a negative offset is
used, this giving straighter braking when surface friction varies between tracks.
Zero offset is called center-point steering. If the inclination angle is also zero, it
is called centerline steering. Center-point steering gives no steering moment
from FX forces; centerline steering gives, in addition, zero moment for rolling
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resistance forces (at the wheel axle height). This latter effect is important because
of the variation of rolling resistance on rough roads.

Figure 5.14.3. Geometry of the steering axis of a wheel.

In side view, Figure 5.14.3(b), the kingpin axis is slanted at the caster angle
θc, usually 0 to 5°. This introduces a mechanical trail, the caster trail (or caster
offset), that acts in concert with the tire pneumatic trail. On cars and trucks it is
usual for the kingpin axis to pass through the wheel spin axis C in side view, but
this is not essential, and some offsetting of the axis from the center enables the
caster angle and trail to be independently varied. The caster angle and the asso-
ciated caster trail are important in the feel of the steering. In general, the caster
angle varies with the suspension bump position:

where εBθC is the bump caster coefficient (deg/m) (to be distinguished from ε B C ,
the bump camber coefficient). Bump caster variation acts in addition to the direct
effect of the body pitch angle. Caster variation is generally undesirable, but is
used deliberately in some cases. The caster angle gives the caster trail, which, in
conjunction with the tire pneumatic trail, is very important in giving the steering
a suitable feel, and also has a direct effect on stability. The road wheel steer angle
δ is the angle between the vehicle longitudinal axis and the line of intersection of
the wheel plane and the ground. This is approximately the same as the angle of
rotation of the wheel about the inclined kingpin axis. Once the wheel is in a
steered position, the caster and kingpin inclination angles affect the camber
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angle, and this can therefore influence turn-in, and especially influence handling
in small-radius corners. For realistic steer angles, a positive kingpin inclination
angle causes a positive camber on the outer wheel, growing roughly with the
steer angle squared, and is typically 0.15° of camber per degree of inclination at
30° of steer. Positive caster angle causes a negative camber on the outer wheel,
approximately proportional to steer angle, and is typically 0.50° of camber per
degree of caster at 30° of steer. The actual camber angle is

The dependence of camber angle on steer angle may be represented approxi-
mately by

where εSC is the steer camber coefficient, depending on the caster angle ( θc in
radians), and εSC2, the quadratic steer camber coefficient, depends on the
kingpin angle ( in radians) but changes sign with the sign of δ.

The steering wheel angle δs is the angular displacement of the handwheel
from the straight-ahead position. The overall steering ratio G is the rate of change
of steering-wheel angle with respect to the average steer angle of the steered
wheels, with negligible forces in the steering system or assuming a perfectly rigid
system, and with zero suspension roll:

The mean overall steering ratio is

For a linear system G and Gm are equal and constant. In this case it is sometimes
convenient to introduce the reference steer angle
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This is not the same as δ because it incorporates the effect of steering
compliance. However, it has the advantage over δs that it is based on the road
wheel angles and therefore it is not very sensitive to G, unlike δs.

The steering-wheel angle gradient is the rate of change of steering-wheel
angle with steady-state lateral acceleration (dδs/dA) in rad/m s 2 , deg/m s 2 or
deg/g, and is a measure of the position control sensitivity. The steering wheel
torque gradient is the rate of change of torque Ts with steady-state lateral accel-
eration (dTs/dA) typically in Nm/m s 2 (Ns2) or Nm/g, and is a measure of the
force control sensitivity.

Steering systems are dynamically complex combinations of components and
subject to various modes of vibration. Fortunately, handling effects are essen-
tially low-frequency phenomena, so simple dynamic models usually suffice for
handling analysis. The essential inertias are those of the wheels about the kingpin
axis, about 1 kg m 2 each, and that of the steering wheel, which for cars is usually
in the range 0.025 to 0.065 kg m2, averaging 0.040 kg m2. However, they are
connected by the overall gear ratio of typically 20, and inertias are factored by
the gear ratio squared, so the steering wheel angular inertia referred to the road
wheel motion is about 16 kg m2, which is much greater than that of the road
wheels. The dominant compliance is the torsional compliance of the steering col-
umn, typically 25 Nm/rad. Depending on the design, sometimes other compli-
ances should be included such as the long tie-rod D on a rigid axle (Figure
5.14.2).

5.14.2 Static Steering Torque
The torque required to steer the road wheels is greatest for static vehicle con-

ditions. Provided that the kingpin axis is not too far from the center of tire con-
tact, for example if it is in the footprint, as it usually is, the following empirical
equation gives a fair estimate of the static steering torque at the road wheel:

where pi is the inflation pressure. The corresponding mean friction radius is
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where

is the equivalent inflation area.

5.14.3 Aligning Torque
Angular compliance in the steering column proves to be of importance in han-

dling analysis, so it is important to be able to calculate the steering torque about
the kingpin axis in dynamic conditions. This comprises a torque to provide wheel
angular acceleration (usually small) plus torque to balance the forces exerted by
the ground on the tire, and to balance any driveshaft torque, plus the spring tor-
sional stiffness in the case of Macpherson struts.

Driveshaft torque occurs for driven wheels or for inboard brakes. The conse-
quent steering torque is simply the component of the driveshaft torque along the
kingpin axis. These ideally balance from side-to-side, but will not do so when the
driveshafts are at different angles for any reason, for example because they are
of different lengths or because of body roll, or engine torque rock, or when the
shaft torques are different as may occur when a limited-slip differential is fitted.

The consequences of the tire forces may be found by considering the three
forces and moments at the center of tire contact. The rolling resistance moment
and the overturning moment are negligible in this context. The aligning torque,
acting about the vertical axis, may easily be resolved into its component about
the kingpin axis (Figure 5.14.3). The sum for the two wheels is

This moment attempts to rotate the steering in such a way as to restore straight
running. The tire lateral force acts at a distance c cosθ from the axis, so the
steering moment for the pair of wheels for small θ is

For positive caster offset c this acts in the same sense as the aligning torque
moment, and therefore also has a stabilizing effect.

The tractive force acts at a moment arm of d cosΦ giving a wheel pair moment
for small Φ of
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The two tractive forces balance each other in the symmetrical condition but, as
for the driveshaft torques, may be unbalanced with a limited-slip differential,
especially on variable surfaces, this leading to the characteristic steering fight of
limited-slip front-drive vehicles. Imbalances may also occur for braking on
asymmetrical surfaces or for tire deflation, there being some advantage here in
avoiding large kingpin offsets.

The influence of the tire vertical force, less the wheel weight, is more difficult
to see, and is best considered in two separate parts, one the consequence of king-
pin inclination angle, the other of caster angle. As a result of the kingpin inclina-
tion angle, there is a component FV sinΦ that acts on a moment arm of ba sinδ, for
small Φ, when the wheel is steered at angle δ, where ba is the kingpin offset at
wheel axis height perpendicular to the axis. For the two wheels the moment is

This is a steering restoring moment independent of load transfer, the wheels
acting in the same sense. This moment is often also correctly explained as
resulting from the tendency of this geometry to lift the vehicle when steering is
performed. It is significant for large steer angles.

As a result of the caster angle, and now neglecting the offset c, there is a force
component FV sinθ that, for small θ, acts on a moment arm of d cosδ. The
moment for the pair of wheels is

In this case the moments from the two wheels oppose each other, and the net
moment depends directly on the load transfer.

To compare the actual size of these torques, consider a medium sedan of total
mass 1400 kg with a front weight of 7 kN. The maximum drive thrust is about 7
kN on the two wheels at a radius of 0.35 m, so the shaft torque is 1225 Nm. With
70° between shaft and kingpin axis, the torque component is 420 Nm. Angle
asymmetries by roll will cause imbalances of about 40 Nm. With a limited-slip
differential, in an extreme case there could be the full 420 Nm difference. The
aligning moment will peak at a value of approximately 5000 N on 30 mm giving
150 Nm for the pair of wheels. At 5° caster with the standard geometry, the caster
trail c is 30 mm, giving a farther 150 Nm from the lateral force. The tractive
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force, with a limited-slip differential, would give up to 2500 N on a kingpin off-
set of say 30 mm, giving 75 Nm. For the vertical force effect because of kingpin
inclination, an inclination of 15°, ba is 60 mm, and a maximum steer angle of 35°
gives a moment of 60 Nm. Finally, the caster contribution from vertical force,
with 5° caster and complete load transfer, at zero steer, is 18 Nm.

These figures illustrate, first, the strong disruptive effect of a limited-slip dif-
ferential, mainly arising from the direct torque component. With a plain differ-
ential, the dominant effect is that of the self-aligning torque and the lateral force.
In practice the steering feel is adjusted by the caster offset through the caster
angle to obtain a desired relationship between lateral force and total aligning
torque, so that the experienced driver can tell from the steering torque when the
tires approach their lateral force limit. Adding caster trail moves the maximum
steering torque closer to the maximum lateral force, i.e., the steering goes light
later.

During cornering, the steering must also support the centrifugal compensation
forces on the steering mechanism, for example the rack and the tie-rods. This is
called centrifugal caster, and reaches a typical moment about the kingpin of 10
Nm.

On a bumpy road, as the wheel rolls the loaded radius constantly varies. The
associated change of effective rolling radius causes changes of wheel angular
speed, with associated longitudinal forces on the tire, required to provide the
angular acceleration. These forces, of magnitude about 1 kN, act on the hub at
wheel axis height, and hence because of the offset ba disturb the steering. This
can be eliminated only by centerline steering.

Another steering disturbance, for front drive, is the side-to-side difference of
the component of the driveshaft torque along the kingpin axis; this is a problem
where the driveshafts have different inclinations, because they have different
lengths, or where they are momentarily differently inclined because of rough
roads. This is worst for large torques, and hence during acceleration.

5.15 Turning Geometry
When a vehicle moves in a curved path at a very low speed the lateral accel-

eration is very small, so the body roll and the axle lateral forces are negligible.
Thus the wheel angles are those arising geometrically, not from the need to pro-
duce lateral force. There may, however, be opposing slip angles on the two ends
of an axle, giving zero net force.

For a normal vehicle with front steering, to turn with zero slip angles means
that the turning center C must be in line with the rear axle (Figure 5.15.1). The
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front wheels must be steered by different amounts, the inner wheel more, in order
for both of them to have zero slip angle. The difference between the steer angles
for both wheels to have zero or equal slip angles equals the Langensperger angle
λ subtended at the turning center by the axle. This is known as the Ackermann
steering concept, although actually invented by Langensperger, which we would
expect to be desirable for low-speed maneuvering to avoid tire scrub, squeal and
wear. Various geometries are used in practice, more or less related to Ackermann
geometry. The actual steer angle difference occurring in a given condition is δSD.
For true Ackermann steering,

for all steer angles, where λ0 refers to zero lateral acceleration.
For the actual steering geometry in use, at the mean steer angle δ the differ-

ence of steer angles is

The Ackermann factor is

which is zero for parallel steering, and 1.0 (100%) for true Ackermann. For a real
steering arrangement it is only approximately a constant.

The difference between δSD and λ0 is sometimes called the tie-rod geometry
error:

For vehicles that do a great deal of turning or need a very small turn radius,
such as purpose-built taxis and urban delivery vehicles, then full Ackermann is
often used. The "Lunar Rover" vehicle used on the Moon by Apollo astronauts
had four-wheel steering, giving a minimum turn radius equal to the wheelbase of
2.286 m, with close to Ackermann at both front and rear, presumably to minimize
resistance in tight turns on the soft ground. The traditional London Taxi has
almost perfect Ackermann over its full 60° of inner road-wheel steer angle.

There is less case for Ackermann steering under dynamic cornering condi-
tions. This is because as attitude angle develops, the Langensperger angle λ sub-
tended by the front axle at the turning center reduces. Also, the outer tire has
greater vertical force, hence needing a greater slip angle than the inner tire for
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Figure 5.15.1. Turning geometry at very low speed (negligible
lateral acceleration).

maximum cornering force. Finally, roll steer effects may give a significant steer
angle difference. Even anti-Ackermann (negative fA) has been used on occasion,
and various steering geometries are used in practice. If the steering is not perfect
Ackermann, then at low speed each wheel pair must adopt equal and opposite
slip angles to give zero net force.

The most convenient way to obtain the different steer angles of the Acker-
mann layout is to angle the steering arms inward (for a rack behind the kingpins),
as in Figure 5.14.1, so that as steer is applied there is a progressive difference in
the effective moment arms. This slanting of the arms also helps with wheel and
brake clearance. It is widely believed that aligning the steering arms so that their
lines intersect at the rear axle will give true Ackermann steering (the Jeantaud
diagram). However, this is far from true; the actual Ackermann factor varies in a
complex way with the arm angle, rack length, rack offset forward or rearward of
the arm ends, whether the rack is forward or rearward of the kingpins, and with
the actual mean steer angle. Moving the rack forward or backward to change the
tie-rod angles can be a useful way to adjust the Ackermann factor, the most
important single variable being the angle between the tie-rod and the steering
arm in plan view, the Ackermann factor being proportional to the deviation of
this angle from 90°. With straight tie-rods, to obtain an Ackermann factor close
to 1.0 may require the projected steering arm intersection point to be at about
60% of the distance to the rear axle.
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The attitude angle β is the angle between the vehicle centerline and the veloc-
ity vector, which is perpendicular to the radial lines shown in Figure 5.15.1, in
which it may be seen that at low speed (negligible lateral acceleration) the atti-
tude angle βr is zero,

and at the center of mass

Hence the attitude angle is negative; however, it is positive-going as lateral
acceleration develops.

The two ends of the vehicle corner at different radii (Figure 5.15.1). This is
one reason why four-wheel-drive vehicles need a center differential or front
overrun clutch. At low speed, with zero slip angles,

The difference of radii is known as the offtracking:

where R is the turn radius of the center of mass. The offtracking can be about 0.4
m for cars, leading to occasional curbing of the rear wheels, or worse. It is more
problematic for long trucks, and especially for trailers. It can be obviated by four-
wheel steering as is now available for some cars.

The low-speed mean steer angle will here be called the kinematic steer angle:

At significant speed, when a tire slip angle is required, then attitude angle devel-
ops and the offtracking changes. The turning center C T has now moved forward
from the axle line. The condition of zero offtracking will occur when C T has
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moved forward half of the wheelbase. This is possible for some particular speed
that depends on the cornering radius, according to tire characteristics, etc., and is
typically 10 m/s at 30 m radius. For a greater speed, the offtracking becomes neg-
ative, the rear following a path of greater radius than the front.

5.16 Bump Steer and Roll Steer
The geometry of the suspension linkages results in small but important

changes of the steer angle of the wheels when they move up or down. These
angles are represented by δ with an appropriate subscript. Other texts frequently
use α, but this is definitely a steer effect not a direct slip angle change, so δ is to
be preferred.

The term bump steer means changes of wheel steer angle when the wheel is
moved relative to the body in bump and droop. The term roll steer refers to
changes of steer of the pair of wheels, i.e., of the axle, when the body rolls. These
are obviously related, but bump steer is the basic form of data for independent
suspension, and roll steer for solid axles. Some forms of bump- and roll steer can
cause poor straight-line stability and very unpredictable and unpleasant vehicle
behavior, the handling being sensitive to small changes of wheel steer angles.

The bump steer coefficient εBS is the rate of change of wheel steer angle with
vertical wheel position (suspension bump deflection), usually expressed in
deg/m. This will be taken as positive for toe-out with a rising wheel. The bump
steer angle for one wheel, for a linear model, is

where

is the suspension bump for the relevant wheel. Bump steer is frequently nonlinear
to a significant degree over the full suspension range, so it may be necessary to
use

The roll steer coefficient εRS is the rate of change of axle mean wheel steer angle
with respect to suspension roll angle, and is usually expressed as deg/deg, i.e., it
is dimensionless. Hence for small roll, the roll steer angle is given by



Suspension Characteristics 297

For independent suspension, the roll steer coefficient is closely related to the
bump steer coefficient, but is also influenced by vehicle track width. For a solid
axle it relates to the steer angle of the complete axle, whereas for independent
suspension it relates to the mean value for the pair of wheels.

The roll understeer angle δRU must be clearly distinguished from the roll steer
a n g l e δ R S . T h e y a r e n u m e r i c a l l y e q u a l b u t t h e sign c o n v e n t i o n i s different. The
roll understeer angle is positive when it requires increased handwheel angle, i.e.,
requires increased driver-applied steering. Hence there is a change of sign at the
rear:

This also applies to the roll understeer coefficients:

The advantage of referring to roll understeer coefficients rather than roll steer
coefficients is that in evaluating the total understeer coefficient or understeer
angle they simply add up without constant consideration of a front/rear sign
convention, that is

whereas

Roll steer is a property of an axle, whereas roll understeer is a property of a
vehicle, or of an axle in the context of a vehicle.

Derived from the roll steer coefficient, the roll steer gradient kRS in deg/m s 2

or deg/g is sometimes used, defined by

where kΦS is the suspension roll angle gradient, ΦS is the suspension roll angle and
A is the lateral acceleration.

The roll understeer gradient is
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The bump steer gradient is

where zS is primarily governed by the roll angle and track ( ) but partly
by cornering heave due to suspension jacking (dzB/dA).

The bump camber angle is

where the bump camber coefficient εBC is positive for positive-going camber on
a rising wheel, again with units of deg/m. Although δ was preferred over α for
bump steer, there is no accepted symbol for a deliberate alteration of camber
angle, since steering is not controlled in that way. Hence, γ is accepted and used
here and elsewhere. The distinction should be borne in mind, however, between
the effects represented by γ, especially those corresponding to the distinction
between δ and α.

The roll camber coefficient εRC for a single wheel is the camber change with
suspension roll, in deg/deg, related to the bump camber coefficient but again
depending on the body width between the suspension mountings. For an inde-
pendent-wheeled axle, the roll camber angle is the mean camber angle for the
two wheels, relative to the road. Hence, for small roll, the roll camber is

The roll camber gradient is

Considering a suspension roll angle ΦS, with corresponding suspension bumps
( ), the camber angles are
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The mean inclination angle (not camber) is

Hence the relationship between roll camber and bump camber coefficients is

Bump camber coefficients are usually made negative in order to offset the effect
of body roll, reducing ε R C .

A solid axle is not subject to suspension roll camber, but it does camber in roll
because suspension roll leads to axle roll as a result of load transfer on the tire
vertical stiffness. Arguably then, a solid axle might be said to have an axle roll
camber coefficient, typically of about 0.12 (deg/deg). This is also applicable to
independent suspensions.

For a twin-wishbone front suspension (Figure 5.16.1), considering the wheel
to move in bump ideally with no steer angle change, then the tie-rod end B should
move in an ideal arc with center at A, where the position of A depends on the
wishbone geometry. If the tie-rod to rack joint, or tie-rod to relay-rod joint, is
actually at A then there will be no bump steer. In practice, there are often delib-
erate or accidental discrepancies of height eH of the actual joint C, or of length
eL of the tie-rod BC. As a consequence there is a first-order bump steer coeffi-
cient

and second-order coefficient
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where lSAx is the longitudinal component of the length of the steering arm, pivot
axis to tie-rod end, lTR is the length of the tie-rod, and lITR is the length of the
ideal tie-rod.

Figure 5.16.1 Wishbone suspension and tie-rod in rear view.

The possibility of achieving an accurate steering motion is an important
advantage of independent suspension over a steered solid axle. Predictable and
precise handling is particularly important for competition and high-performance
vehicles, and in such cases it is considered to be of paramount importance that
the rack is mounted at exactly the right height, within 1 or 2 mm, and that the tie-
rods should be of the appropriate length. For ordinary road vehicles such com-
plete accuracy is often not attempted. The errors consequently introduced are
sometimes claimed to give less wheel response to rough roads or to have han-
dling advantages, although this is a controversial issue.

If the actual wheel steer angle is plotted against bump, a typical result such as
Figure 5.16.2 is obtained.

Actually there is normally also a toe angle at zero bump; this is the static toe
and does not usually appear in bump steer plots because it is readily adjustable
and is measured separately; bump steer is usually measured as the change of
angle. It can be characterized in two ways. At zero bump there is a gradient of
steer change with bump, in this case about 0.5° toe-out in 75 mm bump, i.e., a
bump steer coefficient of 6.7 deg/m. This results from the rack height, say about
7 mm too low in this case with the rack behind the wheels, or high for the rack
in front. Second, there is a curvature of the graph. In this case the curvature is
toward toe-in, which would result from a tie-rod longer than ideal for a rack
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Figure 5.16.2. Example bump steer graph.

behind the wheels, and shorter than ideal for a rack in front of the wheels, as can
be seen by imagining the ideal and actual arcs of the tie-rod end. The initial toe-
out tendency in bump means that the wheel itself tends to recede from the bump,
and so possibly reduces the steering fight on rough roads. The curvature toes-in
the inner wheel in cornering, reducing its slip angle. This can help to prevent
undue wear because of excessive slip on the lightly loaded tire, an example of the
abandonment of ideal Ackermann steering under dynamic conditions.

Considering Figure 5.16.2, evidently a simple linear bump steer representa-
tion may not be adequate in the case of substantial suspension deflection. A fuller
representation is

where δ is the complete wheel angle, δS is the steer angle controlled by the
handwheel, δT is the initial constant toe angle, εBSzS is the linear bump steer, and
is the quadratic bump steer effect; has units expressed as rad/m2 or
deg/m2.
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Because of the nominal symmetry of the whole steering and suspension sys-
tem, even if the above deliberate steer deviations are adopted, body heave should
not cause net steering effects, which is an advantage over a steered solid axle.
Nevertheless, the toe-in varies with load, which can affect steering feel and tire
wear, for which reason if these effects are used it is best to design them around a
light load position. Where present, bump steer is often a palliative for some other
fault such as bad weight distribution, and is likely to give poor straight-line sta-
bility and tire wear. At best such effects compromise the basic handling in order
to gain some rough road or other small advantages, and so should be used with
caution.

Many cars are designed with zero theoretical bump steer, but positioning of
the steering rack is critical and sufficiently close tolerances are rarely held in pro-
duction, particularly if this aspect was not considered in the design. Even for a
given design, bump steer varies from car to car and even from side to side of one
car, sometimes to the extent that one wheel toes-in with bump and the other toes-
out. Unequal bump steer left and right, which is heave steer or double bump steer,
is especially bad for straight-line stability.

Although the geometry of steering variation is, for independent suspension,
expressed by the linear and quadratic bump steer coefficients, from a practical
point of view it is the combined action of left and right sides that matters when
the body moves in either roll or heave. Hence, it is necessary to deduce the roll
steer and the heave steer (double bump steer) from the single bump steer. Of
course this may be done by calculating the individual suspension bump values on
each side from the suspension roll angle ΦS and the suspension double bump zS

(considering a left turn, with clockwise roll seen from the rear to be positive Φ):

and thence finding the bump steer angles from:
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However, it is also of great interest to derive directly the roll steer and heave-
steer effects. For a suspension roll angle of ΦS with no heave, the individual
suspension bump values are

The bump steer angles are therefore

These bump steers are positive for toe-out on each side, so the equivalent mean
roll steer angle for the complete axle is half of the difference of the bump steer
angles of the two wheels:

Since individual toe-out is positive, this gives positive roll steer corresponding to
the axle effectively turning out of the curve. Hence this is an understeer effect at
the front and oversteer at the rear. Substituting the above expressions, and noting
that a negative valve squared is positive, the axle roll steer angle becomes

The first- and second-order roll steer coefficients are therefore

Hence any linear bump steer gives linear roll steer. However, symmetrical
second-order bump steer does not give second-order roll steer, which arises only
from asymmetrical ε B S 2 . This will tend to be small since it will usually arise from
production tolerances rather than from design intent. One feature that will cause



304 Tires, Suspension and Handling

it is unequal tie-rod lengths which have been used on some passenger cars.
Symmetrical second-order bump steer actually gives a roll Ackermann effect
because it produces a second-order roll steer angle difference (with individual
toe-outs positive) of

In effect then, there is a quadratic roll toe coefficient

Consider now heave of the body without roll, giving a suspension double bump
zS, as might occur on landing after a symmetrical crest. The left and right
suspension bumps are

The individual bump steer angles are

These are both positive for toe-out, so the mean double bump steer angle is given
by

Hence the mean double bump steer angle is
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The linear and quadratic double bump steer coefficients are therefore

Hence both of the double bump steer coefficients depend on the side-to-side
difference between the individual bump steer coefficients and on vehicle
asymmetries normally arising from production tolerances. The first-order double
bump steer coefficient εDBS is the one primarily responsible for bad straight-line
behavior on dips and crests.

The roll steer gradient may be deduced from the above; this is controlled
almost entirely by the roll steer coefficient, but there is a small contribution from
heave because of suspension jacking in cornering; this latter contribution may be
important in some cases, e.g., swing axles.

For an independent suspension, calculation of the ideal pivot center A for the
tie-rod (Figure 5.16.1) to give zero bump steer is a purely geometrical problem.
In the case of strut and link suspension, the ideal link length is highly sensitive
to the vertical position of the ball-joint B, tending to infinity when it is at the strut
top. A common solution is to use a rack with center-mounted tie-rods, and then
to choose a rack height for which these are the correct length, which roughly
matches up with the main spring seat. For twin wishbones, the usual rack end
connection is suitable. There are various other independent front suspensions,
not often seen nowadays, for which there exist suitable ideal steering layouts free
of bump steer. The bibliography gives details.

The trailing arm is a common form of rear suspension. For pure trailing arms
there is no bump steer. For semi-trailing arms there is often considerable bump
steer, depending on the angle of the pivot axis to the vehicle centerline. This is
of the second-order (curvature) kind relative to the mid-position, but relative to
a loaded position there is usually both static toe-in and a first-order dependence
of toe on bump. Although this is a disadvantage, it is often considered an accept-
able sacrifice in order to gain the advantage of favorable camber in roll.

Rear solid axles can be considered in two groups: those with link location and
those with longitudinal leaf-springs. In the case of link location, the roll center
was found by identifying the lateral location points A and B according to the par-
ticular linkages (Section 5.7). Because these points define the lateral location of
the axle relative to the body, they also define an axis about which the axle will
roll relative to the body if the "road" is rolled (subject to the approximations dis-
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cussed in Section 5.7). If we consider the body to be rolled about a horizontal
axis, then if the front point A is lower than the rear point B the different sideways
movements of A and B, A more inward, will result in a steer rotation of the axle
such that the axle tries to increase its slip angle. This is at the rear, so it is an
understeer effect. If the axle axis is inclined at ρA radians, positive angle being
down at the front, a suspension roll angle of ΦS results in a rear axle roll steer
angle, out of the curve, of

The axle is actually turned into the curve, for positive ρA, reducing the required
attitude angle. This is an understeer effect for a rear axle, so

The roll understeer coefficient (the rate of change of roll understeer with
suspension roll angle) is therefore equal to the value of ρA in radians, i.e., in this
case value of the understeer coefficient is

This is often expressed as a percentage roll understeer, i.e., 100ρA%.
The variation of roll steer coefficient with axle load is important. This is

It can be examined easily by considering the change of ρA from the motion of A
and B with increasing load. If they move equally in the same direction then there
is a change of roll center height but no change of roll steer. In some cases, for
example the convergent four-link suspension of Figure 5.7.1, when the body
moves down, A moves up and B moves down, giving a small change of roll
center height but a large change of roll steer coefficient. Some positive
sensitivity, i.e., increasing ρA, may be desirable to help to compensate for the
otherwise general trend toward oversteer with increasing load that occurs
because of the tire characteristics. This can help with primary understeer but does
not help with final understeer or oversteer.

It might appear in the above discussion that the axle axis angle should be mea-
sured relative to the vehicle roll axis rather than to the horizontal. However, as
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discussed in Section 5.5, the vehicle does not in a real sense roll about its roll
axis. Rolling the body about the inclined roll axis implies a roll about a horizontal
axis plus a yaw movement which will affect front and rear suspensions equally,
and so will have no net result on the steering angle required.

In the case of longitudinal leaf-springs, the roll steer depends on the inclina-
tion of the equivalent link AB that describes the motion arc of the wheel center
(Figure 5.16.3, considering the figure without the steering system). This equiva-
lent link is directed toward the unshackled end, is about 3/4 of the length of that
end of the spring, and is roughly parallel to it. When the body rolls, A rises on
the inner side and falls on the outer, thus tending to steer the axle. Horizontal
equivalent links give no steer because both sides move forward equally. Having
point A higher than B gives roll oversteer for a rear axle, i.e., reduced slip angle
tendency; B higher gives roll understeer. For a front axle the effects are opposite.
The roll steer coefficient is equal to the AB axis inclination ρA, independent of
the spring length or separation. On the other hand, the spring length affects the
influence of load variation on roll steer coefficient. Too high a coefficient, apart
from being bad for handling, also leads to harshness on rough roads because of
the wheel path in bump and other problems. Early Hotchkiss axles, pre-1930,
were given a negative roll steer coefficient because this resulted in less sensitiv-
ity to road roughness. In the early 1930s a positive coefficient was first used (i.e.,
roll oversteer was replaced by roll understeer) and a dramatic increase in direc-
tional stability was found.

Figure 5.16.3. Steered leaf-spring axle.

When the solid axle with longitudinal leaf-springs is used at the front, as on
many trucks, it is subject to all of the effects described above, plus additional
effects because of the steering linkage. The critical steering link is always the
one that connects the sprung and unsprung parts of the steering. Figure 5.16.3
shows a typical arrangement with front steering and a rear-spring shackle. Here
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D is the drag link connection to the wheel hub, and C is its connection to the Pit-
man arm on the sprung mass. When the axle moves, D has an ideal no-steer arc
centered on E. If E and C do not coincide, there will be steering errors. As early
as the 1920s, it was attempted to match the E and C positions for roll motions,
but with disappointing results. The reason is that the arc of D is different for roll,
single-wheel bump, and heave, and different again with braking because of axle
wind-up. Also there are differences because of production variability of springs,
and variation between spring options. One improvement that is sometimes
adopted is to use an unsprung steering box, the sprung to unsprung connecting
linkage being through a splined steering column.

The trailing twist rear axle (Figure 4.7.1) is a special case, as usual. In heave
the whole axle rotates about the front pivots and there is no steer effect. In single-
wheel bump, the other trailing arm remains approximately level so the pivot axis
is from the pivot bush of the bumped side to the intersection of the crossbeam
with the unbumped arm, equivalent to a semi-trailing arm. For roll, the mid-point
of the crossbeam remains approximately stationary, so the pivot axes are from
the bush to the center of the beam – a different equivalent semi-trailing arm. The
bump and roll steer values follow from these semi-trailing arm equivalents.

Even if the smooth road ideal of zero roll steer is abandoned, there are definite
limitations to the degree of roll steer that is acceptable. Roll oversteer of indepen-
dent front suspension, i.e., wheel toe-in in bump, gives severe wheel fight on
rough roads. Roll oversteer of the rear gives increased body attitude angles, a
very unpleasant uncertain feeling for the driver, and bad directional response to
rough roads and to side winds.

It does not seem to be effective to balance an oversteering rear with an under-
steering front, and there is little reason to try to do this. In short, there is good
reason to avoid roll oversteer at either end. Some would argue for rear roll under-
steer for its reduced attitude angle and hence possibly faster response, especially
for large cars which tend to have a larger dynamic index (Iz/mab); but this can
lead to problems with rough roads or wind, and may result in engine torque steer-
ing because of body roll in strong acceleration, unless the power is transmitted
through independent or de Dion axles or an offset lift bar is used.

A small static toe-in at the rear often has a surprisingly large effect on han-
dling, increasing understeer; front-wheel-drive vehicles, being lightly loaded at
the rear and therefore having a large rear tire cornering stiffness coefficient, are
especially sensitive to this. Front toe-out might be expected to have the same
effect. However, practical experience shows the reverse: front toe-out gives a
vague steering feel whereas front toe-in gives a favorable feel and leads to
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increased understeer that can be measured on the skid pad. This seems to be
caused by the combination of load transfer, aligning torque, lateral force on
caster trail, and steering compliance. Too much front toe-in affects corner turn-
in, giving an unprogressive and imprecise steering feel.

Static toe settings are governed within quite narrow bands by tire wear. For
least wear, toe settings should be arranged to give minimal steer angles when
running, regardless of camber. This means a small static toe-in for undriven
wheels, and a small toe-out for driven ones, so that free running and tractive
forces and compliances act to bring the toe angles to zero when running. Within
the allowable band for low wear (a range of about one degree), there is limited
scope to use toe angles to tune handling characteristics.

In summary, we have the following main geometric steer and camber coeffi-
cients:

(1) δBS, the bump steer angle

(2) δRS, the roll steer angle

(3) γ B C , the bump camber angle

(4) γR C, the roll camber angle

(5) εBS, the bump steer coefficient [deg/m]

(6) εRS, the roll steer coefficient [deg/deg]

(7) εBC, bump camber coefficient [deg/m]

(8) εRC, the roll camber coefficient [deg/deg]

(9) k R S , the roll steer gradient [deg/m s 2]

(10) k R C , the roll camber gradient [deg/m s 2]

5.17 Compliance Steer
Changes of wheel angles, as a result of the tire forces and moments, are

known as compliance steer ( Δ C ) and compliance camber (Γ C ). Related coeffi-
cients are represented by η (eta). The compliance may be in the suspension or in
the steering linkage. Change of steer and camber angles may in principle result
from any of the tire forces or moments. In quoting and using these coefficients it
is therefore important to specify the particular force or moment being considered.
The main effects are:
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(1) Lateral force compliance steer coefficient ΗLCS (deg/N)

(2) Aligning moment compliance steer coefficient η A C S

(deg/Nm)

(3) Lateral force compliance camber coefficient ηLCC (deg/N)

(4) Overturning moment compliance camber coefficient ηOCC

(deg/Nm)

The last of these is usually neglected, and often the last two or three. The actual
compliance steer angles are

and the compliance camber angles are

In the case of compliance camber, some symbol other than γ might be desirable,
but there is no commonly accepted symbol. The use of γ is acceptable provided
that the preference for δ rather than α is clearly understood in the case of
compliance steer.

The total effect of compliance in the linear regime may be summarized by the
compliance steer gradient kCS in deg/ms 2 or deg/g. Because the lateral force
effective in creating distortions is the sprung mass force rather than the total tire
force, we have compliance gradients as follows:

where t is the tire pneumatic trail. Similar equations can be written for the
camber. Typical values of compliance understeer gradient are 1.0 deg/g at the
front and 0.2 deg/g at the rear. Although these angles are quite small, they are,
nevertheless, very important. Sometimes rear compliance oversteer is
deliberately introduced. Under tractive or braking forces, there may also be
compliant changes of caster angle. These will augment the caster change relative
to the ground caused by vehicle pitch due to longitudinal load transfer.
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For the design of ordinary passenger vehicles, handling must be seen in the
context of the ride/handling compromise. To provide comfort and to avoid noise,
vibration and harshness, it is necessary to have considerable compliance of wheel
motion, not just vertically but also in longitudinal and lateral directions, achieved
by the springs and by the extensive use of rubber bushes. Unfortunately this has
generally led to considerable angular compliance of the wheels, resulting in unfa-
vorable or unpredictable handling because of deflection camber and especially
because of deflection steer. This conflict is now largely resolvable by allowing
the wheel relatively generous movement in translation, but little angular move-
ment in steer or camber for the forces and moments that it actually experiences.
The method is to bring the shear center of an independent suspension, in plan
view, close to the center of tire contact, or for a solid axle near to the mid-point
between the tires. Tire forces then have little moment about the shear center, and
so although the wheel still has angular compliance, there is little angular response
so that steer angle changes are controlled. Careful location of the shear center can
even be used to introduce favorable small deflections. A significant characteris-
tic of compliance steer is that unlike roll steer it occurs almost immediately.

Consider a typical driven semi-trailing arm, supported by two bushes (Figure
5.17.1). If the bushes A and B are of equal stiffness then the shear center lies mid-
way between them. If one is harder then the shear center is closer to that one, but
always between A and B. A tractive force on the tire will have a clockwise
moment about the shear center, so the wheel will respond by toeing-in. Braking
forces will cause toe-out, resulting in some instability under braking. Side force
will also cause significant toe changes. If a driver enters a corner under power,
the tractive force will contribute a toe-in; if he lifts off the accelerator to slow
down, the wheel will make a toe-out change, tightening the curve in a disconcert-
ing manner. This is known as lift-off tuck-in, and is similar to power understeer.

Figure 5.17.1. Plan view of a conventional trailing-arm suspension.
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One solution to this problem is the Weissach axle, which has the equivalent
plan-view linkage of Figure 5.17.2. With all the usual approximations, the centro
of wheel motion relative to the body is at C, and this is also the shear center.
Actually wheel motion about this center is resisted by suitable stiffnesses, e.g.,
the rubber bushes at the link ends. Tractive and braking forces now have the
opposite effect to the ordinary semi-trailing arm of Figure 5.17.1, giving toe-out
and toe-in, respectively. The stiffnesses are such that the total range of angular
motion under cornering and braking forces is a little less than one degree. For
outboard brakes, C is the point where the pivot axis intersects the ground plane.
For traction, because of driveshaft torque, the total drive force on the suspension
acts at wheel center height, so C is the point where the pivot axis intersects the
horizontal plane at wheel center height. This distinction permits separate tuning
of the response for braking and traction.

Figure 5.17.2. Plan view of the equivalent linkage of a Weissach axle.

Response to fore–aft forces depends on the lateral position of the shear center
relative to the center of tire contact (y), whereas response to lateral forces
depends on the fore–aft position of the shear center (x). It is not possible to
achieve completely zero side force steer because the tire pneumatic trail varies
with side force. Actually some side force understeer may be desirable on vehicles
of large dynamic index (Iz/mab), usually large vehicles, to improve response
time and stability in lane change maneuvers, but side force oversteer may give
better limit controllability because of more progressive tire breakaway and more
controlled response to road roughness or friction variations.

Similar principles are applicable to solid rear axles. For a Panhard rod sup-
ported axle, the rod being DE in Figure 5.17.3, the position at which the rod
crosses the centerline is the shear center. A side force is opposed by lateral and
forward components of force in the rod, for a tilted rod. The forward component
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F1 is then reacted by equal forces at the longitudinal locations at A and B, which
cause no steer effect. The couple from the offset force F and the wheel side force
F gives a moment Fe, requiring equal and opposite forces Fe/S at A and B, lead-
ing to a steering rotation of the axle. Thus the side force steer depends on the cen-
terline offset e of the Panhard rod forward from the tire side force, and on the
effective total stiffness k of the longitudinal arms, which is basically that of the
bushes at A and B and the bushes at the front of the arms. The lateral force com-
pliance understeer coefficient for such an arrangement for a rear axle is

For a rod forward of the axle the result is side force oversteer. This can be used
to give progressive limit state handling. The offset e actually varies with the
lateral force because of change of pneumatic trail. If the axle is located by a
torque tube or equivalent instead of fore-and-aft links at the side, then there is
almost inevitably side force oversteer regardless of the lateral location system
position.

Figure 5.17.3. Compliance steer by Panhard rod, plan view.

One disadvantage of the solid axle compared with an independent system is
that different tractive or braking forces side-to-side, e.g., from a limited-slip dif-
ferential, will cause steer. This will be minimized for a given side force steer if
the bushes are stiff and the rod offset large. The solid axle has been very success-
ful for the rear of front-drive vehicles, but these effects suggest that independent
suspension may be superior for rear drive in this respect.

Conventional trailing twist axles have a marked side force oversteer because
of compliance of the bushes at the front mountings, the shear center being
between them. This has been adjusted by using wedged bushes that react to a side
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displacement with a fore–aft displacement too, essentially as in Figure 5.17.4,
where the side force F causes a y displacement of the wedged pivot bolt.

Figure 5.17.4 Radially deflecting bush.

By mounting the trailing twist axle in such bushes, it can be arranged that a
side force turns the whole axle in a direction that attempts to oppose the side dis-
placement at the wheels. In effect the shear center is therefore moved rearward
from the bushes, and can be placed between the wheels, or as required. A similar
effect could be achieved by using conventional bushes with their axes approxi-
mately perpendicular to the line from the desired shear center.

With longitudinal leaf springs parallel to the vehicle centerline there is no side
force steer effect. However, the spring deflection tends to be perpendicular to the
spring, so if the springs are convergent toward the front there will be side force
oversteer for a rear axle, and side force understeer for a front axle. Longitudinally
split springs have been tried, increasing the lateral compliance, but tins leads to
a vague steering feel even for parallel springs.

The conventional swing axle is essentially free of side force steer, but is likely
to have significant tractive force toe-in, i.e., power understeer and brake over-
steer.

The situation at the front of the vehicle is complicated by the steering. The
outside wheel in cornering is subject to an inward lateral force, putting the lower
wishbone in compression and the upper one in a smaller tension. Because of the
bushes this results in a wheel camber. There will be no resultant motion of the
wheel at some height between the wishbones, depending on the bush stiffnesses.
If the steering arm is at this height then there will be no steering effect from this
cause, whether the steering tie-rod is in front or behind the kingpin axis. In plan
view the lateral force acts behind the kingpin because of pneumatic and caster
trail. For front or rear tie-rods, the steering compliance then results in a side force
understeer. This is the most significant of all side force steer effects because of
the considerable compliance of the steering column. We can express this rela-
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tively high compliance by saying that for side force the shear center (the point
where a force will not cause a steer deflection) is a rather small distance behind
the kingpin axis. For tractive forces the shear center is again rather closely
aligned with the kingpin axis, so in practice steering not far removed from center-
point steering is used. For front drive, careful tuning of the system is required to
prevent power steer, although the situation is complicated by the dominant influ-
ence of the driveshaft torque component (see Section 5.14).

On low-friction surfaces such as ice or snow, the tire characteristics are dif-
ferent and there is a low limit to lateral acceleration, so load transfer distribution
becomes less significant and roll steer and side force steer become more critical
in determining limit handling, especially at the rear.

5.18 Ride Height
Ride height is the position of the body (sprung mass) above ground level. In

general, during acceleration, braking or cornering and on rough roads the ride
heights vary continuously and have different values at each wheel. The set-up of
the vehicle on an accurate level surface is the static ride height, frequently
referred to simply as ride height. Values are specified for the front and rear of the
vehicle. Normally it is assumed that the vehicle should have zero body roll in the
static position, although some static roll may be specified in special cases, such
as racing vehicles on tracks with predominant turns in one direction.

The front and rear ride heights may be specified at any points that are conve-
nient for measurement. Hence particular points on the front and rear fenders may
be suitable. However, from the point of view of vehicle dynamics, it is the ride
heights at the wheels that are of importance. Hence, for passenger cars it is con-
venient to measure the ride height at the highest point of the wheel arch opening,
the so-called eyebrow level. For ground-effect racing cars, the rules frequently
specify a flat, or partially flat, underbody, in which case this flat plane is often
used to define the ride heights. Alternatively, measurements may be made to the
inner axis of the bottom suspension arm.

Under running conditions, the ride heights or vertical positions of the body
(sprang mass), of the wheel and of the local road position are measured from the
mean road plane; Figure 5.18.1 shows this for one suspension unit. Hence there
are vertical positions ZB to some reference point on the body, ZW to the wheel
center and ZR to the road height. Each of these has four values, one at each wheel
specified by appropriate subscripts, normally either:
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(1) f and r for front and rear, with L and R for left and right, or i
and o for inner and outer.

(2) Number 1 to 4 in the order

1 : left front
2 : right front
3 : left rear
4 : right rear

Figure 5.18.1 Body, wheel and road positions.

The static positions are ZB1, ZW1, and ZR1, the last of these being zero by def-
inition. The increase of these in dynamic, running condition compared with the
static condition, represented by lower case z, becomes

The static tire deflection is then

so
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The static loaded radius is

In running conditions, the loaded radius is

The running tire deflection is

which becomes

The increase of tire deflection is simply

Frequently in handling analysis, the road is deemed to be smooth and level, in
which case zR = 0, giving

The suspension deflection (bump) is

The basic body height is measured at the center of mass, giving a single value for
ZB. Incorporating the body pitch angle θB (relative to static θ1) and the body roll
angle ΦB (the body assumed torsionally rigid, and static roll assumed to be zero),
then changes of body height at the four wheels are
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There are similar expressions, but with some sign changes, for the small
deflections of the unsprung mass considered normally in terms of a pitch angle
and front and rear roll angles. These are tire, unsprung mass or axle, pitch and
roll angles and deflections. In practice they are usually called tire deflections,
axle roll angles, and unsprung pitch angle.

The body ride positions are given by equations of the form

The suspension deflections during running are then of the form

which is positive for bump (suspension compression).
Similar equations to the above apply for velocities. In a time-stepping com-

puter simulation the velocities will be obtained from displacements over the time
increment.

For any given body position (heave, pitch, roll) the four ride heights and ride
velocities can be evalulated as above. In a handling analysis, the frequency range
considered will normally be below the wheel hop frequency, so the wheel will
often be assumed to adopt an equilibrium height according to the body ride
height, the suspension stiffness and the tire vertical stiffness. Hence the position
and velocities are determined, from which the suspension stiffness and damping
forces and tire forces follow.

5.19 Problems
Q 5.2.1 For a spring stiffness of 42 kN/m and a constant spring motion ratio

of 0.73, calculate the wheel rate.
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Q 5.2.2 A damper has a coefficient of 2.2 kNs/m, and is positioned with a
damper motion ratio of 0.82. Calculate the damping coefficient at
the wheel.

Q 5.2.3 A spring is to provide a wheel rate of 16 kN/m at a motion ratio of
0.64. Calculate the required spring stiffness.

Q 5.2.4 A wheel damping coefficient of 1.8 kNs/m is required from a
damper with coefficient 2.6 kNs/m. Calculate the necessary damper
motion ratio.

Q 5.2.5 For a spring acting on the lower suspension arm, specify your own
geometry. Draw the velocity diagram to obtain the spring motion
ratio (preferably as an approximate algebraic expression).

Q 5.2.6 Repeat Q 5.2.5 for several bump positions and obtain the graph of
motion ratio against wheel bump for a full range of wheel motion.
Also draw the graph of wheel rate against bump position.

Q 5.2.7 For a spring acting on a bottom arm, it is desired to achieve a rising
rate suspension such that the wheel rate is 30% higher at a bump of
100 mm than at normal level. Find a realistic spring position to
achieve this.

Q 5.2.8 For a suspension stiffness of 20 N/mm and a tire vertical stiffness of
240 N/mm, what is the ride stiffness?

Q 5.2.9 In Figure 5.2.1, with EH = 300 mm and HF = 2000 mm, what is the
rate of track change in heave? What is the value of the SAE equiv-
alent swing arm radius?

Q 5.2.10 Explain, with a diagram, the constructions to find the center E for
double-wishbone, Macpherson, trailing arm and semi-trailing arm
suspensions.

Q 5.2.11 Draw a typical graph of vertical force against bump position.
Describe its features.

Q 5.2.12 Sketch, and justify, the construction to find the force center E for
double-wishbone, Macpherson, trailing arm, semi-trailing arm and
swing axles.

Q 5.2.13 A wheel has a scrub rate in bump of 0.167, and rises at 3 m/s over a
bump on a vehicle traveling at 15 m/s. Calculate the effect of scrub
on slip angle.
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Q 5.2.14 Obtain an expression for the wheel rate in terms of the idealized
spring stiffness. Discuss the result in general terms for a slider and
spring for deflections at an angle to the slider motion. (Note that the
wheel rate is the rate of change of vertical force with vertical deflec-
tion.)

Q 5.2.15 The linear spring stiffness of a suspension, at the wheel, is 15 kN/m.
It is desired to have the stiffness increase to 20 kN/m at a bump
deflection of 100 mm. Calculate

(1) The required quadratic stiffness factor Kr

(2) The rising rate factor fSr

(3) The stiffness at a bump of 50 mm

(4) The stiffness at a droop of 80 mm

Q 5.3.1 Describe the problems with the kinematic concept of the roll center.

Q 5.3.2 Explain the difference between body roll, suspension roll and axle
roll.

Q 5.3.3 Explain how body jacking can occur because of springs or stops.
(After studying the rest of the chapter, compare with link jacking.)

Q 5.3.4 Describe a typical graph of suspension roll moment versus roll
angle.

Q 5.3.5 Describe a typical graph of vehicle roll moment versus roll angle
(i.e., for two suspensions acting in parallel).

Q 5.4.1 An axle of track 1.48 m has a roll center height of 160 mm. What
are the load transfer factor and the net link load transfer at a sprung
end-mass side force of 2000 N?

Q 5.4.2 An instrumented vehicle axle is found to have a net link load trans-
fer of 320 N at a sprung side force of 2200 N. The track is 1.44 m.
What are the load transfer factor and the roll center height?

Q 5.4.3 Compare and contrast the roll center definitions used here with the
SAE definition.

Q 5.4.4 At a lateral acceleration of 7 m/s2 a suspension of track 1.82 m has
a net link lateral load transfer of 680 N for a sprung mass side force
of 7 kN, and at 7.5 m/s2 has 740 N on 7.5 kN. For each case find the
roll center height and the load transfer factor.
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Q 5.4.5 According to Steeds (1958), if the resisting tire lateral forces are un-
equal, then a lateral force at roll center height causes a roll angle. Do
you agree? Quantify this (if not zero) in terms of the side force trans-
fer factor, i.e., where the inner and outer side forces are
and , for a very small roll angle. Do this by considering
an independent suspension, with compensation centrifugal force F
at the roll center. Draw free-body diagrams of the two sides of the
unsprung mass, and taking moments about the instantaneous centers
find the effect on the idealized spring forces. Hence find how the ef-
fective moment and jacking force on the sprung mass depend on eS,
if either is non-zero.

Q 5.4.6 A vehicle has a sprung center-of-mass height of 0.642 m, 1.422 m
back on a 3.141 m wheelbase. The roll center heights are 0.082 m
and 0.284 m front and rear. Evaluate the anti-roll coefficient.

Q 5.5.1 Justify the construction of the EF line for a double-wishbone sus-
pension.

Q 5.5.2 Justify each of the constructions of Figure 5.5.2.

Q 5.5.3 Explain with suitable figures how to find the initial roll center of a
trailing-arm suspension with pivot axes not perpendicular to the
center plane in either front or plan view.

Q 5.5.4 Compare Figure 5.5.2 with other such published figures. Note any
discrepancies. Satisfy yourself that Figure 5.5.2 is correct.

Q 5.5.5 Consider a vehicle with three axles, with roll centers that are not co-
linear. Where is the roll axis? Is this a problem for the kinematic
concept of the roll axis? Is it a problem for the force concept of the
roll axis?

Q 5.5.6 Draw front views of double-wishbone independent suspensions
with a roll center below ground level, one with positive and one with
negative SAE swing arm radius.

Q 5.6.1 Explain the concept of the incremental roll center, and compare it
with the roll center.

Q 5.6.2 Show that hi = h + FS(dh/dFS) and fi = f + FS(df/dFS). Also explain
physically why hi is approximately equal to h for small lateral accel-
eration.

Q 5.6.3 Explain how the suspension jacking force arises.
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Q 5.6.4 For each of the suspensions of Figure 5.5.2, does the roll center rise
or fall with increasing lateral acceleration? Can this be stated with
confidence without knowing the geometric details?

Q 5.6.5 For the vehicle of Q 5.5.5, find the mean load transfer factor and the
mean incremental roll center height for this increment of accelera-
tion.

Q 5.7.1 Explain with diagrams how to find roll centers for rigid link located
axles.

Q 5.7.2 In an axle roll center analysis, with track 1.44 m, point A is found
1.20 m behind the suspension plane at a height of 420 mm, and point
B is 2.15 m in front at height 220 mm. What are the roll center
height, net link load transfer factor and net link load transfer at 3200
N sprung mass side force?

Q 5.7.3 Analyze the effect of vertical load on roll center height for the axles
of Figure 4.6.1.

Q 5.7.4 "A solid axle is not subject to the link force jacking effect of inde-
pendent suspensions." Discuss, with diagrams.

Q 5.7.5 For a four link solid axle (Figure 5.7.1) explain how changes to the
lateral spacing of the front ends of the bottom links will affect the
roll center height.

Q 5.8.1 Explain the roll center position of a leaf-spring mounted solid axle.

Q 5.8.2 Explain the roll center position of a trailing twist axle.

Q 5.9.1 Discuss various methods of experimental roll center measurement.

Q 5.9.2 For the best method of experimental laboratory roll center measure-
ment, consider the possible inaccuracies in relation to the force roll
center for real cornering conditions.

Q 5.10.1 Explain why the total lateral load transfer cannot be altered by sus-
pension adjustments, for a given height of G and track width T,
neglecting roll angle.

Q 5.10.2 In load transfer analysis, the axle unsprung masses are treated sep-
arately from the sprung mass. Justify the treating of the unsprung
mass as a single mass in this context, for an independent suspension.
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Q 5.10.3 In steady-state cornering there may be a longitudinal load transfer.
List all the possible causes of this, and explain them.

Q 5.10.4 Explain, with equations, how the total lateral load transfer is distrib-
uted front and rear.

Q 5.10.5 A vehicle has total mass 1600 kg, lateral acceleration 6.5 m/s2, H =
550 mm, a = 0.46l, track 1.46 m, hf = 70 mm, hr, = 320 mm, roll stiff-
ness 350 Nm/deg front, 150 Nm/deg rear. Find the roll angle
neglecting the sideways movement of G, the percentage load trans-
fer distribution, and the tire vertical reactions. Neglect the unsprung
mass and treat the body as torsionally rigid.

Q 5.10.6 Taking other data from the last question, with front unsprung mass
140 kg at height 280 mm and rear unsprung mass 200 kg at 300 mm,
sprung mass 1260 kg at 550 mm height, with as = 0.44l, find the roll
angle allowing for sideways movement of G, and the percentage
load transfer distribution.

Q 5.10.7 With the same data as Q 5.10.5, but with a driveshaft torque of 400
Nm exerted by the body on the rear axle, find the roll angle and load
transfer because of this.

Q 5.10.8 Repeat Q 5.10.5, allowing for a tire vertical stiffness of 200 N/mm,
also finding the two axle roll angles.

Q 5.10.9 Explain the idealized spring model of the suspension, and discuss its
advantages.

Q 5.10.10 For a vertical slider pillar suspension, obtain an expression for the
real load transfer in the links with the spring acting at the pillar.
Compare with the idealized spring model. Where is the roll center?
Discuss.

Q 5.10.11 "The roll axis inclination can be neglected in load transfer calcula-
tions." Discuss, giving equations and considering the sprung-mass
weight and side force.

Q 5.10.12 "The rotation of the wheels gives a gyroscopic effect that affects lat-
eral load transfer in steady-state handling." Explain with equations.

Q 5.10.13 Evaluate the gyroscopic effect of the wheels on lateral load transfer
in steady-state handling, as a percentage change, for an ordinary
passenger car and for a racing car. See Appendix B for example
data.
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Q 5.10.14 A racing car designer proposes to improve the cornering perfor-
mance by eliminating steady-state lateral load transfer. This is to be
done by installing a flywheel with axis parallel to the axles. Obtain
an algebraic expression for the required angular speed of the fly-
wheel, in terms of car mass, center-of-mass height, flywheel second
moment of mass, etc. State the required direction of rotation. What
gear ratio is needed if the flywheel is driven from a rear wheel?
Comment on the practicality of such a system (giving numerical
values). Is the yaw balance of the car directly affected by the fly-
wheel (i.e., is a yaw torque needed)?

Q 5.10.15 Analyze the lateral load transfer effect caused by rotation of a trans-
verse engine. Give values, including the effect of gear ratio.

Q 5.10.16 A vehicle has track 1.440 m, center-of-mass height 640 mm, and
maximum lateral acceleration 8.10 m/s2. Find the rollover lateral
acceleration, and the (simply calculated) safety factor against roll-
over. Give a rough estimate of the probable real value that would be
found by more accurate calculation.

Q 5.10.17 Define and explain the vertical force lateral transfer factor eV.

Q 5.11.1 Derive an expression for the roll angle gradient of a vehicle,
neglecting aerodynamics.

Q 5.11.2 Derive an expression for the roll angle gradient, including aerody-
namics, for varying radius at constant speed.
[Use β = (b/R) + (kβ/kΦ)Φ.]

Q 5.11.3 Explain the effect of tire overturning moment on lateral load trans-
fer for: (1) a solid axle, (2) independent suspension.

Q 5.11.4 In cornering with an independent suspension, there may be a
moment (MX) on the unsprung mass from the couple of compensa-
tion force and tire force, from tire overturning moment or from
wheel gyroscopic precession. Describe the corresponding lateral
load transfer process in detail. Will this cause any roll angle of the
sprung mass?

Q 5.11.5 In calculating cornering lateral load transfer from compensation
force on the unsprung masses of an independent suspension, can the
unsprung masses be treated as a solid axle? Justify your answer in
detail.
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Q 5.12.1 Describe how complete anti-dive may be achieved for inboard and
outboard braked vehicles. What are the problems with such a sys-
tem?

Q 5.12.2 Describe how anti-squat may be applied to a four-wheel-drive vehi-
cle. Is this compatible with anti-dive, for inboard or outboard
brakes?

Q 5.12.3 Analyze the jacking effect resulting from large anti-dive in small
radius corners.

Q 5.12.4 Define, explain and give example values for the tire vertical force
longitudinal transfer factor in acceleration and braking, eX and eB.

Q 5.13.1 Explain why the vertical wheel reactions on a conventional vehicle
are statically indeterminate.

Q 5.13.2 Calculate the percentage wheel reactions for a vehicle: (1) with cen-
ter of mass at 0.44 of the wheelbase, and plus 4% diagonal bias, (2)
with center of mass at 0.54 of the wheelbase, and minus 4% diago-
nal bias (linear springs).

Q 5.13.3 Calculate the percentage wheel reactions for a vehicle in right-hand
cornering with center of mass at 0.48 of the wheelbase, with zero
static diagonal bias, and 24% lateral load transfer distributed 75% at
the front.

Q 5.13.4 Calculate the percentage wheel reactions for a vehicle in left-hand
cornering with center of mass at 0.44 of the wheelbase, plus 4%
diagonal bias, and 20% lateral load transfer distributed 60% at the
front, and 2% longitudinal load transfer.

Q 5.13.5 Apply the vertical force lateral transfer factor eV to a complete vehi-
cle. Define eV for the vehicle, and for front and rear suspensions.

Q 5.13.6 For the vehicle of Q 5.13.4, evaluate eV, eVf and eVr.

Q 5.14.1 Describe the merits and demerits of rear-wheel steering.

Q 5.14.2 Describe the most common types of steering system for indepen-
dent suspension, with diagrams.

Q 5.14.3 Define, explain and give typical values of caster angle, caster offset
(trail), kingpin inclination and kingpin offset.
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Q 5.14.4 What are the advantages of independently variable caster angle and
trail?

Q 5.14.5 Define and explain all terms relating to steer angle and steering gear
ratio. Give example values.

Q 5.14.6 Estimate the road wheel torque to statically steer a vehicle with
mass 1500 kg, a = 0.40L, at 170 kPa inflation pressure with µ = 1.1.
With steering ratio of 16 and forward efficiency 85%, what is the
steering-wheel torque requirement (unpowered)?

Q 5.14.7 Explain the origin of the most important steering system inertias and
compliances, giving example values.

Q 5.14.8 Define and explain the terms steer angle, steering wheel angle, over-
all steering ratio, reference steer angle and any related terms.

Q 5.14.9 Sketch example curves of δs against δ with and without forces in the
steering system, for nonlinear steering ratio. Discuss the application
of the concept of reference steer angle in such a case.

Q 5.14.10 Explain in detail how braking or driving driveshaft torques affect
the steering. Give equations and example values.

Q 5.14.11 Explain in detail how the tire lateral force and aligning moment

affect the steering.

Q 5.14.12 Explain in detail how tractive or braking forces affect the steering,
with and without a limited-slip differential, on front drive.

Q 5.14.13 Explain in detail how tire vertical forces affect the steering. Give
suitable diagrams.

Q 5.14.14 Explain how caster trail is used to give a desired form to the Gough
plot.

Q 5.14.15 Explain and give example values for centrifugal caster.

Q 5.15.1 Evaluate the maximum low-speed offtracking for a car, using repre-
sentative dimensions.

Q 5.15.2 Describe in detail the low-speed offtracking of a two-wheeled trailer
on a four-wheel vehicle.

Q 5.15.3 Define the Langensperger angle for an axle, and discuss its signifi-
cance.

Q 5.16.1 Define and explain bump steer.
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Q 5.16.2 Define and explain roll steer.

Q 5.16.3 Define, explain and give example values of bump steer coefficient,
bump camber coefficient, roll steer coefficient and roll camber coef-
ficient.

Q 5.16.4 Describe a typical bump steer graph; explain how it might be mea-
sured and why certain features may be considered desirable.

Q 5.16.5 In Figure 5.16.2, evaluate the bump steer coefficient at 50 mm
droop.

Q 5.16.6 Explain how the link geometry of an axle leads to roll steer, and how
this may depend on the vehicle load in a favorable way.

Q 5.16.7 Discuss roll steer of leaf-spring rear axles.

Q 5.16.8 Discuss the extra complications of roll steer on leaf-spring axles at
the front rather than the rear.

Q 5.16.9 Explain roll steer of the trailing twist axle.

Q 5.16.10 Discuss the desirability of, and limitations on, deliberate static toe-
in and toe-out.

Q 5.16.11 Analyze qualitatively the effect of load on the roll steer coefficient
of the axles of Figure 4.6.1.

Q 5.16.12 Is it possible to arrange for no bump steer of a slider (pillar) suspen-
sion?

Q 5.16.13 For a rack forward of the steering axis by 120 mm, higher than the
steering arm ball-joints by 8 mm, and with tie-rods of length 290
mm against a geometric ideal of 306 mm, calculate the linear and
quadratic bump steer coefficients, and draw the bump steer graph.

Q 5.16.14 Explain the relationship between bump steer and roll steer.

Q 5.17.1 Define and explain compliance steer coefficients and compliance
camber coefficients.

Q 5.17.2 Explain the principle by which only desirable wheel compliant
movements are allowed and undesirable ones minimized.

Q 5.17.3 Considering the two main types of independent suspension, with
steering in front and behind the kingpin axis, describe how compli-
ance steer arises. Which force or moment components of tire force
are likely to be the main cause of steer effects?
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Q 5.17.4 Which components of tire force and moment are likely to be the
main cause of compliance steer?

Q 5.17.5 Explain the compliance steer effects that occur on a standard semi-
trailing arm because of drive, braking and lateral forces.

Q 5.17.6 Explain the function of the Weissach axle.

Q 5.17.7 Explain how a Panhard rod located dead rear axle can be tuned to
give desired compliance steer characteristics. Give relevant equa-
tions.

Q 5.17.8 Explain in detail how wedged bushes may be used to eliminate
excessive side force steer from a trailing twist axle.

Q 5.17.9 A vehicle has a leaf-spring front axle with the spring divergent at 6°
each in plan view, toward the front, spaced at 1.2 m at the axle. Each
spring lateral stiffness is 62 kN/m. The front sprung end-mass is
1400 kg. Obtain an expression for the compliance steer gradient
(dδCS/dA) because of this, and evaluate it.

Q 5.17.10 A Panhard rod supported rear axle has a forward offset e of 120 mm,
and longitudinal supports at spacing 1.100 m with bushes of stiff-
ness 120 kN/m. The sprung end-mass is 900 kg. Estimate the com-
pliance steer gradient (dδCS/dA) neglecting pneumatic trail.

Q 5.18.1 Define and explain the term ride height, including equations relating
it to the body (sprung mass) position in heave and roll.

Q 5.18.2 A vehicle with independent suspension has a wheelbase of 2.6 m
and a = 1.2 m, front track 1.6 m and rear track 1.4 m. The front axle
roll angle is 1.4°, the rear 1.8°, the front suspension roll is 8.2°. The
body is torsionally rigid. The road is smooth. The body pitch angle
is 1.7°. The unsprung pitch angle is 0.3°. The heave is 24 mm. Cal-
culate:

(1) The body roll angle

(2) The rear suspension roll angle

(3) The body ride deflections at the four wheels

Q 5.18.3 Obtain algebraic expressions for the tire deflections in terms of the
axle roll angles and the unsprung pitch angle.



Suspension Characteristics 329

Q 5.18.4 For the vehicle of Q 5.18.2, calculate the extra tire deflection at each
wheel

Q 5.18.5 For the vehicle of Q 5.18.2, the suspension roll velocity is 8 deg/s.
Calculate the resulting suspension bump velocity at the front.

Q 5.19.1 For one of the vehicles specified in Appendix B, apply the theory of
each section of this chapter to analyze the suspension.

Q 5.19.2 For vehicle G of Appendix B, calculate the load transfer distribution
with and without allowance for tire vertical stiffness.

Q 5.19.3 – 5.19.7

One set of published data for a modern racing car is for a Tyrell F1
on Signes corner of Paul Ricard Circuit in practice for the 1990
French Grand Prix (Curtis, 1990). (This author cannot vouch for the
accuracy of the data, which when analyzed gives rise to some
doubts, but it is presented here for interest.) Signes is a very fast
right-hander, with a recorded speed of 83.4 m/s (186.5 mph) and lat-
eral acceleration of 39.2 m/s2 (4.0g) at the path radius of 177 m
(about 600 ft). The data are:
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Q 5.19.3 Calculate the front, rear and overall mean tire side force coeffi-
cients.

Q 5.19.4 Calculate the longitudinal G position a/L using the side forces
(neglect steer angle and longitudinal load transfer).

Q 5.19.5 Calculate the front, rear and total vertical force transfer, and the load
transfer distribution, the front and rear load transfer factors, and the
G height (the result is suspicious).

Q 5.19.6 Calculate the front and rear downforces and the aerodynamic down-
force position (using the G position) and the total downforce area.

Q 5.19.7 Analyze the tire maximum cornering force coefficient sensitivity to
vertical force.
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6
Steady-State Handling
6.1 Introduction

In a broad sense, the purpose of handling theory is to assist in the design of
better vehicles. The first step is to determine if there are optimum or preferred
vehicle characteristics. If such characteristics exist, then handling theory should
show the designer how to achieve them. In a narrower sense the purpose is to pre-
dict the behavior of a vehicle in response to control inputs, or to environmental
disturbances such as road roughness or wind. This chapter deals with the theory
of response to steady-state control inputs and disturbances.

Two examples of steady-state disturbances are a constant side wind and a
constant road camber, i.e., side slope. Later sections deal with the vehicle's
response in such cases and with the associated problem of the control inputs
required to overcome the disturbance. More attention will be devoted to investi-
gating the steady-state response to control inputs. In this case steady-state is
taken to mean the absence of ground or wind disturbances, and fixed controls.
This implies constant path radius of curvature, constant translation speed, con-
stant angular speed and constant magnitude of lateral acceleration, although the
velocity and acceleration are not constant in direction relative to the ground. The
SAE definition of steady-state is:

"Steady-state exists when periodic (or constant) vehicle responses
to periodic (or constant) control and/or disturbance inputs do not
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change over an arbitrarily long time. The motion responses in
steady-state are referred to as steady-state responses."

By this definition, regular oscillatory control inputs, for example for a slalom
test, would be included in steady-state. Ambiguously, the SAE definition of
transient state is:

"Transient state exists when the motion responses, the external
forces relative to the vehicle, or the control positions are changing
with time."

The definition adopted here will be that transient states are states that are not
steady.

Following aircraft practice, steady-state theory is sometimes said to be a the-
ory of trim states, i.e., of the vehicle response to given control trim conditions.
Trim is formally defined by SAE as:

"...the steady-state condition of the vehicle with constant input
which is used as the reference point for analysis of dynamic vehicle
stability and control characteristics."

It is sometimes unfortunately said to be the "equilibrium condition"; in general
the vehicle is not in equilibrium in Earth-fixed axes, having a non-zero lateral
acceleration. The question of the static and dynamic stability of the vehicle at any
particular trim state will be considered in the next chapter. This is closely related
to the widely used, and often abused, concepts of understeer and oversteer, which
are examined in some detail.

Steady-state handling theory can be considered to fall into two main areas.
The first area is the representation of the total vehicle handling characteristic,
which may be by the sideslip, yaw and steer angles versus lateral acceleration, or
by the moment-method graph. Such results may be found by testing. The second
area is the prediction of the total vehicle characteristic from its design details
such as the tire and suspension characteristics.

6.2 Parameters
The properties of the chassis, the suspension, the tires, the body shape and the

environment – i.e., the road surface and the atmosphere – combine to give the
vehicle its handling characteristics. The parameters representing the motion state
of the vehicle in steady conditions are its forward speed and the path curvature
(reciprocal of the path radius of the center of mass). "Steady state" implies con-
stant values for these two variables.
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The speed and path curvature are the basic dependent variables that result
from the driver control inputs to the system (Figure 1.1.1). These input variables
are the steering wheel position, the accelerator position, and the gear-lever posi-
tion (for automatics the gear is a dependent variable). In a full computer simula-
tion we would expect to find the steering wheel and accelerator positions as real
variables, the gear as an integer variable, and the resulting speed and path curva-
ture being deduced as real variables. These are the fundamental control inputs
and responses of the system as perceived by the driver.

Even a cursory examination of the research literature quickly shows that han-
dling theory is not actually presented in terms of the above three input variables.
Certainly there are innumerable instances of the steering wheel position being
considered, but this author cannot recall ever seeing a quantitative, or even qual-
itative, representation of the accelerator position. As an alternative to the accel-
erator and gear positions, we could use the effective torque at the rear wheels as
an input variable. This is the result of the accelerator position and gear and engine
characteristics, environmental conditions, gearbox ratio and friction, and differ-
ential and final drive ratio and friction. It also has the advantage of a reduction
of the total number of input control variables from three to two, and the elimina-
tion of side-effects such as the influence of atmospheric conditions on the engine.
Another possible advantage is that "minor" features of the vehicle, such as the
throttle linkage, are no longer directly relevant, although experience shows that
the apparent response of a vehicle in ordinary driving is governed as much by the
progressive action of the throttle linkage as by the maximum engine power, also,
for high-powered or competition vehicles the controllability may critically
depend on the provision of a good design of throttle linkage, so this simplifica-
tion is not achieved without some loss of reality. A definite disadvantage is that
the driver does not perceive the torque at the rear wheels directly, i.e., it is not
strictly a control input, although he does experience it indirectly through the
vehicle's speed and acceleration. Again, however, examination of the literature
shows that torque at the driven wheels is not normally considered the input vari-
able.

Under steady-state conditions, driven-wheel torque primarily influences the
forward speed. It is the steering-wheel position and the forward speed that are
generally taken as the basic independent variables of steady-state handling the-
ory. Even this is an oversimplification because the steering wheel angle is often
considered after gearing down to the reference steer angle
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In the results of testing, the vehicle speed, angular speed or lateral acceleration
may be measured, although it is generally the last of these that is used in
graphical results, e.g., Figure 1.13.1. For a speed V and path curvature

the yaw angular speed is

and the lateral acceleration is

Hence any two of these four variables suffice to find all four. In practice because
the actual vehicle controls are the accelerator and the steering wheel, it is usual
to take the speed, plus one of ρ, r or A. Arguably, the path curvature is the most
fundamental of these, although each has interesting characteristics in its own
right, and will be considered in more detail.

At any particular trim state, the sensitivity of any of the response measures to
the steer angle is called a gain. The path curvature gain is

the yaw velocity gain is

and the lateral acceleration gain is
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By definition, these derivatives are taken at constant speed. The steer angle used
may be the steering wheel angle δs, the reference steer angle

or the mean of the front-wheel steer angles, and so should be specified. In
principle there are also partial derivatives with respect to speed, keeping steer
angle constant, which in practice do not find wide application.

Thinking in terms of force control rather than position control, the input
parameter is the steering wheel torque Ts instead of the steer angle. This leads to
three new gains, less widely used than the previous ones; the force control lateral
acceleration gain G = dA/dTs is perhaps the most common. Sometimes the torque
is instead expressed as a force at the steering wheel rim, giving three more gains,
e.g., G = dA/dF.

In practice, various units are used for responses and gains. Because the basic
S.I. unit of angle is the radian, with degrees as an allowable alternative, speed in
S.I. is m s 1 or m/s, although km/h and mi/h (mph) sometimes appear, and accel-
eration in S.L is m s 2 or m/s2, but the technical unit of g (equal to 9.81 m/s2) is
convenient and often preferred. An interesting detail is that the units of path
curvature are most clearly expressed as rad/m (radians per metre) but are some-
times simplified to m 1, which has the same meaning. In summary the usual
expressions are: speed in m s 1, angle in radians or degrees, path curvature in
rad/m, yaw velocity in rad/s, lateral acceleration in m/s2 (m s 2 ) or g, curvature
gain in m 1, yaw velocity gain in s 1 , and lateral acceleration gain in m s 2/rad,
m s 2/deg or g/deg.

6.3 Basic Handling Curve
The basic handling curve is a plot of the steer angle against lateral accelera-

tion at a given path radius. The steer angle is considered to be the sum of two
terms:

where δK is the kinematic steer angle which is needed for nominally zero lateral
acceleration, and δU, the understeer angle or dynamic steer angle, is the extra
angle required for a given lateral acceleration.



336 Tires, Suspension and Handling

Figure 6.3.1 shows a minimal prototype vehicle without suspension. The
properties of the pair of real wheels on each axle are compressed into single
wheels on the centerline, thereby simplifying the geometry. This is therefore
sometimes known as the bicycle model because it contains only two wheels, but
this does not imply that the handling is in any way related to a real bicycle, which
banks in corners. In its simplest form there is no suspension, although the front
wheel can be steered. Aerodynamic forces are neglected.

Figure 6.3.1. Bicycle model vehicle: (a) with steer angle only,
(b) with yaw angle only.

Figure 6.3.1 actually shows two non-equilibrium conditions of the vehicle. In
the first, there is a steer angle but no body yaw, the result being a lateral force
and moment. In the second there is a yaw angle with no steer angle. Again there
is a lateral force and a moment. In the latter case the total force acts close to the
center of mass, usually a little behind it. Thus the moment from yaw can be bal-
anced by a steering moment from a relatively small steer angle. An alternative
way to view this is that the yaw angle gives a rear-wheel slip angle, and the steer-
ing can be used to give a suitable front slip angle to give zero yaw moment and
hence constant yaw speed, i.e., steady state. Thus handling depends on a balance
between front and rear.

There are essentially two different approaches to representing the steady-state
handling of a vehicle. The first, both the older and more common, we may call
the kinematic method because, although forces are considered in the analysis, the
result is to relate the response in kinematic terms to the control inputs. Thus path
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curvature, yaw speed and lateral acceleration are produced as functions of steer
angle and forward speed. The second approach, at the same time more difficult
and more comprehensive, is called the moment method, and basically considers
the total vehicle lateral force and yaw moment as functions of yaw and steer. This
gives a handling "portrait" of the vehicle on a plot of moment versus lateral force,
with separate plots required for different speeds when speed effects become sig-
nificant, for example through aerodynamics.

The kinematic method is essentially a steady-state method, whereas the
moment method can be used in the prediction of transient behavior. Most of this
chapter will be devoted to the kinematic method, although the moment method
is introduced later in Section 6.22.

For the model of Figure 6.3.1, with no suspension, no aerodynamic forces and
no tractive forces, and small steer angles, the handling characteristics may be
deduced in a particularly simple way, from the front and rear tire side force coef-
ficient versus slip characteristics.

The axle characteristics are plotted together in Figure 6.3.2. A given specified
lateral acceleration A requires the same Fy/m factor front and rear; the graph then
shows the required slip angles αf and αr front and rear. For this simple model the
vehicle yaw angle equals αr at the rear axle. If the vehicle is describing a curved
path then the yaw angle varies along the vehicle length, being αr at the rear axle,
but αr – b/R at the center of mass, the point at which it is normally defined.
Because of the difference in slip angles required front and rear, the driver must
provide an extra steer angle equal to the difference in slip angles. The tire under-
steer slip angle is

The driver must apply an extra steer angle to compensate. This extra angle, the
understeer angle, is in this case simply

The total steer angle required in a corner follows from Figure 6.3.3.
Here we see that the total steer angle δ required is a combination of a kine-

matic angle δK because of the path curvature, plus a dynamic steer angle (under-
steer angle) δU required because of the difference of slip angles:
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Figure 6.3.2. Vehicle and tire characteristics: (a) tire characteristics,
(b) resulting understeer angle.

At very low speed there is negligible lateral acceleration and hence no slip
angles, so there is only a kinematic steer angle requirement

Sometimes arctan(L/R) is used instead of L/R, but this is not really an
improvement. We can now write
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Figure 6.3.3. Steer angles and slip angles.

where δU is the understeer angle arising from the tires and, for a road vehicle,
from the suspension characteristics. Rearranging the above, the path radius is

from which it may be seen that the presence of a positive understeer angle δU

increased the path radius. The total steer angle requirement, for this simple
model, is in general therefore

Although it is convenient, and common practice, to call αf – αr the tire understeer
angle, we shall see later that the SAE definition of the understeer condition is not
the same as having a positive understeer angle.

In some cases it is convenient to break the kinematic steer angle down into
front and rear kinematic steer angles (wheelbase angles):
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Independently of the particular radius, from Figure 6.3.2(a) we can deduce a
curve of lateral acceleration against understeer angle; this is the understeer
characteristic, as in Figure 6.3.2(b). It is simply the difference of slip angle for
the two curves of Figure 6.3.2(a). In this particular, and representative, case this
angle smoothly increases and becomes horizontal at a lateral acceleration Af for
which the front tires have their peak side force coefficient.

For lateral accelerations exceeding Af there is no solution for a front slip
angle, so the shape of the rear tire curve at values above the corresponding force
coefficient can have no influence on the understeer characteristic. In principle, if
the front tire characteristic is peaked, as shown in Figure 6.3.2(a), then a second
possible value of αf occurs for a given lateral acceleration corresponding to a
very large steer angle, giving the dashed line of Figure 6.3.2(b). If the rear tire
characteristic is highly peaked, falling again into the relevant region below Af,
then there are further possible solutions for δU giving additional branches to the
A versus δU curve. These are interesting in principle, although not of great prac-
tical importance. It is also possible for the rear tire characteristic to lie beneath
the front tire one, but this is generally undesirable because the understeer angle
then reduces with lateral acceleration, the condition known as oversteer.

Figure 6.3.2(b) showed lateral acceleration as the ordinate and steer angle as
the abscissa. This is convenient when deducing the curve from the tire character-
istics. However, when the steer characteristic is found experimentally it is usu-
ally the acceleration that is the abscissa (Figure 6.3.4), with the total steer angle
as ordinate. Which way around to plot these curves is a matter of personal taste;
more usually acceleration is taken as the abscissa.

In the most common form of handling test, the vehicle is driven at various
speeds around a fixed radius, with typical results as in Figure 6.3.4. Curve A is
representative of a modern car. Curve B was common on older designs of cars;
it would nowadays usually be considered unacceptable for a car, but it is still
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Figure 6.3.4. Example handling (understeer angle) characteristics.

fairly typical of trucks. Curve A is fairly linear up to about 3 m/s2 (0.3g) lateral
acceleration, perhaps as high as 0.45g for a modern high-performance car, and
curve B up to about 1 m/s2. Thus the linear region covers most normal driving
conditions, which we may call the primary handling regime. For a typical car,
from 3 to 6 m/s2 constitutes a nonlinear region, the secondary handling regime,
where effects such as lateral load transfer become significant. Beyond 6 m/s2 is
the final handling regime where tire frictional effects are paramount. This is the
province of desperate accident avoidance for the road vehicle, although entered
as a matter of routine in deliberate testing and by competition vehicles. For com-
mercial vehicles all these regions are at lower bands of lateral acceleration. These
handling regimes will be considered separately in various sections of this chap-
ter, beginning with the linear region which is the simplest theoretically. From a
design point of view, division of the handling curve into three regimes is useful,
because the shape in each regime depends on different variables. A thorough
understanding of the influence of different parameters on the handing curve is of
great value at the design stage, and also, of course, if it is required to modify the
behavior of an existing vehicle in a particular way.
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6.4 Cornering Forces
Figure 6.4.1 shows the simple "bicycle" model in cornering without tractive

forces, rotating about the turn center CT. Because of the constant angular speed,
the slip angles must give no moment about the center of mass G. Rolling resis-
tance and aerodynamic forces are neglected. The tire forces are perpendicular to
the wheels and intersect at the force center CF. Hence the line of action of the
resultant force on the vehicle is through G toward the point C F . This force has
the desired centripetal component toward CT, but also a tire drag component so
the tangential speed is not constant. Sometimes it is acceptable to neglect the
tractive forces in this way.

Figure 6.4.2 shows a rear-drive vehicle with the required tractive force com-
ponent Fxr to give steady tangential speed. To fit this requirement, the intersec-
tion of the total front and rear tire forces Ff and Fr must intersect on the line GCT.
Figure 6.4.3 shows the equivalent force condition for a front-drive vehicle. In this
case the intersection of the tire forces occurs to the outside of the vehicle, tractive
force Fxf having been added to give the required angle to Ff.

The vector force diagrams for rear- and front-drive vehicles appear in Figures
6.4.4 and 6.4.5. These are simply the forces taken from Figures 6.4.2 and 6.4.3.
The general form of the diagram as shown corresponds to slip angles larger than
a/R and b/R. In the case of small lateral acceleration at a small radius this will not
be true, and the form of the vector diagram is significantly changed. The diagram
shown assumes a positive understeer angle, i.e., αf > αr. For the rear-drive vehi-
cle, the steer angle is the angle between Fyr and Ff, and for front-drive it is the
angle between Fyf and Fr.

In each case

The diagrams of Figures 6.4.4 and 6.4.5 are easily extended to include additional
effects such as aerodynamic forces and rolling resistance.
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Figure 6.4.1. Plan view free-body diagram for no drive.

Figure 6.4.2. Plan view free-body diagram for rear drive.
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Figure 6.4.3. Plan view free-body diagram for front drive.



Steady-State Handling 345

Figure 6.4.4. Force polygon for rear drive.

Figure 6.4.5. Force polygon for front drive.

6.5 Linear Theory
In the primary handling regime, up to about 3 m/s2 for a typical car, the steer

angle changes linearly with lateral acceleration at a given radius (Figure 6.5.1),
and hence
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where kU is called the understeer gradient (or understeer coefficient). Physically,
kU is simply the gradient of the graph of δ against A (Figure 6.5.1). It is expressed
in rad/m s 2 or deg/m s 2 in the S.I. system, although deg/g is convenient and
often preferred. A typical value is 5 mrad/m s 2 or 3 deg/g. A value of 1.0 deg/g
is 0.00178 rad/m s 2 or 1.78 mrad/m s 2 .

Figure 6.5.1. Simple linear vehicle handling with δ = (L/R) + kUA

(no suspension steer).

Formally we can define kU by differentiating the above equations, giving

where the subscript R means at constant radius. If R is not constant then the
kinematic steer angle also changes with A:

The kinematic steer angle gradient (or so-called Ackermann steer angle gradient,
although not really connected with Ackermann) is
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At constant speed:

Where the understeer gradient kU is positive the total steer angle increases with
lateral acceleration, i.e., with increase of speed for a constant-radius test, and the
vehicle is described as understeering. For negative kU the vehicle is described as
oversteering. Zero kU is neutral steer. For a real nonlinear case a vehicle may
have different characteristics at different lateral accelerations.

Substituting A = V2/R into the above equation for δ,

where ρ = 1/R is the path curvature. Thus the path curvature response gain for the
linear case is

Thus, the response gain depends on the speed in a way controlled by kU/L, i.e.,
the understeer gradient per unit of wheelbase. It is convenient to define a
characteristic speed
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so that

If kU is negative then Vch would be imaginary. The is then discarded and
the result is called the critical speed:

In the following, kU will be assumed positive, as is usual in practice; the results
are easily adapted to negative kU if required.

Sometimes the above is expressed in terms of the stability factor fS:

The velocity-dependent part of the curvature response is called the response
factor:

Its reciprocal is called the understeer factor U (to be distinguished from the
understeer gradient kU):
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These are sometimes given other names. For example, fR may be called the yaw
rate factor, but this is misleading because really it is equally applicable to path
curvature, yaw rate and lateral acceleration:

Furthermore, if we divide the response by the response of a neutral-steer vehicle,
in every case the ratio is the response factor fR. Physically, a large response factor
means a large lateral response to a given steer input compared with a neutral
vehicle for the prevailing conditions of the test.

Figure 6.5.2 shows how the response factor varies with V/Vc where Vc repre-
sents Vch or Vcr as appropriate. For understeer the response factor diminishes
with speed, being 0.5 at the characteristic speed. For oversteer, the response
increases with speed, going to infinity at the critical speed. Thus as the vehicle
approaches the critical speed the steering becomes increasingly sensitive and the
directional stability diminishes. Beyond the critical speed, fR is negative, mean-
ing that for a given response the steering angle must be in the opposite direction
to that normally expected. In addition, the vehicle is statically unstable, so with
a fixed steering position the vehicle will not maintain a steady path, but will spin
out. Such a vehicle can be driven, because the system can be stable when the
driver response is included, i.e., open-loop instability but closed-loop stability,
but naturally this is difficult and tiring for the driver, so the normal car is
designed to have an understeer characteristic.

As a matter of interest, for the simple linear vehicle that we are considering,
the understeer factor U = 1/fR plotted against (V/Vc)

2 is a simple straight line.
A typical value of kU is 5 mrad/m s 2 (2.8 deg/g), which on a wheelbase of

3 m gives a characteristic speed of 25 m/s. The actual value of the understeer gra-
dient depends on the tire cornering stiffnesses, the center-of-mass position, and
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Figure 6.5.2. Linear vehicle response factor.

the suspension geometry and deflection characteristics. This is discussed in
detail in Section 6.10. For the linear case the steer angle is

The vehicle understeer gradient in this case (no suspension effects) is just equal
to the tire understeer gradient:

which for the linear case is
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For front and rear end-masses mf and mr:

The front and rear lateral forces are

Hence

So for the linear suspensionless vehicle, the understeer gradient can be simply
related to the tire characteristics, the mass and the position of G on the
wheelbase.

For real vehicles, beyond the linear handling regime the understeer gradient
depends on the lateral acceleration, as discussed in Sections 6.11 and 6.12.

6.6 Vehicle Cornering Stiffnesses
For the complete simple model vehicle, the moment and side force are related

to the vehicle yaw and steer, through coefficients that depend on the tire coeffi-
cients and the position of the center of mass on the wheelbase.

Figure 6.6.1 shows the minimal bicycle model vehicle with a steer angle giv-
ing a front slip angle (not in steady state). There are two wheels on the front axle,
so the front-axle cornering stiffness is 2Cαf where Cαf is the value for one front
wheel. For small angles the resulting vehicle lateral force is



352 Tires, Suspension and Handling

Figure 6.6.1. Bicycle model with steer angle, zero β and r.

As usual, the front axle is a distance a in front of the center of mass G, the rear
axle is b behind G, and the wheelbase is

The moment about G of the front-wheel force, clockwise positive, is

Figure 6.6.2 shows the vehicle with no steer angle and zero angular velocity, but
at an angular yaw position β. Front and rear slip angles are equal to the yaw. In
this case the total lateral force is

so there is a yaw side force stiffness
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Figure 6.6.2. Bicycle model with yaw angle, zero angular velocity.

The moment about the center of mass, clockwise positive, is

Thus there is a yaw stiffness

Directional yaw static stability requires that this be a restoring moment, i.e.,
negative (counterclockwise) M for a clockwise β as shown. Thus dM/dβ must be
negative. This requires

Physically, this simply means that for static stability the restoring moment from
the rear axle must exceed the disturbing moment from the front axle. If we divide
the moment by the total force we get the moment arm of the total force. The
moment arm xs as a distance behind G is Mz/Fy:
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This is called the static margin, and is alternatively expressed as a fraction of the
wheelbase, x s/L . For static stability the static margin must be positive, i.e., the
force must act behind G. The point at which the total tire force acts is called the
neutral steer point, because a small force applied there will cause the vehicle to
drift sideways with no change of yaw angle. Actually, because of roll effects
there is strictly a neutral steer line in side view, angled back at typically 15°
because a force applied high up gives effects such as roll steer, and therefore
must generally be more rearward to give a neutral response. In nonlinear analysis
the static margin and neutral steer point are defined in terms of increments of
force, and the result depends on the trim state, i.e., the reference conditions, but
in linear theory the static margin is a constant.

Figure 6.6.3 shows the vehicle with a yaw speed . This gives the
velocity diagrams shown, with front and rear slip angles ar/V and br/V (for small
r). There is a net lateral force

There is a clockwise moment about G of

This moment opposes the yawing velocity and therefore has a damping effect on
yawing oscillations, and is known as the yaw damping coefficient. It is inversely
proportional to speed, but is always opposed to the yaw velocity, i.e., it is always
a positive damping.
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Figure 6.6.3. Bicycle model with yaw speed.

In the above expressions, the vehicle characteristics are expressed in terms of
the dimensions a and b and the tire characteristics Cαf and Cαr. The expressions
involve the zeroth, first and second moments of the tire coefficients about the
center of mass, giving three vehicle cornering stiffnesses:

Representative values for a medium car would be about 140 kN/rad, 14
kNm/rad and 200 kNm2/rad, respectively.
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These can be expressed in a more general way. For nA axles, with nWr wheels
and an axle r, at distance xr in front of the center of mass,

These complete vehicle cornering stiffnesses are sometimes useful to simplify
equations, and occur quite frequently in dynamic analysis. For example, the
static margin is

and the yaw damping coefficient is

The understeer gradient becomes

Although developed here in terms of a linear vehicle, the coefficients are easily
extended to a nonlinear vehicle, by considering small, and hence linear,
deflections from a trim state.

A serious practical limitation in the use of these coefficients is that although
they illuminate understanding of the simple vehicle considered, their neglect of
the suspension is not generally acceptable. This can be incorporated by using the
cornering compliance concept (Section 6.10).
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In stability derivative notation, the side force is represented by Y and the
moment by N. Derivatives are indicated by a subscript, e.g.:

In terms of the vehicle coefficients:

Other vehicle cornering stiffnesses that sometimes occur are:

6.7 Nonlinear Trim State
The preceding theory showed that the linear regime of handling can be repre-

sented by simple equations. This is not true of the more general nonlinear regime.
The trim state, i.e., an output such as path curvature in terms of an input such as
steer angle, is not really amenable to an analytical approach, and for detailed rep-
resentations computer simulations are invariably used. However, small perturba-
tions about a given trim state, for the study of stability of a given cornering
condition, can still be treated as linear. Also, the graphical representation of the
relationships between control and response, i.e., of the open-loop transfer func-
tion, provides an excellent basis for physical understanding of the trim state and
is hardly any more difficult than for the linear case.

There are essentially two controls, the lateral (steering wheel) and the longi-
tudinal (accelerator/brake), and for this reason any output variable will generally
be a function of these two input variables, and will be represented by a surface
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on a three-dimensional graph. For example, vehicle yaw angle as output might
be represented as a function of steer angle and accelerator position. However, as
described earlier, the forward speed is generally preferred to accelerator position
as one control variable, as one might prefer path radius or path curvature over
steering wheel position. The steering control may be represented by the mean
steer angle of the front road wheels δ, the steering wheel angle δs, the reference
steer angle δs/G, the steering wheel torque Ts, or even the tangential steering
force at the wheel rim Fs. Possible steady-state output parameters include any-
thing that varies with trim state, such as path curvature, yaw speed, lateral accel-
eration, roll angle, attitude (yaw) angle, even pitch angle, and so on. As a result
of this large number of variables there are many possible interrelationships that
could be examined, and many different ways of representing a given result: for
example, at a given speed the path curvature, the yaw speed and the lateral accel-
eration all contain the same information. However, the principal features are the
basic lateral motion parameters, namely attitude angle, roll angle, path curvature,
speed and steer angle; and the most basic representation is with attitude angle,
roll angle and path curvature each as a function of the speed and steer angle.

In practice a different representation is usually adopted, for good reasons. It
is more convenient to think of lateral acceleration as a specified variable, and to
have a graph showing the required steer angle and the consequent attitude angle
and roll angle, as in Figure 1.13.1. Another advantage of this representation is
that although the driver seeks to control the path radius directly through the steer
angle, he does not seek to control, say, the roll angle directly, i.e., in this sense
the roll angle is incidental. However, the relationship between roll angle and lat-
eral acceleration is of importance because it may affect the required steer angle
through roll steer, and may be used by the driver as feedback. Speed is retained
as the second control variable, and this is satisfactory because in general the
effect of speed is secondary in the mid-speed range. However, if it is low then for
a given acceleration there may be geometric small-radius effects, and if it is high
then aerodynamic and tire speed effects come into play.

For these reasons then, the usual representation of the complete nonlinear
characteristics of a vehicle is a series of three-dimensional graphs, one for each
variable, e.g., steer angle, shown as a function of lateral acceleration and speed.
Of course each of these can be shown as a conventional graph against lateral
acceleration for a series of specific speed values, or in the most simplified case
for a representative single speed. In the usual constant-radius test, the speed var-
ies with lateral acceleration, but for the usual radius (30 to 40 m) the speed effects
are small, so this is not a problem.
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Figure 6.7.1 shows a possible surface for understeer angle against V and A.
We can note that in the V–A plane there is a minimum V for a given A correspond-
ing to a minimum turning radius. There is also a maximum steady-state A for any
given V, reducing with V, e.g., because of aerodynamic lift and because of speed
sensitivity of tire friction, and at high speed because of engine power limits. For
any particular V there is a curve of δU against A, slightly different for each V, the
range of V resulting in a complete surface for the understeer angle. For any par-
ticular vehicle, similar surfaces exist for the other outputs, e.g., attitude angle. It
is only when the speed effect is small that this relatively complex representation
can acceptably be reduced to a single curve of δU against A.

Figure 6.7.1. Understeer angle versus V and A.

6.8 Nonlinear Theory
For small perturbations from a trim state, a vehicle will behave in a linear

manner, although with characteristic coefficients quite different from the
straight-line case. Hence the linear theory developed in earlier sections is valid
in principle, provided that the perturbations are now considered from the partic-
ular steady-state condition rather than from the straight-running condition.
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The definitions of the various control gains still stand:

although it is no longer allowable to substitute the linear relationship dρ/dδ = ρ/δ.
In linear theory we found

where kU = dδU/dA is the understeer gradient; in linear theory this is a constant.
For the nonlinear case, the concept of the understeer gradient is retained, but it
now has a value dependent on the lateral acceleration. The notion of understeer
is considered in more detail in the next section.

For the point-specific understeer gradient it is still allowable to calculate a
characteristic or critical speed

We can also calculate a response factor

and the various gains

as for the linear case.
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The simple expression deduced for a suspensionless vehicle in Section 6.5 for
kU in terms of the tire stiffness and center-of-mass position,

is still appropriate, although now the tire stiffness values must be the ones at the
active slip angles, not at zero slip as for the straight-running case. In real cases,
however, the suspension is not negligible; its effect on kU is considered in
Section 6.10.

The vehicle cornering stiffnesses C0, C1 and C2 deduced in Section 6.6
remain useful provided that the tire stiffnesses used are the ones effective at the
active slip angles. Again, the suspension effects may be incorporated through the
cornering compliance concept.

As an alternative to the understeer gradient, the static stability may still be
represented by the static margin

and the yaw damping coefficient is

For a full representation these would be presented as surface plots against V and
A. For the typical vehicle with a completely understeer characteristic, the
front-axle side force limit is less than the rear, e.g., as in Figure 6.3.2(a); thus the
front stiffness coefficient diminishes more rapidly than the rear, and the static
margin increases, tending to infinity when the front-axle side force is at a maxi-
mum. On the other hand, because the tire stiffnesses reduce at increasing slip, the
yaw damping reduces with increased lateral acceleration.

6.9 Understeer and Oversteer
Understeer and oversteer are widely used and often abused terms; their defi-

nition will be considered in more detail here.
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Two tongue-in-cheek qualitative definitions are perhaps worth mentioning.
First: "Understeer is crashing nose first, oversteer is crashing tail first." This is
correct in the sense that if the ultimate grip is less at the front then a crash is liable
to occur on full lock with the feeling of going straight on, whereas if the ultimate
grip is less at the rear then the vehicle will spin. The second definition is "Under-
steer is when the driver is frightened, oversteer is when the passenger is fright-
ened." This one is more obscure in interpretation. It does reflect the reality that
an enthusiastic driver is not necessarily afraid of terminal oversteer, feeling that
in such circumstances he can do something about it, i.e., apply opposite lock,
whereas in terminal understeer the driver may tend to feel more helpless. This
may be true in controlled testing; however, in real crisis situations for a given
maximum lateral acceleration it is nearly always preferable for the limit to be
understeering so that steering control remains progressive rather than reversing
into oversteer.

These popular definitions are in terms of limit behavior, and so are really con-
cerned with the terms called in this book limit understeer and limit oversteer.
However, the normal technical definition of understeer and oversteer is not con-
cerned with the limit state. Hence, limit understeer must be firmly distinguished
from normal understeer.

As already explained, the basic quantitative definition of understeer is appli-
cable to the low lateral acceleration regime, and comes from the gradient of the
steer angle versus lateral acceleration graph, giving the understeer gradient

According to the SAE definition, wherever kU is positive, the vehicle is
described as understeer; if kU is negative the vehicle is described as oversteering.
If kU is zero, the vehicle is neutral steer.

In Figure 6.9.1(a), we see that it is possible for there to be a negative under-
steer gradient at the same time as a positive understeer angle, or vice versa. It is
the gradient that is considered to be decisive, rather than the angle. This is a fur-
ther distinction between the technical and populist definition of the terms. For
kU = 0, the vehicle is said to be neutral. Figure 6.9.1(a) illustrates these condi-
tions for tests at constant radius.

Because speed is normally considered as one of the control variables, it may
be better to plot the results instead at constant speed, Figure 6.9.1(b). However,
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at constant speed the radius changes with lateral acceleration (A = V2/R), so the
kinematic steer angle changes too:

Hence, for constant speed the kinematic steer angle increases at a rate L/V2,
which is known as the kinematic (SAE Ackermann) steer angle gradient. For
neutral steer, i.e., zero rate of understeer angle change, the total steer angle must
also change at this rate; for understeer it will increase more quickly, and for
oversteer more slowly. This is illustrated in Figure 6.9.1(b). Note that in this
case, in contrast to the constant-radius case of Figure 6.9.1(a), the total steer
angle starts at zero, because zero acceleration at a given speed corresponds to
infinite radius. For a wheelbase of 3.0 m and speed 20 m/s, the kinematic
steer-angle gradient is 7.5 mrad/m s 2 , 0.43 deg/m s 2 or 4.2 deg/g. In Figures
6.9.1(a) and (b), if we were to plot not the total steer angle but only the understeer
angle, then in both cases neutral steer occurs at the horizontal point of the graph,
and understeer is any point of positive gradient.

So far it has been assumed that the steer angle referred to is the mean steer
angle of the front wheels. However, it is also possible to use the actual steering
wheel angle δs, or the reference steer angle δref, as is done in the SAE definitions.
Because of steering compliance, there is usually greater understeer for δ r e f than
for the front wheel angle. It is not fruitful to debate which of these three is the
correct understeer value, they are simply parameters of different significance.
Steering compliance is sometimes deliberately used to increase the driver's per-
ceived understeer, especially for rear-engined vehicles, when G tends to be more
rearward than is desirable. In some cases the steering compliance seems to
improve straight-line stability, in others, possibly those with more compliance, it
seems to lead to instability and wandering. The situation is clouded by the fact
that rear-heavy cars often have considerable roll understeer, which usually has a
significant adverse effect on straight-line stability.

Considering the steer angle as a function of both lateral acceleration and
speed, it is apparent that instead of keeping the speed constant and looking at
understeer with respect to acceleration, we could instead keep the acceleration
constant and consider understeer with respect to speed. In this case, if increased
speed requires greater dynamic steer angle, this would be understeer with respect
to speed. This sort of understeer has been considered in the research literature but
has not found engineering application.
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Figure 6.9.1. Steer angle versus lateral acceleration.

6.10 Primary Handling
The primary handling regime is the first stage – that represented adequately

by linear relationships. Representation of the vehicle steady-state behavior in this
regime essentially reduces to three numbers – the roll gradient, the attitude gra-
dient and the understeer gradient, measuring the constant of proportionality as
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each of roll angle, attitude angle and understeer angle varies with lateral acceler-
ation:

Therefore, for the linear case,

where it is assumed that the roll angle is zero for zero lateral acceleration.
Parameter βK is the kinematic attitude angle:

Evaluation of the roll gradient kΦ follows from the methods of Chapter 5. Its
value depends basically on the height of the sprung center of mass, the roll center
heights (the anti-roll) and the total roll stiffness, with a further contribution from
axle roll. This section considers how the attitude gradient kβ and the understeer
gradient kU derive from the vehicle and tire design features. The attitude gradient
is mainly dependent on the rear-tire cornering stiffness coefficient, although
other factors play a part. The understeer gradient depends on many factors
including the position of the center of mass, front–rear difference of tire
cornering stiffness, roll steer, roll camber, compliance steer, aligning torque
compliance steer, and the effect of aligning torque on the vehicle as a rigid body,
with further minor effects from such factors as load transfer combined with
rolling resistance, static toe and camber, and from axle roll camber. If the
differential is not a simple open type, there can be power steer effects because of
lateral differences in tractive force acting on the rigid-body vehicle, and from
compliance power steer, whether front or rear. If the steering wheel angle or the
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reference steer angle is being considered, then the steering compliance is also of
significance. Aerodynamics may play a part, but this is considered separately in
Sections 6.14 and 6.15.

An extremely simple vehicle without suspension was analyzed in Sections 6.4
and 6.5, for which the following simple results were found:

A more complex vehicle will now be considered, but remaining in the linear
range. Figure 6.10.1 illustrates a "bicycle model" vehicle with simple
suspension, incorporating suspension understeer effects of δ S U f and δS U r. With
these suspension effects,

Positive δSUf and δ S U r are defined to call for an increased δ, i.e., an understeer
effect. Hence δ S U r is positive when the rear wheel attempts to increase its
cornering force, and δSUf is positive when the front wheel tries to decrease its
cornering force.

The corresponding steer angle gradient is

where the suspension understeer gradient kSU is the sum of geometric steer and
compliance steer parts:
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Figure 6.10.1. Bicycle model with suspension steer effects.

and kTU is the tire understeer gradient

The total steer gradient effect of roll steer and roll camber is the suspension
geometric steer gradient

Compliance steer and compliance camber effects accumulate in a similar but
more complex way because there are more terms.

Table 6.10.1 lists representative values of the understeer effects for the prin-
cipal factors for a free-differential vehicle. The sum of the column for each indi-
vidual axle is called the cornering compliance. Note that understeer tendency
effects are positive and increase the cornering compliance for the front, but in
tables of this type are given a negative sign for the rear. The tire cornering com-
pliance is the angle for which the side force would give g (9.81 m/s2) lateral
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acceleration, i.e., equal to the ground vertical force, if the tire remained linear,
i.e., with constant cornering stiffness. It is the reciprocal of the cornering stiff-
ness coefficient expressed in g/deg.

Table 6.10.1. Example primary steer effects (deg/g)

For each row, subtracting the rear value from the front one gives the under-
steer contribution for that feature (column 4). Summing these contributions, or
subtracting the total rear compliance from the front one, gives the understeer gra-
dient for this model vehicle. For constant radius conditions, the attitude gradient
kβ is equal to the rear cornering compliance. (For smaller radii, the difference of
attitude angles at the rear axle and at G, specifically δKr = b/R, is not small, but
it is constant.) Thus a table of this kind provides the necessary information to
define the parameters of the primary handling regime.

The factors contributing to kβ and kU will now be considered in more detail.
First consider the simplest possible bicycle model with equal tire cornering stiff-
nesses Cα at each end, i.e., 2Cα for an axle, and with G at the wheelbase
mid-point, i.e., a = b. Then
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giving

With m = 1200 kg and Cα = 500 N/deg, then kβ is 0.6 deg/m s 2 or 6 deg/g.

Now consider G to be forward of the mid-point, but with no change to Cα.
Considering plan-view moments about the center of the rear wheel:

giving

With a/L = 0.45, then kβ = 5.4 deg/g and kU= 1.2 deg/g. Thus the forward G has
reduced kβ and increased kU (Table 6.10.1). This sensitivity to G position is
particularly noticeable in practice when a car is loaded at the rear, giving an
oversteer increment change. Surprisingly, in practice the opposite sometimes
occurs.

In practice a forward G changes the tire vertical reactions, and also usually
demands unequal tire pressures; these factors change Cα. This depends on the
particular tires and loads; it may result in virtually no change, or there may be a
change almost proportional to the normal force. For a/L = 0.45 this may as an
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example lead to Cαf = 525 N/deg and Cαr = 475 N/deg. Considering now a model
with differing Cαf and Cαr, plan-view moments about the rear wheel give

This gives

This result was also derived in Section 6.5. With the values mentioned, kβ = 5.7
deg/g and kU = 0.60 deg/g. Thus the changes to Cα compensate to some extent
for the forward G position, in proportion to the Cα sensitivity to FV.

The effect of roll understeer depends on the roll gradient kΦ and the front and
rear roll understeer coefficients ε R U f and ε R U r . The actual understeer angle incre-
ments are

Hence the contributions to the attitude gradient and understeer gradient are

where the roll understeer coefficients εRUf and εRUr are defined as positive for
an understeer contribution at the front or rear. Note that positive rear roll
understeer reduces the need for body attitude angle, in which case Δkβ is
negative. A typical roll understeer coefficient is 0.1 with kΦ up to 10 deg/g so the
roll steer may reduce kβ by say 1 deg/g, and this is often done deliberately.
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especially on large cars. Rear roll understeer is sometimes combined with front
roll oversteer. However, significant amounts of roll steer may create unpleasant
handling and so are generally avoided, especially as an oversteer effect.

Suspension roll also causes wheel camber relative to the road. The effect
depends upon the roll gradient kΦ and the roll camber coefficients εRCf and εRCr,

These camber changes give forces depending on the tire camber stiffnesses Cγ

and consequently there must be changes of slip angles and steer angles to
preserve the correct forces. This gives

A positive roll camber coefficient at the rear requires a compensating increase of
rear slip angle with an increase of kβ.

where Cγ/Cα is about 0.05 for radial-ply and 0.15 for bias-ply. Positive εRC at the
front is an understeer tendency, while at the rear it is on oversteer tendency. In
the early days of independent suspension, the front roll camber coefficient was
1.0 and for the rear axle it was zero, and because bias tires were used the camber
stiffnesses were large. In this case ΔkU from roll camber was typically over 1.0
deg/g. However, nowadays front independent suspensions have smaller roll
camber coefficients, and radial tires have smaller camber stiffnesses, so with a
solid rear axle ΔkU is typically 0.2 deg/g. With some independent rear
suspensions, such as the common trailing-arm type, the roll camber coefficient
is 1.0 and there may be a significant kβ effect. If front and rear suspensions are
of the same type, this tends to compensate ΔkU and make it very small. With a
small front roll camber and a large rear one, as on some small front-drive
vehicles, the net effect on kU may be 0.3 deg/g.

It is difficult to give a useful analytical account of lateral force compliance
steer because this depends on small details such as the stiffness of rubber bushes.
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Sometimes a compliance steer gradient kCS (deg/m s 2) is used, giving angular
deflections

Note that the compliance steer gradient kCS, relating the angle to the lateral
acceleration, must be distinguished from the compliance steer coefficients ΗCS

relating the angle change to a force or moment on the wheel. The latter causes
the former. Compliance camber gradient kCC is often neglected. At the front,
because of steering compliance, lateral force compliance steer and aligning
torque compliance steer are usually significant, and because of relative stiffness
at the rear the effect on kβ is small, but on kU it is substantial, e.g., 2 deg/g.
Nowadays compliance steer effects are closely controlled because of their effect
on dynamic handling.

The effect of steering-column compliance, i.e., considering the reference
steer angle δref = δs/G, can be illustrated by considering the kingpin axes to be
rigidly mounted. The self-aligning torque is the front side force times the pneu-
matic trail, mfAt. For an overall steering gear ratio of Gs and neglecting friction,
the steering-column torque is mfAt/Gs; for a column torsional stiffness of ksc the
steering column angular deflection is

and the associated front-wheel angular deflection is

Hence

With Gs = 16, t = 30 mm and ksc = 0.8 Nm/deg, the result for ΔkU is 1.0 deg/g.
Actually the effect will be somewhat greater because of the kingpin axis
compliance.

The tire lateral force acts much closer to the kingpin axis than to the line of
action of the tie-rod, so its effect on steer angles cannot be easily calculated. For



Steady-State Handling 373

a tie-rod positioned rearward of the kingpin axes, the wheel angular deflection
depends on the difference between deflections at these two supports. If the
tie-rod is in front of the kingpin axes then the deflections both contribute to an
angular change.

The aligning torque has some effect on the vehicle considered as a rigid body,
i.e., separate from the compliance effects; this is because it effectively moves the
tire side force backwards, increasing the static margin. For a mean pneumatic
trail t the total plan-view moment is mAt. This requires counteracting side forces
at the axles. By moments

so

Hence

Using the earlier values, and a trail of 30 mm, gives 0.13 deg/g for Δβ and 0.24
deg/g for ΔkU.

Considering a four-wheel model instead of the bicycle model, cornering load
transfer increases the outer side rolling resistance and reduces the inner one. We
consider here only the rolling resistance, not the tire cornering drag which gives
a second-order effect (Section 6.11). The load transfer is FT = maH/T, and with
rolling resistance µR this gives a plan view moment about G of
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The required rear side force is reduced by F and the front increased by F where

Hence

Using µR = 0.015 and h = 0.6 m, then Δkβ is 0.04 deg/g and ΔkU is 0.07 deg/g, so
this is a small effect on passenger cars. However, it may be significant for
vehicles with high G and large rolling resistance, such as some military vehicles.

Load transfer will interact with the initial running toe and camber angles to
give attitude coefficient and understeer coefficient increments. Denoting the
straight running rear toe angle as δTr, physically a complete load transfer would
be equivalent to δTr change of attitude. Denoting the front and rear distribution
fractions of load transfer moment as df and dr (i.e., df + dr = 1), then

where positive rear toe-in gives reduced attitude angle.
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where front toe-in and rear toe-out give an oversteer effect. For example, with df

= 0.8, δTf = 1° and δTr = 0, then ΔkU is 0.6 deg/g, so this is potentially a
significant effect. The above analysis refers to the toe angle obtained in running
conditions rather than just the static angle. The sensitivity to changes of toe angle
remains valid, however. In practice it is particularly noticeable that cars with
light rear loading are sensitive to rear toe, probably becuse of the high cornering
stiffness coefficient.

A similar analysis for camber gives the result

Positive rear camber gives slightly increased attitude; negative rear camber and
positive front camber give increased understeer.

Because of the camber/slip stiffness ratio, about 0.04 for radial and 0.15 for
bias-ply, the camber effects are much less than the slip angle effects, and
generally negligible.

Because of load transfer acting on the tire stiffnesses there is an axle roll angle
that results in camber forces. This happens at front and rear, and so has negligible
effect on kU. For a load transfer FT = mAH/T and tire vertical stiffness Kt the axle
roll is

To preserve the correct tire lateral force, the slip angle must change by
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with a typical value of 0.08 deg/g for radial-ply and 0.20 deg/g for bias-ply, a
fairly small effect.

Examining Table 6.10.1 again shows that kβ and kU are the result of many fac-
tors. The attitude coefficient is dominated by the rear tire compliance, and
although the center-of-mass position and consequent Cα change largely compen-
sate each other, roll steer and roll camber can be substantial effects and other
minor effects may accumulate in a significant way. For the understeer coeffi-
cient, again the center-of-mass position and Cα largely compensate, but roll
steer, roll camber and steering compliance may be major effects. This table gives
a fair indication of the main factors for a typical modern vehicle with open dif-
ferential at low speed. Other differential types, and aerodynamics, may have sig-
nificant effects; these are discussed in separate sections later.

6.11 Secondary Handling
The secondary handling regime is the middle range for which the nonlineari-

ties have become significant, but the vehicle has not yet reached the final, purely
friction-limited stage. For a car this range typically covers lateral accelerations
of 0.3g to 0.6g. The behavior is now much more complex than in the linear
regime. In general it cannot be represented by simple equations; it can be mod-
eled by detailed numerical simulations, and the result is still simply represented
on a graph of roll angle, attitude angle and understeer angle against lateral accel-
eration, provided that a simple free differential is used and aerodynamic effects
and the speed effects are neglected.

The roll angle may remain essentially linear. Where it is nonlinear, this is usu-
ally because of progressive bump stops coming into operation. There may also
be nonlinear springs or bushes. Many factors may produce nonlinearity in the
attitude angle and steer angle – essentially any nonlinearity in the variables con-
tributing to the coefficients as listed in Table 6.10.1. The main factor is that the
tires now operate on the nonlinear part of the side force versus slip curve. The
second major factor is the lateral load transfer. In addition there are many minor
factors. The requirement for tractive force affects the tire side forces. The linear
roll steer, i.e., a constant roll steer coefficient, may now combine with a nonlinear
roll angle. On the other hand, second-order roll steer effects (Section 5.12) tend
to cancel out on the axle. Geometry may introduce roll camber nonlinearities, or
a constant roll camber coefficient may combine with a nonlinear roll angle. Com-
pliance effects from rubber bushes will diminish as the bushes stiffen rapidly.
The aligning torque compliance will be affected by the diminishing pneumatic
trail, i.e., the aligning torque itself becomes extremely nonlinear, also diminish-
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ing the rigid-body effect. Longitudinal load transfer develops. Jacking causes the
nonlinear development of camber, which may be especially significant for a high
roll center, e.g., the swing axle.

The first major factor, the attitude angle increment from tire nonlinearity, fol-
lows immediately from a comparison of the rear tire characteristic with the linear
model. Representing the deviation from linearity as a power model,

Neglecting aerodynamic forces we can simply write

where P has a typical value of 3.0, and C is 0.0065 deg/(m s 2 ) 3 or 6.5 deg/g3,
giving an increment of 1.4° at 0.6g.

The effect of tire nonlinearity on steer angle depends on the difference
between the front and rear increments. Typically the front wheels will be more
highly loaded and have a smaller maximum lateral force coefficient. This leads
to a steer angle deviation from linearity of similar shape to that for individual
tires, but of smaller scale because it is a front-to-rear difference.

The effect of the second major factor, lateral load transfer, is to reduce the cor-
nering force of a pair of wheels, as discussed in Section 2.16. The extra rear slip
angle required depends on the load transfer factor (or vertical force lateral trans-
fer factor) eV, i.e., the load transfer divided by the initial vertical force FV for a
single wheel

and on the particular tire characteristics. This load transfer factor eV must be
distinguished from the front and rear load transfer distribution fractions df and dr.
The load transfer will be approximately proportional to the lateral acceleration,
giving
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where df is the front fraction of load transfer moment. The resulting effect on the
attitude angle may be modeled by

where, again, P is typically 3, C1 is typically 25°, and C2 is 7 deg/g3, giving an
attitude increment of 1.5° at 0.6g, similar to the direct effect of the tire Fv–α
nonlinearity.

The effect of lateral load transfer on steer angle depends on the front-to-rear
difference of lateral load transfer. This effect is controllable, for example by roll
center height adjustment, or more readily by redistribution of the anti-roll bar
stiffnesses.

An expression for the effect of longitudinal load transfer on steer angle can be
obtained by considering the effect of the new vertical forces on the tire cornering
stiffness. The resulting effect is small, for example 0.4 deg/g3.

Thus the principal factors controlling the secondary understeer angle contri-
bution are the center-of-mass position and the distribution of lateral load transfer.
In those cases where the tire characteristics are fundamentally different front and
rear, for example because of different tire sizes as on racing cars and some sports
cars, or multiple tires on trucks, this will also be a major factor.

Tractive forces may be significant in this regime if distributed unevenly
side-to-side (Section 6.13), but are not of major importance if a free differential
is used. Considering a neutral vehicle, with linear tire characteristics the tractive
force must overcome a total drag of

At 33 m radius and 6 m/s2 lateral acceleration the average slip angle is about 5°,
and the tractive force is typically 600 N, which if demanded at one end of the
vehicle is a tractive coefficient Fx/FV 0.1. The total drag will be a little larger
at higher speed, on a greater radius, because of the greater aerodynamic drag. It
is sometimes said that the total tire drag is greater on a small radius because of
the greater steer angle. This is false – it is only the slip angles that contribute to
the tire drag, not the kinematic steer angle. This may be seen by taking moments
about the center of path curvature, or by considering an energy analysis.

The tractive force, required to maintain speed, affects the tire Fy–α relation-
ship; in some cases there may be a small increase in Fy, but generally, and always
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for large traction, Fy is reduced and greater slip angle is required. Thus a
front-drive vehicle has an increase of steer angle, and a tear-drive one has a
decrease; four-wheel drive may remain broadly unaffected if the front-to-rear
torque distribution is appropriate. For a traction coefficient of 0.1 on a normal
road surface, the effect is in any case rather small, but may become significant at
high speed or on low-friction surfaces.

6.12 Final Handling
The final handling regime is the last 25% or so of the handling curve. For pas-

senger cars this corresponds to lateral accelerations from 0.6g (6 m/s2) up to the
maximum value of about 0.8g. The ultimate value is generally less for commer-
cial vehicles, e.g., 0.5g, because of poorer suspension systems, harder-wearing
lower-friction tire materials, higher tire–road contact pressures, rollover poten-
tial because of high center of mass, and so on. It may exceed 1.0g for good sports
cars with wide high-grip tires, and may exceed even 3g for some racing cars with
ultra high-grip tires and aerodynamic downforce.

As far as the handling diagram is concerned, the basic question is whether the
vehicle has final understeer or final oversteer, and this depends on which end of
the vehicle has the greater ultimate lateral acceleration capability. Neglecting the
tractive force requirement, this simply depends on the graph of lateral force over
end-mass for the two axles. Referring back to Figure 6.3.2(a), which is represen-
tative for a typical modern car with final understeer, the maximum lateral accel-
eration is achieved at the peak of the curve for the front axle. At this acceleration,
the rear axle achieves the required side force at a smaller slip angle. The attitude
angle at the limit therefore follows from this rear slip angle plus the roll steer and
compliance steer of the rear suspension. The steer-angle curve as a function of
acceleration, curve A of Figure 6.3.4, increases extremely steeply near the limit,
and may curve back on itself if the tire characteristic is peaked or if account is
taken of the tractive requirement for overcoming the tire drag component at high
slip angles.

For a final oversteer vehicle, the front suspension has the greater lateral accel-
eration capability, i.e., the greater side force to end-mass ratio, and the curve
labels of Figure 6.3.2(a) are reversed. In the limit the attitude angle grows
extremely rapidly, calling for large negative increments of steer angle; the under-
steer gradient is negative, and the understeer angle and possibly even the total
steer angle will become negative (curve B of Figure 6.3.4). Because of this need
for steering reversal, final oversteer is generally considered bad; final understeer
has the advantage of more progressive and consistent control behavior.
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The vehicle final handling behavior can be represented fairly well by just two
variables, the front and rear maximum lateral accelerations, Af and Ar. However,
it is more useful to think in terms of the actual vehicle maximum lateral acceler-
ation AM (which is the lesser of Af and Ar) and a final handling balance parame-
ter. This is equivalent to using the attitude gradient and the understeer gradient
instead of the front and rear compliances for primary handling. This final han-
dling balance parameter should measure the commitment of the vehicle to termi-
nal understeer or oversteer. It would be possible to use Ar minus Af as a final
understeer margin, but this can be non-dimensionalized to give a final understeer
number:

Hence a final understeer vehicle, for which Ar > Af, has positive NU; final
oversteer has negative NU, and in principle a final neutral vehicle has NU = 0. The
typical modern car has a final understeer number of about 0.2, usually somewhat
less for rear-drive and more for front-drive. The design factors and operating
conditions that contribute to the final understeer number will be considered in
this and subsequent sections.

Table 6.12.1 indicates example main contributions to the final understeer
number. The changes are considered relative to a vehicle with a=b and equal
tires all around.

Table 6.12.1. Example final understeer number effects (front drive), NU
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The principal factors affecting the ultimate ability of each axle are the cen-
ter-of-mass position, the tire friction coefficient sensitivity to FV, the lateral load
transfer distribution, the longitudinal load transfer, and the tractive force require-
ments. Roll-steer and compliance steer still have some effect on attitude angle
and steer angle, but do not significantly influence the ultimate steady-state cor-
nering ability, other than through the longitudinal load transfer. Camber angles
have some effect on maximum cornering force of tires, but this is not well docu-
mented.

A forward center of mass increases the front end-mass and increases the axle
normal reaction, but it increases the maximum front side force capability in a
smaller proportion because the maximum force coefficient reduces. Hence a for-
ward G gives a final understeer tendency. Consider an initially neutral vehicle
with G at 50% and four equal tires, and represent this condition with the subscript
0, to give for example a maximum cornering coefficient µC0. Now move G for-
ward by x. The front axle reaction is

The maximum lateral force coefficient can be represented as being proportional
to the vertical force to the power p, where p is found experimentally to be
typically 0.15 for passenger car tires and about 0.23 for racing tires. Hence the
actual maximum lateral force FYmax increases with FV at the power (1 + p),
around 0.8. Representing the maximum lateral force coefficient by µC,
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For a most extreme likely mass distribution of 70/30, i.e., x = 0.2L, this gives
Af/A0 = 0.94, Ar/A0 = 1.06, and Ar/Af 1.13. Thus the maximum side force
coefficient of the complete vehicle is 6% less than for an even balance, and there
is a strong final understeer tendency with an NU contribution of +0.13. To a good
approximation these effects are proportional to x. For negative x (rearward G),
the maximum lateral acceleration also deteriorates, but is now limited at the rear
so there is a final oversteer tendency. The maximum capability occurs at a central
G; it is notable that this is not a curved optimum but a peaked one because of the
sharp transition from front limitation to rear limitation. If the tires are different
front and rear, the optimum will no longer be a central G, but the sensitivity for
deviation from the optimum position will be similar.

The influence of lateral load transfer may be examined by again beginning
with an a = b symmetrical vehicle, with lateral load transfer moment distribution
factors df and dr. The individual front-wheel standing reaction without load
transfer is
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The front load transfer is

giving reaction forces, front inner and front outer, of

Similar equations may be written for the rear. The axle maximum front cornering
force will be

The axle maximum lateral acceleration is then given by

giving

Substituting, and using the approximate binomial expansion to the second order,
now gives for the acceleration change, with A0= µC0g,
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For the rear, a similar expression may be obtained, but with dr and a. With a = l/2

For representative car values this gives a deterioration of maximum lateral force
coefficient of about 4% from lateral load transfer. The effect on the final
understeer number is

For a representative passenger car this is ΔNU +0.15(df dr).
Thus putting 70% of the load transfer distribution at the front will give a final

understeer number contribution ΔNU = 0.06, another strong final understeer ten-
dency. The load transfer distribution is easily amenable to tuning by the anti-roll
bars, and provides an important design variable in this respect.

Perhaps surprisingly, longitudinal load transfer may have a significant effect
on NU. Because of the attitude angle, there is an acceleration component A sinβ
giving a longitudinal load transfer

This influences the axle reactions according to
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With friction sensitivity p,

For an example vehicle with β = 6° the fractional acceleration changes at each
axle are of magnitude 0.029. The total ΔNU of 0.058 resulting from longitudinal
load transfer is a large effect.

Traction requirements may have a significant influence on final handling. In
this regime slip angles are relatively large, say 10°, and the associated tire cor-
nering drag is substantial:

and the traction coefficient for the driven tires for two-wheel drive is

At the basic test radius of 33 m, 0.8g corresponds to 16 m/s, so the aerodynamic
drag is relatively small – about 110 N against 2 kN tire cornering drag. Even at
100 m radius and 0.8g the aerodynamic drag is only about 350 N, although the
force diagram, e.g., as Figure 6.4.2, can easily be amended to include
aerodynamic drag and side force, and rolling resistance, if required. The effect of
the traction coefficient depends in detail on the tire (Section 2.18), but as a simple
approximation the friction ellipse model may be used. A traction coefficient of
0.28 will reduce Fymax by about 4%. This is therefore a significant effect,
encouraging final understeer for front-drive and final oversteer for rear-drive.

Because of the steer angle there is a negative contribution to attitude angle at
G, giving a forward load transfer. There is also a reduction of the moment arm of
the front side force, with a further reduction because of front lateral load transfer.
This is discussed in detail in Section 6.16. The outcome for notional infinite



386 Tires, Suspension and Handling

radius and 6° final understeer is a ΔNU of 0.037. At 33 m radius this increases by
0.010.

As a result of lateral load transfer there is a rolling resistance understeer
moment about G, neglecting the steer angle, of

This requires counteracting front and rear side forces, and hence

with a typical value of 0.014.
The maximum lateral force of a tire depends on the camber angle because this

controls the presentation of the footprint to the road. Broadly, the best camber
angle will be the one that gives the greatest contact area. However, this is not
simply zero camber because the tire distorts with side load. Depending on the
nature of the distortions, which depend among other things on the rim width, the
optimum camber may be a few degrees positive or negative. For conventional
passenger car tires the peak is not highly sensitive, although camber angle set-
tings can affect the maximum lateral acceleration by 5% or more, and for the
extremely wide tires used in racing camber may be critical. A rigid axle intro-
duces small camber angles equal to the axle roll angle, which is 1 to 2 deg/g.
Independent suspensions vary considerably. Simple trailing arms give camber
equal to roll. Parallel wishbones may give camber equal to roll, or be arranged at
the other extreme to give opposite camber. Thus the suspension camber may be
significant in influencing the final cornering limit and the final understeer num-
ber, but it is very difficult to make any useful general statements or to quantify
the effects in the absence of specific tire and suspension data.
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On the basis of force diagrams such as Figure 6.4.2, arguments are sometimes
presented to compare the merits of front and rear drive in terms of maximum cor-
nering acceleration. Such analyses do not seem to be borne out by experiment,
the most favorable end for traction really depending on many details. Also, from
a practical point of view a change of drive implies changes of mass positions, so
it is not necessarily useful to compare drives with other things being equal. Rear
drive (described by one rally driver as "handling a man can understand") has
some controllability advantages at the limit. Four-wheel drive has had only lim-
ited success in racing because of controllability problems ("like trying to write
your signature with someone jogging your elbow"). The advantage of four-wheel
drive lies in its superior traction on poor surfaces, and hence its success in rally-
ing.

6.13 Differentials
In this section, the effect of differentials on the vehicle as a rigid body will be

treated. For a non-free differential, there may be different tractive forces on the
two sides of the vehicle, giving an understeer or oversteer moment.

With zero net traction, a solid differential will have an inner wheel slip T/2R
and outer wheel slip –T/2R (Section 1.9). For a tire longitudinal stiffness Cx

(N/unit slip) the forward tractive forces are, for small slip, i.e., R > 15 m,

giving an understeer moment
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This moment requires counteracting front and rear slip angle increments to
restore steady state. The required axle side force increments are M/L. For the
linear case

which is typically about 33/R degrees. This is valid for the linear tire and lateral
acceleration region, i.e., R > 15 m and A < 0.3g. At the basic test radius of 33 m,
Δδ is typically 1°, independent of lateral acceleration.

In the steady state it is necessary only to overcome the vehicle resistance, so
the tractive force is generally small and the steer effect fairly small. In transient
conditions, such as acceleration out of a corner, there may be strong steer effects
from non-free differentials, which vary considerably in their torque distribution
characteristics. A simple locking differential may apply all its torque to the inner
wheel because of the small angular speed of this wheel. On the other hand an
"intelligent" differential seeking to avoid wheel spin might allocate torque in
proportion to the tire normal force. The handling contribution of these differen-
tials will be analyzed approximately here for a simple a = b vehicle with equal
tire characteristics all around.

The total vehicle drag including tires is D. The simple overrun ratcheting dif-
ferential, assumed to be applying all its thrust on the inner wheel, gives a tractive
understeer moment
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and hence, arising from the tractive moment, a compensating lateral force is
required at each axle of value

In the linear regime at moderate speeds the drag is mainly tire drag:

Hence this type of differential has no effect on the understeer coefficient kU and
has a small secondary understeer effect in A2.

Considering now final handling, the tractive moment influences the axle max-
imum lateral accelerations:
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The change in final understeer number is

with a value of typically +0.16. Thus there is a very strong final understeer
tendency when the traction is on the inner wheel only.

Considering now the "intelligent" differential applying torque proportional to
tire vertical force, with load transfer factor d at the powered end, i.e., df or dr as
appropriate, the axle load transfer has inner and outer vertical forces such that

where C 4Hd/Tg. The inner and outer tractive forces Fxo and Fxi give

and the differential property is

The result, with some manipulation, is a tractive understeer moment
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In the primary handling regime, α mA/4Cα and the effect on steer angle is

which is about 0.50A3 (deg/g3). Thus there is no primary effect, and a small
secondary oversteer effect in A3.

For final handling, we still have

and ΔAr = ΔAf 0.45 m/s2.

which is typically 0.12. Thus there is a very strong final oversteer contribution,
in this case with the traction mainly on the outer wheel, not quite as great as for
the overrun ratcheting differential understeer because of incomplete load trans-
fer.

6.14 Aerodynamics – Primary
This section discusses the effect of aerodynamics on wind-free steady-state

primary handling. As discussed in Chapter 3, the total aerodynamic force on the
vehicle may be represented by lift, drag and side force coefficients, and pitching,
yawing and rolling moment coefficients.
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Table 6.14.1 gives example effects quantified for a representative car at 50
m/s, i.e., at top speed, where aerodynamic effects will be at their most extreme.

Table 6.14.1. Example Primary Aerodynamic Effects (deg/g at 50 m/s)

At the legal speed limits of most countries these effects will be smaller, but of
course it is a manufacturer's responsibility to ensure that a vehicle behaves prop-
erly at all speeds of which it is capable. For an aerodynamically bad vehicle the
net effect can be significant and bad. For a good one the effects can be controlled
and balanced so that there is only a small and possibly even favorable effect. To
summarize broadly, the side force contributes directly to lateral acceleration, the
yaw moment is usually destabilizing, the lift and pitch affect the tire characteris-
tics, drag affects the tires through traction requirements, and the roll moment
gives some load transfer and possible roll steer effects, usually small.

To analyze in more detail, lift and pitching will be taken in terms of front and
rear lift. The front lift is

which changes the tire normal reactions and hence the cornering stiffness
according to
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which by approximate expansion gives

where mf = mb/l is the front end-mass and f is an empirical constant for the tire.
The change in front cornering compliance is

with an equivalent expression for the rear. The proportional change in the attitude
gradient is

With f = 0.5 this evaluates to 0.22CLr, which could be significant for a bad
vehicle, but with CLr = 0.1 and kβ = 6 deg/g the result is a negligible 0.14 deg/g
change. The change of understeer gradient is

This is approximately 8CP (deg/g) which could be significant for a bad vehicle.

The above expressions are for a vehicle with the same tire Cα to FV sensitivity
f value front and rear, but may easily be extended to different values. Typically
with a forward G position ff becomes smaller and fr larger, making CLr more
important. Even if ff is close to zero, CLf may remain important because of atti-
tude changes and consequent coefficient changes, especially to drag which is
sensitive to pitch angle.

The aerodynamic drag is
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calling for a traction coefficient

where FV0 is the vertical reaction of the driven wheels, e.g., for rear drive and no
rear lift,

To gain some insight into the likely scale of the consequences of the tractive
force, we can use the cornering force ellipse model in the form

By approximate expansion

For rear drive at 50 m/s a representative result is 0.10 deg/g on both kβ and kU.
For front drive kβ is unchanged, and ΔkU is positive. These values are not large.
On the other hand, on a poor friction surface the effects can be substantial.

The aerodynamic side force as a function of aerodynamic yaw angle βAe is

where
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This contributes a lateral acceleration

By definition of the standard aerodynamic axes, the side force acts at the center
of the wheelbase, i.e., there is an equal effective side force at each axle. The
required counteracting tire slip angles are therefore

Hence

Representative values are 0.32 deg/g for Δkβ, and +0.06 deg/g for ΔkU.
Turning now to the aerodynamic yaw moment, as a function of yaw angle this

is

where
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The moment requires counteracting forces at the axles, giving

Using βAe αr, this results in

Using βAe = β = kβA

For the example vehicle, Δkβ is 0.28 deg/g and ΔkU is 0.32 deg/g, which are
small effects. However, for a vehicle with an unfavorably shaped body and
rearward G the effect on the understeer gradient kU may be much larger.

Detailed equations can also be worked out for the effect of the aerodynamic
roll moment on lateral load transfer and roll steer; in general for a car such effects
are small, although they may be noticeable for high-sided vehicles.

Reconsidering Table 6.14.1, even at 50 m/s the total effects on primary han-
dling are not great, although the effect on understeer coefficient will depend very
much on the aerodynamic characteristics of the particular vehicle.

6.15 Aerodynamics – Final
This section discusses the influence of aerodynamics on final steady-state

handling, i.e., on the maximum lateral acceleration AM and on the final under-
steer number NU. Table 6.15.1 indicates example effects quantified for a repre-
sentative car at 50 m/s.
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Table 6.15.1. Example Final Aerodynamic Effects (50 m/s)

The effects will vary considerably between vehicles. Actually, because of tire
cornering drag the maximum steady-state speed at which the lateral acceleration
is limited by handling rather than simply speed is usually only about 0.6 times
the straight-line maximum speed, and hence typically 30 m/s, corresponding to
maximum lateral acceleration at about 110 m radius. However, a vehicle can be
turned into a severe corner at its maximum straight-line speed, and although this
strictly gives a transient condition it is convenient to adopt it here as the most
severe aerodynamic condition. At 30 m/s or legal limit speeds the effects will be
substantially smaller.

The basic effect of lift or downforce on the limiting cornering ability may be
investigated as follows. For a lift coefficient CL the total tire vertical reaction is

For simplicity, considering first that the maximum cornering force coefficient µC

is independent of N, the maximum speed V is given by

For a given radius the maximum speed is then
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Without aerodynamics, the maximum lateral acceleration is µYg; by comparison

Lift reduces the maximum lateral acceleration; but for downforce, which is
negative CL, the maximum A goes to infinity for a radius exceeding

This radius was about 180 m for extreme ground-effect Formula 1 racing cars.
Figure 6.15.1 (curve for p = 0) shows how the maximum speed for a corner

varies with R/R* for this simple model, where V0 is the maximum speed with no
downforce.

The above analysis neglects the deterioration of maximum side force coeffi-
cient with increasing vertical force. In this case, with the usual friction power
sensitivity p, and coefficient µY0 when there is zero aerodynamic lift,

where N0 = mg. Then, with lift
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Figure 6.15.1. Downforce effect on maximum cornering speed.

At a given speed, the minimum radius is increased by lift and reduced by
downforce. For zero lift, R0 = V2/µY0g, so

Therefore
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where

which we may call the critical aerodynamic speed. Physically it is the (normally
unachievable) speed when lift equals weight. For downforce it is imaginary, but
introducing a negative sign it is the speed when downforce equals weight. For
Formula 1 racing cars it is about 50 m/s. For a representative passenger car with
CL = 0.2 it is 240 m/s. These equations allow us to plot on Figure 6.15.1 how the
maximum speed varies with R/R* for a realistic friction sensitivity of 0.15, and
an extreme of 0.30. The maximum speed no longer goes to infinity; the
cornering friction deterioration of realistic tires has a surprisingly large effect.
For a representative passenger car with CL = 0.1, at 50 m/s the effect on AM is
0.16 m/s2; at 16 m/s on the standard 33 m radius it is only 0.02 m/s2.

By definition the lift acts at the wheelbase mid-point, giving equal lift at the
two axles, any difference of lift being reflected in the pitch coefficient instead.
The lift alone causes a change of understeer number

This is generally small for road vehicles, e.g., 0.01.
For a pitch coefficient CP, there is an aerodynamic pitch moment

and a consequent longitudinal load transfer

This changes the wheel vertical reactions:
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The maximum lateral acceleration at the front is then given by

For a final understeer vehicle it will be Af that controls AM, giving a reduction of
0.32 m/s2 for the example case.

This is about 0.08 for CP = 0.1, and hence aerodynamic pitch may exert a
substantial effect on final balance.

The aerodynamic drag combines with the tire drag to require traction. The
total drag force is the sum of aerodynamics, tire cornering and rolling resistance:

The tractive coefficient, assuming rear drive, is
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Using the friction ellipse model, the limiting lateral acceleration is given by

Rather unrealistically, assuming that sufficient engine power is available to
sustain steady-state limit cornering at 50 m/s, with a mean α of 10°, this evaluates
to ΔAr = 0.32 m/s2 for the tires alone, and ΔAr = 0.76 m/s2 for the total drag, i.e.,
an increment of 0.44 m/s2 for the aerodynamic drag when added to the existing
tire drag. For rear drive and terminal understeer this will have little effect on AM,
and give NU an increment of 0.06. For final understeer front drive, AM will be
reduced and the final understeer number increment will be positive, i.e., greater
understeer.

Considering now the aerodynamic side force, and taking βAe = β, the side
force is FAeS giving an extra lateral acceleration

For C S = 0.04/deg and a final β of 6° this gives ΔAM 0.55 m/s2 at 50 m/s, a
useful increase of about 7%.

By definition of the standard aerodynamic axes at the wheelbase mid-point,
the side forces are equally distributed at the front and rear axles. Hence the
change of NU is given by

having a value of typically +0.03 at 50 m/s for a center of mass 5% forward of
the mid-point.
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Considering now the yaw moment MAeY, for positive yaw coefficient this is
a turn-in moment, i.e., an oversteer tendency. The moment changes the required
steady-state force at each axle by MAeY/L, giving a limit acceleration increment

This effect assists the front, and so for terminal understeer there is an
improvement in AM of typically about 0.3 m/s2 (3%) for C Y = 0.01/deg and
β = 6°.

This evaluates to about 0.07 for the example case, illustrating that there may be
a substantial oversteer effect from yaw.

Considering broadly the above developments, and Table 6.15.1, it is apparent
that at high speed the aerodynamic effects on maximum lateral acceleration may
be substantial. The total effect on understeer number for this example is small,
but the effect will vary considerably from one car to another because of different
aerodynamic coefficients, especially for yaw, lift and pitch. At the basic test
radius of 33 m the limiting speed is only about 16 m/s, giving effects only about
one-tenth of those of Table 6.15.1; in this case the aerodynamic contribution
would usually be negligible, although it is possible that a combination of a strong
nose down pitch (negative CP) and positive yaw could become significant. In
practice, the minimization of drag does not severely interfere with the trimming
of pitch or control of lift, although low-drag vehicles tend to have high yaw coef-
ficients. The oversteer tendency of yaw can be offset by some pitch-up, as can
rear-drive effects. On the whole, it is desirable for a vehicle to have greater pri-
mary and final understeer at high speed and so some net aerodynamic understeer
is preferable. Within legal speed limits such effects remain fairly modest, and
unsteady-state problems tend to be more problematic, e.g., wind gust response.
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In some of the fields of competition vehicles, aerodynamic effects have
become of major importance because of bodywork optimization and higher
speeds, as discussed in Section 3.6. Downforce from wings and underbody flow
is used to greatly enhance maximum lateral acceleration and traction. To main-
tain good handling, the position of the center of pressure on the wheelbase, i.e.,
the front and rear distribution of downforce, must be carefully controlled by
adjustment of underbody shape, or by trimming the wing incidences or wing
flaps, or even by adjusting the wheelbase by moving the front wheels forward or
backward. The optimum position for the total downforce is not simply at the cen-
ter of mass, but usually farther forward; possibly this is because the smaller front
tires have a maximum side force coefficient that diminishes with load more rap-
idly than the larger rear tires.

For wings, the induced drag increases as the square of the downforce coeffi-
cient, so the downforce/drag ratio of a wing deteriorates rapidly as greater down-
force is demanded, although because of the irreducible zero-lift drag it may
improve for the complete vehicle. Hence the downforce must be optimized, not
simply maximized. This optimum depends on the particular circuit, with high
mean speeds or long straights tending to favor less downforce and less drag. Of
course it is desirable to have minimum drag for given downforce, and venturi
underbodies with sealed skirts are much superior to separate wings in this
respect.

6.16 Path Radius
Turning radius affects the understeer gradient at small radii. Because the front

wheels are (usually) steered, considering a simple bicycle model the moment arm
to G for the front tire side force is reduced from a to

neglecting the small understeer angle. Hence to preserve moment equilibrium
about G, a larger front side force is needed than would otherwise be the case.
Compared with the large radius turn, the increase of front slip angle is given by
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The effect on steer angle is

This is insignificant at 33 m, but may be as high as 2 deg/g at 5 m radius.
For a vehicle with parallel steering (zero Ackermann factor), in a corner the

front wheels each have an effective toe-in relative to the direction of travel for
low speed of

The side force is generally produced more by the outer wheel. Defining a side
force transfer factor eS, where eS = 0 represents equal side forces, and eS = 1
represents all force from the outer wheel, then a changed steer angle is required:

giving

This is small for 33 m radius, but may be 4 deg/g at 5 m radius.
Considering now the effect of radius on final handling, the turning radius

affects the understeer number in two main ways: the steering results in a negative
attitude angle (front steering) and also in a reduced moment arm for the tire
forces on the steered wheels. in addition there may be effects because of camber-
ing of the wheels at large steer angles, but this is hard to quantify because of lack
of tire data.

The attitude angles at the center of mass G and at the rear axle differ by the
rear kinematic steer angle
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This reduces the attitude angle at G caused by the rear slip angle, which has
already been dealt with in Section 6.12. It gives a longitudinal load transfer

Adapting the equation derived for slip attitude effects (Section 6.12),

which is an oversteer effect.
Figure 6.16.1 shows a four-wheeled vehicle with steer and slip angles and

traction at the rear. The front vertical force lateral transfer factor eVf results in a
front side force transfer factor eSf. The parameter eSf is zero for equal side forces

Figure 6.16.1. Reduced moment arm of steered-wheel forces.
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and unity for all side force on the outer wheel. The moment arm of the front side

force is

This causes

The total radius effect including longitudinal load transfer is therefore

At a small radius the reduced moment arm effect predominates, and there is a
strong understeer tendency

6.17 Banking
Road slopes can be divided into two main types: longitudinal and lateral. Lat-

eral slopes are commonly known as banking, or just as camber in the case of
modest slopes used for water drainage. On the straight, banking results in a side
force component mg sinθ where θ is the road angle. The tire vertical reaction
becomes mg cosθ which can be approximated as mg for practical camber cases
up to 8°. For a primary neutral vehicle, the lateral force at G can be opposed by
equal slip angles at the two ends, so the vehicle will drift sideways without rota-
tion, Figure 6.17.1(a). With no control steer change, an understeering vehicle
will tend to generate less lateral acceleration at the front, and so will rotate away
from the side force, turning down the slope, Figure 6.17.1(b). An oversteer vehi-
cle will initially drift away but will ultimately turn up the slope, Figure 6.17.1(c),
because less lateral acceleration is generated at the rear.
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Figure 6.17.1. Effect of side force at G (e.g., on entry to road camber section):
(a) neutral steer, (b) understeer, (c) oversteer.

To maintain a straight path in the steady state, the side force acting at G calls
for slip angles, but no kinematic steer angle:

Allowing for suspension effects using cornering compliance, the attitude angle is

and the steer angle required is

where k is the primary understeer gradient. Thus a neutral steer vehicle will be in
equilibrium at an attitude angle but zero steer angle. A primary understeer
vehicle will need to be steered up the slope, and an oversteer vehicle down it. At
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the fairly large value of kU = 0.5 deg/m s 2 (5 deg/g) and a side slope of 5°, then
δ = 0.44°, or about 8° at the steering wheel, and β 0.5°.

A straight road of banking θ will require a lateral friction coefficient of tanθ
merely to maintain a straight path. This may be difficult to achieve in icy condi-
tions.

A small amount of banking is also common on corners, and this may be favor-
able or unfavorable. More extreme banking, sometimes called super-elevation
and with angles as great as 40° (Figure 6.17.2), is found on some racing circuits
and on high-speed test circuits. In such cases the road cross-section is usually
curved with greater angles high up, so that the driver can choose the desired
banking angle.

In Figure 6.17.2, a vehicle is cornering with lateral acceleration A = V2/R at
constant height on a banked road. The tire forces required are

The mean required tire cornering coefficient is

Setting F to zero, no tire lateral force will be required if the slope angle is

and this condition may actually be achieved on super-elevated circuits. In this
case the normal reaction is greatly increased to mg/cosθ. This is liable to bring a
conventional vehicle down onto its bump stops. Vehicles designed for such
conditions generally have very stiff or rising-rate suspensions, and appropriately
uprated tires.

With a maximum lateral force coefficient µY, the maximum speed on banking
is given by
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Figure 6.17.2. Free-body diagram for a car on a super-elevated corner.

compared with V2 = µYgR on the level.
Even small cambers can be significant with low friction. On ice, taking the

maximum lateral force coefficient µY as 0.1, with 5° camber the speed is
increased 38% for favorable camber, and reduced 65% for adverse camber. At
µY = 1, the changes are +9% and 9%.

Front-to-rear differences of maximum lateral force friction sensitivity p
would imply some final handling variation on banking, but this is normally unim-
portant because the required side force coefficients are generally small. How-
ever, there may still be significant changes of primary handling.

6.18 Hills
On longitudinal slopes, uphill at an angle of θ (Figure 6.18.1), at steady speed,

there is a front-to-rear load transfer. The axle reactions are

When driving uphill, the load transfer to the rear leads to increased primary
understeer and reduced attitude coefficient, but these are not large effects; for
example, at 1 in 5 (12°) uphill Δkβ is 0.25 deg/g and Δk is 0.5 deg/g, and the oppo-
site (negative values) downhill. The effect on final handling is more important:
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Figure 6.18.1. Free-body diagram for a car driving uphill at constant speed,
no aerodynamic forces.
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For a vehicle which is initially neutral on level ground, for small θ,

For a b L/2

This is about 0.34/rad or 0.006/deg. For 1 in 5 uphill (12°) NU is +0.07, a
substantial final understeer effect. Downhill NU is –0.07 which is a readily
noticeable effect, and may in some cases change final understeer into final
oversteer.

Examining now vertical curves, these are not strictly steady-state but may be
analyzed approximately as such. In the vehicle-fixed coordinate system the vehi-
cle has a vertical downward compensation (pseudo) force

where RV is the vertical radius of curvature; FV is positive downward for a pos-
itive RV which therefore corresponds to a center of curvature above the road, i.e.,
a trough. Thus tire reaction forces are increased in a trough and reduced over a
crest. The main practical consequences are a deterioration of braking and corner-
ing capability over a crest.

6.19 Loading
Adding loads such as passengers, luggage or fuel to a vehicle increases the

total mass and moves the center of mass. Usually this movement is rearward and
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upward; in some cases it may be forward, as in the case of rear engine and front
trunk. A higher center of mass means more load transfer and roll. A larger weight
increases the suspension deflection, affecting camber and load transfer.
Front-to-rear movement of the center of mass affects the relative tire character-
istics. This can have complex effects on the handling, and in general it is neces-
sary to analyze the loaded case quite independently of the unloaded case. Of
course this is especially true of trucks and commercial vehicles where the load is
a large proportion of the unladen weight.

For cars the total maximum load is likely to be about 40% of the curb weight.
The driver and front passenger are close to the initial center of mass and so cause
little G movement. The rear passengers are usually in front of the rear axle, and
for a rear trunk the load is behind the rear axle. Hence a simple indication of the
effect of loading on a typical car may be obtained by studying the case of a load
mar added over the rear axle. In any case, an added load may be analyzed as load
increments over the two axles.

At the rear the vertical reaction changes in the ratio

Denoting the tire cornering coefficient sensitivity to FV as f then

Neglecting suspension, the rear cornering compliance is then given by

With mar = 0.2 m (0.4mr) and f = 0.5, then Dr is 1.1 deg/g. This is an increase
of the attitude gradient, and there is also an equal primary oversteer tendency
effect, i.e., kU is –1.1 deg/g.
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The effect on final handling depends mainly on the reduced rear lateral accel-
eration limit because of the tire maximum cornering coefficient sensitivity p. At
the rear

Because p is negative this is an oversteer effect. The equivalent expression for a
load increment at the front is

Taking mar/m = 0.2 and p = –0.15, this gives NU = –0.06, a substantial final
oversteer tendency. This neglects other possible factors, such as greater rear load
transfer because of lowering of the rear suspension toward the bump stops.

The above simple analysis shows how rear loading can result in substantial
primary and final oversteer tendencies; these are readily observable in practice.
It is common practice for vehicle operating manuals to call for increased rear tire
pressures when operating with full load. This limits tire deflections but also gen-
erally increases Cα helping to offset the primary oversteer effect, and generally
also improves the tire maximum cornering force coefficient with the increased
load, helping to offset the final oversteer tendency.

In the case of racing cars with substantial aerodynamic downforce, there may
be great sensitivity to changes of mass and to center-of-mass position. Consider-
ing first the simplest possible model vehicle (Section 6.15) with no aerodynam-
ics, a mass increase will increase the tire normal forces in proportion, and the
maximum lateral acceleration will deteriorate according to the reduction in max-
imum cornering force coefficient, i.e., it will be directly dependent on the friction
sensitivity p. On the other hand, for a vehicle with very large aerodynamic down-
force, the maximum lateral acceleration will be inversely proportional to the
mass, because the normal forces will not be affected proportionally by a weight
change.
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The effect of movement of the center of mass on the final balance of a racing
car follows a similar pattern. With no aerodynamics, moving the center of mass
forward will reduce the front cornering friction and increase it at the rear, accord-
ing to the sensitivity p. However, with strong downforce, a movement of the cen-
ter of mass will have much more dramatic effects because the normal forces and
maximum cornering forces will hardly be affected. This is one reason for the
location of fuel tanks close to the center of mass on downforce racing vehicles,
to avoid trim changes as fuel is consumed.

6.20 Wind
In straight running a vehicle may be subject to a side wind, giving a side force

and a yaw moment. To maintain the required course an attitude angle and steer
angle will be required.

Given the wind speed and direction and the vehicle speed and direction, the
relative wind speed Vr and aerodynamic attitude angle βAe can be calculated
(Section 3.4). The resulting dynamic air pressure is

and the side force is

and the yaw moment is

To maintain the required straight course the forces needed at the front and rear
axles are

Although there is generally some small aerodynamic roll, the vehicle does not
roll as for cornering, so the resulting attitude angle does not depend significantly
on the roll steer. On the other hand, suspension compliance may have an effect.
But neglecting suspension effects,
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Hence the aerodynamic attitude angle is

and the steer angle required toward the wind is

From this, the crosswind steer correction coefficient dδ/dw may be found:

which may be seen to increase in proportion to the vehicle speed.
For a pure side wind the steer angle is, for the linear case, proportional to

β A e V r

2 . For a given wind speed, the steer angle increases with vehicle speed.
Taking a case with a sidewind speed of 10 m/s and S = 1.8 m2, a vehicle ground
speed of 50 m/s gives βAe = 11.3°, and typically CS = 0.4 and CY = 0.1, giving
Fr = 857 N, αr = 0.86°, Ff = 1428 N, αf = 1.43° and δ = 0.57°. The actual steering
wheel deflection will be some 10°. Hence the steady-state effects of wind are not
very great. On the other hand, wind gusting is an important unsteady effect.

6.21 Testing
In principle the main result of testing is the path curvature ρ = 1/R as a func-

tion of the control inputs δ and V. In practice the required steer input δ is usually
plotted as a function of lateral acceleration A, as in Figure 1.13.1 for example.
The steer angle is measured at the steering wheel and in some cases also at the
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road wheels. The lateral acceleration may be found by accelerometer, or from
A = ΩV with a rate gyro measuring the angular speed, or from A = V2/R.

There are three basic forms of the test. These are constant radius, constant
speed and constant steer angle, although of course for a full picture of the han-
dling characteristic it is necessary to use a succession of different constant val-
ues.

The most common test is the constant radius one, where the speed is varied
and the associated required steer angle measured, plus other variables such as
attitude angle. The radius chosen is likely to be around 30 m depending on avail-
able facilities, but may be 100 m or more if it desired to include aerodynamic
effects, if the vehicle has sufficient power, and if a suitable test facility is avail-
able. At 33 m the steering kinematic steer angle is only about 5°, thus avoiding
extreme steering geometry effects, while for A = 8 m/s2 the speed is 16 m/s, so
aerodynamics are usually negligible; hence 33 m radius gives a good reference
characteristic. In practice, for a constant-radius test the driver is required to fol-
low a paint line while at the same time keeping the control positions constant;
this may be difficult near the limit conditions because of reduced or exaggerated
steering response.

In the constant-speed type of test the vehicle is usually tested at various spe-
cific radii, and the steer angle, attitude angle, etc., observed. When the steer angle
is plotted against lateral acceleration at constant speed, rather than at constant
radius, then the kinematic steer angle varies. In this case the understeer coeffi-
cient is no longer dδ/dA, but it is still dδU/dA. This is discussed in Section 6.9.
An advantage of the constant-speed test is that this is a more realistic representa-
tion insofar as aerodynamic effects are concerned. The constant speed is no eas-
ier for the driver because the differing lateral accelerations give different tire
drags and require different throttle settings.

In the third type of steady-state test, the steer angle is held constant, and a
sequence of steady speeds used. This test is the easiest to perform as far as driver
skill is concerned because both controls are fixed. It is possible to use a varying
speed, but the variation must be fairly slow or else the tractive forces will be suf-
ficiently far from equilibrium to influence the results.

In practice the constant-radius test is most commonly used. For large radii a
sufficiently large test pad may not be available, and curved tracks may be used,
such as the Dunlop–MIRA handling circuit with its variety of radii of sufficient
length to allow steady state to be achieved.

Some description of instrumentation is given in Section 1.13, along with a
broader description of testing.
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The international standard for steady-state testing is ISO 4138 Road Vehicles
– Steady State Circular Test Procedure. This requires a constant-radius test, with
no particular radius specified other than a minimum of 30 m. The track gradient
may not exceed 2%, and the wind speed may not exceed 7 m/s. Tires should pref-
erably be conditioned by normal use for 150–200 km, and warmed-up at the time
of test by driving 500 m at a lateral acceleration of 3 m/s2. Data should be taken
at increments not exceeding 0.5 m/s2, and averaged over 3 s, and the path should
be maintained within 0.3 m. The recommended form of presentation of results is
separate graphs of steering wheel angle, sideslip angle, roll angle and steering
wheel torque, each against lateral acceleration with right turn considered positive
lateral acceleration and left turn negative.

The following derived parameters and notation are defined:

(1) steering wheel angle gradient kδS = dδs/dA

(2) sideslip angle gradient kβ = dβ/dA

(3) roll angle gradient kΦ = dΦ/dA

(4) steering wheel torque gradient kTS = dTs/dA

(5) steering wheel angle/sideslip gradient dδs/dβ

Various normalized parameters are also defined, including:

(1) understeer sideslip gradient δs/(Gdβ/dA)

(2) steer coefficient (dδs/dA)/GL

(3) directional coefficient (dδs/dβ)/GL

Testing can also be performed by operating the vehicle on a complete chassis
handling dynamometer. One such testing system has actually been built, and is
described by Odier (1972). There have been other design studies for such
systems, including incorporation into a wind tunnel.

6.22 Moment Method
Figure 6.22.1 shows an example plot of total moment coefficient against lat-

eral force coefficient; the vehicle behavior is represented by a carpet plot for var-
ious values of steering wheel angle and attitude angle. Here the vehicle is
considered to be traveling in a straight line with no lateral or rotational accelera-
tion, i.e., the force and moment are considered balanced by applied external
forces. This can be achieved experimentally, but in practice such plots are pro-
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duced by computer simulation. Also shown are front and rear "construction
lines." The front construction line is the locus of points with lateral force at the
front axle only. The β = 0 line diverges from this because of effects such as roll
steer. These lines have gradient a/L and –b/L, or just a and –b if the plot is of
force Fy and moment MZ instead of coefficients Fy/mg and Mz/mgL.

Figure 6.22.1. Moment-method carpet plot.
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Considering any particular point, this corresponds to some specific value of
moment and force which may be read from the axes. Constructing a parallelo-
gram to the construction lines shows the corresponding front and rear lateral
forces. The mesh lines of the carpet plot will show the particular δs and β that will
give the specified force and moment; usually the values are unique except close
to limit conditions. The steer angle derived from this diagram is the understeer
angle only; the kinematic steer angle must be considered separately. Actually the
exact shape of the diagram will depend on an assumed speed because of the
effect on aerodynamics and tires, and of tractive forces. In other words, there are
different diagrams for different speeds.

For a given operating point of the diagram, the force and moment may be
assigned in various ways, e.g., to oppose applied wind effects, or to maintain a
straight course on a camber, or to give accelerations.

The usual definition of steady-state cornering implies zero angular accelera-
tion, and therefore corresponds to points of the mesh lying on the zero-moment
line, and with lateral force assigned to producing lateral acceleration. Thus by
reading δ and β points from that axis it is possible, although somewhat roughly
in practice, to construct the conventional steady-state handling curves of δ and β
against A. From Figure 6.22.1, the maximum trimmed lateral acceleration is
about 0.73g, and this occurs with saturation of the front side force rather than the
rear, i.e., this vehicle has final understeer.

Evidently the force–moment diagram contains much more information than
the usual handling curves which correspond to the force axis points only. On the
other hand, the usual handling curves are a clearer representation of their partic-
ular state, especially near the limit conditions where there may be overlapping of
the δ lines of the mesh. The force–moment diagram is still not a complete repre-
sentation, but does provide a "portrait" of the vehicle behavior that, to an expe-
rienced eye, is very revealing.

6.23 Desirable Results
The essential point of handling theory is to facilitate the design and produc-

tion of better handling vehicles. An important question, then, is: What is the opti-
mum form of the handling diagram curves? One difficulty here, as discussed in
Section 1.12, is that small design changes that have little effect on the theoretical
behavior of the vehicle may be strongly noticeable to the driver, and make the
difference between good and bad driver-feel, especially dynamically. Further-
more, because handling is so subjective, there are differences of opinion regard-
ing the best behavior. There is therefore scope for disagreement with the
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following comments. Also, of course, handling cannot in practice be optimized
without consideration of other factors such as ride.

For the steering angle versus lateral acceleration curve, the initial slope, i.e.,
the initial understeer gradient, should be between 1 and +5 deg/g at the road
wheels. American practice is generally to use the higher values, e.g., 2 to 5 deg/g,
with European values tending to be lower, e.g., 1 to 3 deg/g, with European
sports cars sometimes even lower and near neutral at 1 to +1 deg/g. Obviously
the best understeer gradient depends on driver preference and experience, and
very much on the predominant nature of the roads, winding or straight. The graph
should then curve smoothly through gradually increasing understeer in the
mid-range into final understeer, with a final understeer number of about 0.20.
The argument for final understeer is that steering control should be progressive,
and not reverse as it does if there is final oversteer. As far as the maximum lateral
acceleration is concerned, the greater the better. If a vehicle with final oversteer
is altered at the front to reduce the front acceleration ability then the final con-
trollability is improved, but only at the expense of the overall maximum lateral
acceleration, so the result is not necessarily a safer vehicle.

For the attitude angle graph, the initial slope, i.e., the attitude gradient or coef-
ficient, should be as small as possible; this mainly depends on the rear tire cor-
nering stiffness. The roll curve is not critical. However, all three curves should
be smooth with no irregularities or sharp changes of gradient. Even if power
steering is used, it is possibly best to have a steering torque gradient of about 20
Nm/g, rather than extremely light steering (position control only). Driver prefer-
ences depend to a large extent on previous experience. The actual value of the
steering torque gradient is perhaps not as important as the fact that there should
be a gradient. Traditional practice in the US, still seen on some European vehi-
cles for the U.S. market, is to have a steep gradient for lateral acceleration up to
0.1g, and then zero gradient. Typical European practice is to mimic a manual sys-
tem, but at lower force levels.

The handling of passenger cars has steadily improved over the last thirty
years, and is now generally good. On the other hand, commercial vehicles tend
to be rather poor with low limit accelerations and final oversteer. Basically this
is because of the low performance limit at the rear because of high loads, and
hard tire materials to give good mileage. There are also rollover limitations
because of the high center of mass. From a handling point of view, the best solu-
tion is a sufficient number of rear wheels and good enough tires to give a rear
limit performance close to the roll limit, with a slightly inferior front-end perfor-
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mance to give final understeer without rollover. This is, however, complicated
by the proneness of commercial vehicles to dynamic rollover in swerving.

As far as the process of tuning the suspension is concerned, this is basically a
matter of achieving the desired understeer gradient and final understeer number.
The parameters that the designer can usefully influence have been discussed in
some detail in Sections 6.10 and 6.12.

6.24 Problems
Q 6.1.1 Describe the relative merits of various definitions of steady-state

vehicle motion.

Q 6.2.1 Give an account of the relative merits of various choices of control
parameters.

Q 6.2.2 List, define and explain the steady-state vehicle motion parameters,
and any simple relationships between them.

Q 6.2.3 Give the principal alternative units used for the vehicle controls,
responses and gains.

Q 6.3.1 Explain, with graphs, how the handling characteristic curves of a
simple vehicle can be deduced from the tire force curves.

Q 6.3.2 Define and explain the relationship between steer angle δ, kinematic
steer angle, geometric steer angle, Ackermann angle, dynamic steer
angle and understeer angle.

Q 6.3.3 Describe the possible shapes of the steer angle curve, as related to
the shape and relative position of the tire force curves.

Q 6.3.4 Sketch handling steer curves for a typical modern car and truck, and
explain their merits and drawbacks.

Q 6.3.5 Sketch steer curves for vehicles with primary secondary and final
steer as follows: (a) under, over, over; (b) under, under, over; (c)
over, over, under; (d) over, under, under; (e) under, over, under.

Q 6.4.1 Sketch plan-view free-body diagrams for a "bicycle model" vehicle
in cornering without traction, and in steady cornering for front-,
rear- and four-wheel drive. Explain them.

Q 6.4.2 Sketch simple plan-view force polygons for front- and rear-drive
bicycle model vehicles. Extend them to include rolling resistance
and aerodynamic forces.
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Q 6.4.3 Draw the plan-view force diagram (as Figure 6.4.2) for rear drive at
small A and small R.

Q 6.4.4 Draw the vehicle with forces (as Figure 6.4.1) for four-wheel drive,
for the case with parallel front and rear forces. Discuss alternatives.

Q 6.5.1 Define and explain a linear handling vehicle. What practical condi-
tions are covered?

Q 6.5.2 Define and explain characteristic speed and critical speed for the
linear case. Derive equations for them.

Q 6.5.3 For the linear case, define and derive the response factor, also giving
graphs, and derive expressions for curvature gain, yaw gain and
acceleration gain.

Q 6.5.4 Discuss the problems that would be experienced in driving a linear
oversteer vehicle at various speeds in a straight line.

Q 6.5.5 Derive an expression for the understeer gradient for a suspension-
less bicycle model vehicle.

Q 6.6.1 Derive expressions for the yaw stiffness and static margin for a sim-
ple vehicle. Explain the neutral steer point and line.

Q 6.6.2 Derive an equation for kU/xs for a simple suspensionless vehicle.

Q 6.6.3 Explain yaw damping. Give a diagram and derive a suitable equa-
tion for a simple linear vehicle.

Q 6.6.4 Obtain an expression for dδ/dβ for a simple suspensionless vehicle
for steady cornering.

Q 6.7.1 Sketch three-dimensional graphs of understeer angle against speed
and lateral acceleration, for a vehicle with primary understeer and
final oversteer at low speed and strong aerodynamic understeer
effects.

Q 6.8.1 For the nonlinear case, explain understeer angle and understeer gra-
dient/coefficient.

Q 6.8.2 Explain how the idea of characteristic or critical speed can be
applied to a nonlinear vehicle in a given trim state.

Q 6.8.3 Plot graphs showing how static margin and yaw damping typically
depend on speed and lateral acceleration.

Q 6.9.1 Explain the difference between primary and final understeer.
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Q 6.9.2 Describe the concept of understeer gradient for the nonlinear case.

Q 6.9.3 Derive and explain the kinematic steer angle gradient.

Q 6.9.4 Giving example graphs, show how the required steer angle is likely
to vary with lateral acceleration at constant radius, and also at con-
stant speed, for cars and for trucks. Explain which regions of the
curves represent understeer and oversteer.

Q 6.9.5 Explain the difference between understeer angle and understeer gra-
dient. Explain how a vehicle with positive understeer angle can
simultaneously be "oversteer."

Q 6.10.1 Explain, with a diagram, the difference that suspension makes to the
linear equation for steer angle.

Q 6.10.2 Give example values of the primary understeer effects, in a table, for
a typical modern small front-drive front-wishbone rear plain trail-
ing-arm car, and discuss it.

Q 6.10.3 Explain, with equations and graphs, the effect of G position on kU

and kβ for a vehicle with the same Cα for all tires, and then also for
the case when Cα varies with load. Give example values.

Q 6.10.4 Explain the effect of suspension roll steer on primary handling, with
equations, and give extreme and representative example values.

Q 6.10.5 Explain the effect of suspension camber on primary handling, with
equations and give extreme and representative example values.

Q 6.10.6 Explain the effect of steering-column compliance on primary under-
steer.

Q 6.10.7 Explain the effect of tire pneumatic trail on primary handling.

Q 6.10.8 Explain the effect of rolling resistance on primary handling.

Q 6.10.9 Cars with lightly loaded rear axles are sensitive to rear toe angle.
Explain the effect of front and rear toe on primary handling.

Q 6.10.10 Give an overview, in 1000 words, of the main factors affecting the
primary understeer of a modern car.

Q 6.10.11 For an a = b suspensionless vehicle with tire CS = 10/rad, what are
the values of kU and kβ?
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Q 6.10.12 For a suspensionless vehicle with L = 2.8 m, a = 1.3 m, Cαf =
520 N/deg, Cαr = 480 N/deg, kf = 9 deg/g and m = 1600 kg, calculate
kU and kβ.

Q 6.10.13 For the vehicle of Q 6.10.12, with front and rear roll understeer
coefficients of 0.1 and +0.3, and a roll gradient of 10 deg/g, calcu-
late kU and kβ.

Q 6.10.14 For the vehicle of Q 6.10.12, with no roll steer, but with front and
rear roll camber coefficients of 0.8 and 0.1 and tire Cγ/Cα = 0.15,
calculate kU and kβ.

Q 6.10.15 For the vehicle of Q 6.10.12, with pneumatic trail of 40 mm, G = 16,
and a steering column compliance of 4 Nm/deg, compare understeer
with respect to δ and δref.

Q 6.10.16 For the vehicle of Q 6.10.15, evaluate the pneumatic trail on the
rigid-body effect on kU and kβ.

Q 6.10.17 For the vehicle of Q 6.10.12, with a rolling resistance of 0.03 and a
G height of 1.1 m, what is the effect on kU and kβ?

Q 6.10.18 For steering backlash ±δb at the front wheels, obtain a simple
expression for the range of lateral acceleration in terms of kU and V.
Evaluate this for 0.1° and k = 0, at 50 m/s. Find the time to veer 2 m.

Q 6.10.19 Explain the relationship between the lateral force compliance steer
and the corresponding compliance steer coefficients ΗLCS and ηACS.

Q 6.10.20 Explain how the compliance camber gradient arises from compli-
ance camber coefficients.

Q 6.10.21 Explain the effect of compliance camber on the total compliance
steer gradient kCS.

Q 6.10.22 Explain how the roll steer gradient kRS is influenced by front and
rear roll steer and the roll angle gradient, on a rigid axle.

Q 6.10.23 Explain how the roll steer gradient kRS is influenced by bump steer
and bump camber on an all-independent suspension vehicle.

Q 6.10.24 Explain the total roll steer gradient kRS including an allowance for
camber effects, and how it arises from roll steer and roll camber
coefficients on a rigid axle.
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Q 6.11.1 Give an overview of the main factors influencing secondary han-
dling.

Q 6.11.2 Derive an equation representing the effect of longitudinal load
transfer on steer angle for moderate A.

Q 6.12.1 Define and explain the term "final handling regime."

Q 6.12.2 Define and explain final understeer number. List the main factors
controlling its value.

Q 6.12.3 Give a table showing typical values of NU contributions to a modern
car. Discuss it.

Q 6.12.4 Describe the likely process in a crash because of trying to round a
corner too quickly, contrasting final understeer and final oversteer.
Compare their merits.

Q 6.12.5 Explain how the effect of G position and tire friction effects influ-
ence NU and AM. Give an example graph of AM against G position.

Q 6.12.6 Explain how the distribution of roll stiffness affects NU.

Q 6.12.7 Compared with a = b at which AM is 0.8g, if G is moved forward
120 mm on a wheelbase of 2.8 m, what would be the likely quanti-
tative effect on Af, Ar, AM and NU?

Q 6.12.8 With p = –0.15, A = 0.7g, H = 0.8 m, T = 1.5 m, a = 1.25 m and L =
2.7 m, what will be the effect on NU of changing the front load trans-
fer fraction df from 0.6 to 0.75?

Q 6.12.9 Explain how longitudinal load transfer arises in cornering, and how
it affects NU. Give example values.

Q 6.12.10 For the vehicle of Q 6.12.8, with a final attitude angle of 5.7° what
will be the effect of longitudinal load transfer on NU?

Q 6.12.11 Explain the effect of traction on final handling.

Q 6.12.12 Explain the effect of camber on tire forces and final handling.

Q 6.12.13 Explain the effect on primary, secondary and final handling of add-
ing a stiff front anti-roll bar for vehicles with no roll steer and with

(a) considerable front roll camber, none at the rear,

(b) considerable rear roll camber, none at the front.
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Q 6.13.1 Explain the effect of an overrun ratcheting differential on primary
and final handling.

Q 6.13.2 Explain the effect on handling of a differential that apportions
torque in proportion to tire normal force. Give example values.

Q 6.14.1 Give an overview of the effect of aerodynamics on primary han-
dling.

Q 6.14.2 A rear-drive vehicle at 40 m/s has S = 2 m2, a = 1.26 m, L = 2.8 m,
m = 1500 kg, tire cornering stiffness sensitivity f = 0.5, Df = 12
deg/g, Dr = 8 deg/g, CLf = 0.1, CLr = 0.2, CD = 0.5, C S = 0.06/deg,
C Y = 0.02/deg, and μL = 0.7. Evaluate the various aerodynamic
effects on kU.

Q 6.14.3 Give a detailed algebraic development of equations representing the
effect of aerodynamic lift (or drag, etc.) on primary handling.

Q 6.15.1 Give a table listing the typical contributions to AM and NU for a
modern car at maximum speed, and discuss it.

Q 6.15.2 For the vehicle of Q 6.14.2, with a final attitude angle of 7°, a max-
imum lateral accceleration of 7.5 m/s2, and a tire friction sensitivity
of 0.20, evaluate the effect of aerodynamic yaw moment on NU.

Q 6.15.3 Show that for a simple vehicle with lift and tire friction sensitivity,
the minimum cornering radius is given by

where R0 is the radius value achievable at zero lift. Explain the idea
of a critical aerodynamic speed.

Q 6.15.4 Explain Figure 6.15.1 in qualitative terms.

Q 6.15.5 Explain why, for a racing car with aerodynamic downforce, it
becomes even more advantageous to reduce the mass.

Q 6.16.1 Describe the effect of path radius on the understeer coefficient and
number.
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Q 6.17.1 A straight-running vehicle passes from a level road onto a cambered
one. Explain its subsequent path if no control is applied, for under-
steer, neutral and oversteer cases.

Q 6.17.2 For the vehicle of Q 6.14.2, on a side slope of 6° what will be the
required δ and β for straight running?

Q 6.17.3 Explain the principle of super-elevation, with equations, including
one for maximum cornering speed. A vehicle of mass 1800 kg has
speed 22 m/s at cornering radius 40 m on banking angle 10°. Find
the minimum cornering friction coefficient, and the angle for zero
lateral force.

Q 6.18.1 Explain longitudinal load transfer on hills, and the consequences for
final handling AM and NU.

Q 6.18.2 A vehicle with a = 1.3 m and L = 2.8 m has G height 0.9 m, and
NU = 0.07 on level ground. Estimate NU on a downhill slope of 10°.

Q 6.18.3 A vehicle has a speed of 42 m/s over a crest of radius 300 m. Esti-
mate the proportional deterioration in AM, compared with the level,
assuming constant tire cornering friction.

Q 6.19.1 Explain with equations the influence of adding a load over a rear
axle, on primary and final handling.

Q 6.19.2 A vehicle initially with a/L = 0.46, m = 1900 kg, tire cornering stiff-
ness sensitivity 0.4, Df = 10 deg/g and Dr = 6 deg/g has a mass of
300 kg added over the rear axle. Estimate the initial and final k and
kβ before and after adding the load.

Q 6.20.1 Explain the effect of side wind on steer and attitude angle for
straight running, with equations.

Q 6.20.2 A vehicle has ground speed 40 m/s, frontal area 2.2 m2, C S =
0.07/deg, C Y = 0.02/deg, Cα = 500 N/deg, G = 20 and is in a side
wind of 8 m/s. Find the effective forces at front and rear axles, and
the change of slip angles and steering wheel angle to maintain a
straight course.

Q 6.20.3 For a vehicle attempting a steady circular path with modest lateral
acceleration, describe the action of the steering wheel required as a
result of a steady side wind. Obtain an expression for an estimate of
the amplitude of wheel motion.
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Q 6.20.4 Derive an equation for the crosswind steer correction coefficient
dδ/dw.

Q 6.21.1 Describe the various principal types of steady handling test.

Q 6.21.2 Describe the ISO recommended procedure for a steady-state han-
dling test.

Q 6.21.3 What factors influence the choice of radius for a handling test?

Q 6.22.1 Sketch a representative moment coefficient versus force coefficient
plot for a typical car. Describe and explain its main features.

Q 6.22.2 Read the moment-method references, and write a 2000-word review
of the method.

Q 6.23.1 Describe the desirable form of the standard handling curves, and
discuss the reasons.

Q 6.24.1 For one of the vehicles of Appendix B, apply the theory of each sec-
tion of this chapter to analyze the steady-state handling.

6.25 Bibliography
Frankly, it is not easy to give a useful bibliography of books for handling the-

ory because the subject has largely been restricted to research papers. One of the
few books to tackle the subject at all, and from a quite different perspective from
that presented here, is Road Vehicle Dynamics by Ellis (1989), a development of
the previous book Vehicle Dynamics (Ellis, 1969) and revised and republished
again as Vehicle Handling Dynamics, Ellis (1994). Wong (1978) has a chapter
on handling characteristics; see also Steeds (1960). Bastow (1980) has an exam-
ple numerical calculation of the basic handling curves. More recently, Milliken
& Milliken (1995) has a useful amount of material, not entirely overlapping with
this volume. Gillespie (1992) has an introductory chapter on steady-state corner-
ing.

For the practical side of suspension modifications to achieve desired han-
dling, Smith (1978) and Puhn (1981) are worth examination.

For terminology, the primary reference is SAE J670e Vehicle Dynamics Ter-
minology (see Appendix E), but the ISO will probably soon produce a standard;
this will certainly differ from J670e and will be preferred in Europe. See also
Hales (1965).

From the research literature, the following can be singled out as particularly
relevant or interesting, either expanding slightly on the material here, or giving
an alternative perspective: Ellis (1963), Radt & Pacejka (1965), Milner (1967),
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Bundorf (1967), Grylls (1972), Pacejka (1973), Topping (1974), Bundorf & Lef-
fert (1976), ISO (1982), Dixon (1987b) and (1988).

The moment method is fully described in Milliken et al. (1976), Rice & Mil-
liken (1980), and Milliken & Rice (1983). A complete car chassis handling dyna-
mometer is described by Odier (1972).

The influence of aerodynamics on the performance of racing cars is examined
in Wright (1983) and Dominy & Dominy (1984).



7

Unsteady-State Handling
7.1 Introduction

This chapter deals with the vehicle in unsteady state, which can be defined as
anything other than steady state, i.e., other than a constant speed on a constant
path radius, giving constant lateral acceleration. Hence unsteady-state handling
includes theory of response to varying control inputs or to disturbances, and cov-
ers the natural transient motions after a disturbance. Theory of stability of motion
is included here because this is basically the study of the transient motion follow-
ing a notional small disturbance. The theory of vehicle transient behavior is com-
plex and can be highly mathematical; therefore this chapter is not
comprehensive, but serves as an introduction and overview.

Control disturbances may be due to motion of the steering or due to tractive
or braking forces. The most basic disturbance is the step-steer input; a practical
approximation to this is the ramp-step input. Non-zero longitudinal acceleration
is also unsteady, with possible effects from tractive forces unequally distributed
side-to-side by non-free differentials, from steer compliance effects, and from
tractive force effect on tire characteristics. Of more critical practical importance
is longitudinal deceleration combined with cornering, because this is likely to
involve large longitudinal forces, and occurs in accident avoidance.

External disturbances arise from wind and road. The classic wind disturbance
occurs when suddenly moving into or out of a crosswind; this is a problem of
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practical importance because it occurs when overtaking or being overtaken on
motorways. Road disturbances include anything other than a smooth flat uniform
surface, e.g., moving onto a camber, road roughness, or a change of friction coef-
ficient.

The theory of motion stability may be investigated for specific initial condi-
tions by computer, even for large disturbances in the nonlinear regime. However,
it is still valuable to have an understanding of the results of the linear mathemat-
ical theory, first given by Rocard (1946) for a simple vehicle without suspension
or load transfer (two degrees of freedom, yaw and sideslip), and extensively
explored by Segel (1957a and 1957b) for three degrees of freedom including roll.
Because of the widespread use of computing nowadays, no attempt will be made
here to give a full mathematical justification of the linear theory; rather the
emphasis is on physical understanding of the results. The chapter begins with the
rather unphysical single-degree-of-freedom models of a vehicle, because these,
although of little value themselves, throw light on the more complex models.

7.2 1-dof Vibration
Physical interpretation of the equations of motion of the vehicle is enhanced

by an understanding of basic stability and vibration theory for a single-degree-
of-freedom (1-dof) system, which will therefore be briefly reviewed here. There
is an inertia M, stiffness K and damping coefficient C (Figure 7.2.1). When dis-
placed by x there is a stiffness force Kx. If this is a restoring force the system is
said to be statically stable; if the stiffness force tends to move the mass farther
away from its equilibrium position then it is statically unstable. The damper
exerts a force Cx; if this opposes the motion then the damper will remove energy
from any motion – this is dynamic stability. If the speed-dependent force acts in
the same direction as the motion then it will add energy, giving dynamic insta-
bility. The motion of the object after a disturbance will depend on the type of sta-
bility (Figure 7.2.2).

Figure 7.2.1. Single-degree-of-freedom system: (a) system diagram,
(b) free-body diagram of mass.
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Figure 7.2.2. Possible motions after displacement.

For static instability, regardless of dynamic stability, there is a continuous
divergence from the equilibrium position, although this occurs more rapidly if
there is also dynamic instability. Static stability coupled with dynamic instability
gives an oscillation of growing amplitude. Static stability coupled with dynamic
stability gives an oscillation of reducing amplitude; if the damping is sufficient,
in excess of critical, then the oscillation is suppressed and there is simply a
smooth return to the equilibrium position.
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Taking K and C positive for static and dynamic stability, i.e., opposing dis-
placement and velocity (Figure 7.2.1(b)), the equation of motion is

Using the operational notation D for d/dt, or assuming a solution of the form e D t

and substituting, this becomes

Dividing by x then gives the characteristic equation:

The physical nature of the solution depends on whether D is real (non-
oscillatory) or complex (damped oscillatory); D is found by the usual quadratic
equation solution:

where α (units of s 1) is called the damping factor and ω is the undamped natural
frequency (rad/s).

The mathematical solution will be complex (which physically means damped
oscillatory) if ω > α, in which case we have undamped natural frequency ω,
damping ratio ζ and damped natural frequency ωd according to:
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Note the distinction between damping coefficient C (Ns/m), damping factor α
(s–1) and damping ratio ζ (non-dimensional).

The actual displacement is

where α and ω depend on the system properties, and the amplitude X0 and phase
angle Φ depend on the initial conditions of x and x.

If ω < α, there will be two real solutions to D, and a non-oscillatory response
with two time constants, τ1 and τ2:

The actual displacement is then

where τ1 and τ2 depend on the system properties and X1 and X2 depend on the
initial conditions of x and x.

The system considered so far has had no additional external forces, so the
behavior is called the natural or free response.

If the system of Figure 7.2.1 is subject to an external driving force F(t) then
the equation of motion becomes
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Figure 7.2.3. Magnification ratio versus frequency ratio.

The solution to this is called the forced response. It is mathematically the sum of
the complementary function and the particular integral. Physically, it is the sum
of the corresponding transient and steady-state solutions. The complementary
function represents the transient, and is the natural response with arbitrary
constants depending on initial conditions, as before. The particular integral
represents the "steady-state" forced response once the starting transient has been
damped out. The usual method of solution for the particular integral is to try a
solution of the same form as F(t). For example, for F(t) = F1sinωft where ωf is
the forcing frequency in rad/s and F1 is the amplitude of the disturbing force, try

where X is the displacement amplitude and Φ is the phase angle of the response.
Differentiating, and substituting in the equation of motion, the coefficient of the
sine term must be equal for both sides. Assuming an oscillatory natural solution
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the response amplitude is given by

If the force F1 were applied steadily to stiffness K then the displacement would
be F1/K. The dynamic effect may be seen by comparing the displacement ampli-
tude X with F1/K. Figure 7.2.3 shows how the magnification ratio X/(F1/K)
depends on the frequency ratio ωf/ω for various values of damping ratio ζ. Par-
ticularly notable is the resonant response for ωf close to the natural frequency ω.
For road vehicles the yaw damping ratio is generally in the range 0.2 to 1.0, and
the yaw natural frequency is typically about 6 rad/s (1 Hz), so there may be
observable resonance in yaw behavior.

7.3 1-dof Sideslip
In the one-degree-of-freedom sideslip model the vehicle is considered inca-

pable of yaw; this is of course unrealistic and is investigated here only in order
to throw light on the more complex two- and three-degrees-of-freedom models
considered later. Figure 7.3.1 shows the bicycle model vehicle with side force
F(t) positioned to give zero yaw, with resultant lateral velocity component y giv-
ing attitude angle β. It is apparent from the figure that a steady F(t) will cause the
development of a steady y such that β gives adequate tire forces to oppose F(t).
Also, because there is a damping force but no stiffness force, there will not be a
natural frequency.

where C0 is the zeroth moment vehicle cornering stiffness:
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Figure 7.3.1. Single-degree-of-freedom sideslip model.

The characteristic equation of the free motion is

This confirms that the natural response is exponential rather than oscillatory. A
typical value of τ is 0.2 s at 20 m/s. The solution for y is

where Y depends on the initial conditions. The forced response to a step input
force F is
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The initial lateral acceleration is

as would be expected. The final drift speed is

which is proportional to V, because this gives the necessary value of β = F/C0.
The lateral displacement response to the step force input is found by integrat-

ing y and evaluating the constant of integration from the initial condition y = 0,
to give

In response to a forced displacement held constant at y there is no restoring force.
In response to a constant displacement velocity y there is an opposing damping
force

Thus the sideslip motion is characterized by no stiffness and no oscillation, but
strong positive damping.

7.4 1-dof Yaw
In the one-degree-of-freedom yaw model the vehicle is considered pinned at

G; it can yaw but not sideslip. Again, this is unrealistic, but the results help to
illuminate the more complex models.

From Figure 7.4.1 the slip angles are
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where ψ is the heading angle and is the yaw angular speed. The equation
of motion in yaw is

where

are the first- and second-moment vehicle cornering stiffnesses.

Figure 7.4.1. Single-degree-of-freedom yaw model.
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By comparison with the standard one-degree-of-freedom vibration equation

of Section 7.2, which was

the yaw stiffness is C1 and the yaw damping coefficient is C2/V. For static
stability the yaw stiffness should be restoring, i.e., C1 should be negative. Since,
from Chapter 6, the understeer gradient is

static stability requires positive k, i.e., understeer. Dynamic stability requires
C2/I > 0, and hence C2 > 0, which will always be the case; i.e., because C2 > 0
there is always positive damping.

If the vehicle is oversteer then the motion will be a non-oscillatory divergence
from the equilibrium position. For an understeer vehicle the motion will be a
return to the equilibrium position. Whether it is oscillatory or not depends on the
characteristic equation:

In terms of the damping factor αD and radian natural frequency ωd, this is the
complex solution

The motion will be oscillatory if D is mathematically complex, i.e., if
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where the right-hand side is positive because C1 is negative for understeer. Hence
there is a transition speed

below which the response is overdamped. Above this speed there is a natural
frequency and damping ratio that may be found by comparing the characteristic
equation with this form of the standard single-degree-of-freedom vibration
equation:

Hence

which is typically about 10 rad/s (1.6 Hz). The damping ratio is

where Vt is the transition speed given by the equation earlier. Hence the damping
ratio is inversely proportional to speed. More understeer (greater magnitude of
C1) will increase the natural frequency and reduce Vt, i.e., reduce the damping.

In accordance with standard vibration theory, the damped natural frequency
in rad/s is

This is zero at the transition speed.
Thus the single-degree-of-freedom yaw motion is characterized by continu-

ous divergence for oversteer, for understeer it is convergent and possibly oscil-
latory. There is both stiffness and damping.
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7.5 2-dof Model (Vehicle-Fixed Axes)
The equations of motion for the vehicle may be expressed in coordinates fixed

to the Earth (XYZ) or coordinates fixed to the vehicle (xyz); vehicle-fixed axes
will be used in this section. First it is necessary to find the vehicle lateral accel-
eration in terms of the absolute motion. Figure 7.5.1 shows the vehicle in axes
XYZ, moving substantially in the X direction, with angles shown exaggerated.
The path angle from the X-axis is v (nu), the heading angle is ψ and the attitude
angle is β. The constant total speed V tangent to the path may be resolved into
Vax and Vay v as used in this section, or into VX and VY u as in the next sec-
tion.

Care is needed here to distinguish angle v (Greek nu) from speed component v
(vee).

Figure 7.5.1. Angles and velocity components. (Note the distinction between u and v,
Vax and VX, and v and β.)
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Here Vax is the component of the absolute velocity in the x direction, in con-
trast to Vx which would be the component of velocity in xyz, which is zero
because xyz are the vehicle-fixed axes. The vehicle has yaw angular velocity

where ψ is the heading angle.

Figure 7.5.2 shows the vehicle position and orientation at time t and t + dt.
The relative rotation is r dt.

Figure 7.5.2. Velocity components at path points.

The absolute acceleration in the y direction is

An alternative approach to developing this expression is to begin with
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With constant V,

Hence, the two-degree-of-freedom equations of motion in vehicle-fixed axes for
fixed zero control can be expressed as

Figure 7.5.3 shows the free-body diagram in vehicle-fixed axes, for a bicycle
model vehicle, with roll and load transfer being neglected. The vehicle is consid-
ered in the accelerating vehicle-fixed axes, so appropriate compensation force
and moment (mAay and Ir) are included (as explained in Chapter 1). The vehicle
has been subjected to a small disturbance, now having a lateral velocity compo-
nent v. As a result there is an attitude angle

Allowing for the attitude angle and the yaw rotation speed r, the slip angles
are

This is a fixed control analysis; in practice there would still be some control
compliance, but this is neglected. Using the linear approximation there are
corresponding tire forces of
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Figure 7.5.3. Vehicle free-body diagram in vehicle-fixed axes.

Bearing in mind that the acceleration in the vehicle-fixed axes is zero by
definition, the equations of lateral motion for the vehicle of Figure 7.5.3 are

Substituting in the above two equations and collecting terms gives

These equations may be simplified by using the vehicle cornering stiffness
constants C0, C1 and C2 (Section 6.6), e.g., C0 = 2Cαf + 2Cαr. Also introducing
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D to represent differentiation with respect to time, the force and moment
equations can be represented more concisely as:

These equations are a representation of the natural motion of the vehicle
observed in the vehicle-fixed axes. If there are external forces additionally
present, e.g., aerodynamic or steering forces, then these would appear as time-
dependent forcing functions on the right-hand side.

Actually these equations can be expressed not only in v and r as above; r may
be replaced by Dψ. However, it is not useful to replace v by Dy because the
cumulative displacement in the varying y direction has no practical significance.
A useful alternative form may be found by using the attitude angle β = v/V, hence
expressing the equations in β and r, or in β and ψ.

The characteristic equation for the above pair of simultaneous equations is
found by multiplying the first by (ID + C2/V) and the second by (m V + C1/V) and
subtracting, giving:

Expanding this gives

This is the characteristic equation for 2-dof sideslip and yaw. It is the condition
for there to be a non-zero solution to the simultaneous differential equations of
motion, and therefore tells us the nature of the free response, and in particular
tells us the natural frequency and damping of the 2-dof vehicle lateral motion
(Section 7.7).

7.6 2-dof Model (Earth-Fixed Axes)
If it is desired to compare theory with data measured by vehicle-fixed instru-

mentation, e.g., lateral acceleration, then the formulation of the previous section
is suitable. However, if it is desired to analyze the vehicle motion as seen in
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Earth-fixed coordinates, e.g., to find the amplitude of path oscillations in
response to an oscillatory steer input, then the equations of motion should be
expressed in Earth-fixed axes.

The equations of motion in Earth-fixed axes are

The slip angles expressed in the variables of the Earth-fixed axis system are:

where is the yaw angular speed. The actual values of the angles are, of
course, the same in the two systems. Compared with the slip angle expressions
of the last section, the use of u instead of v results in the appearance of ψ in the
expressions.

Figure 7.6.1, shows the free-body diagram in the Earth-fixed axes XYZ. These
are inertial axes, so compensation forces are not required. From the free-body
diagram, the equations of motion in Earth-fixed axes are:

Substituting, as in the last section, collecting terms and using the D operator
notation gives:
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Figure 7.6.1. Vehicle free-body diagram in Earth-fixed axes.

This may also be expressed in other forms, e.g., by using u = DY, r = Dψ or
u = vV. Using the last substitution gives:

The above equations can be contrasted with the equivalent formulation, in β and
ψ, for vehicle-fixed axes from the last section, which were
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Elimination of v or ψ from the Earth-fixed axes formulation, after cancellation of
terms and dividing by VD, gives the following characteristic equation:

which multiplies out to

Despite the different starting equations for the Earth-fixed axes, this is the same
characteristic equation as was found for the vehicle-fixed axes; physically this is
correct because the natural frequency and damping ratio must be the same in both
coordinate systems.

If there are additional forces, e.g., aerodynamic or front steer angle, these will
appear on the right-hand side of the equations of motion as functions of time.

Eliminating ψ from the various sets of equations will give different results for
u and v, as it should, because the different coefficients of ψ for the two sets of
axes will affect the right-hand side differently.

7.7 2-dof Free Response
The nature of the free response, i.e., the stability, natural frequency and damp-

ing ratio, depends on the characteristic equation as found for both Earth-fixed
and vehicle-fixed axes:

Most 2-dof systems give rise to a quartic (fourth-order) characteristic equation
with two modes and two natural frequencies. This is not so here because the
system has no true stiffness terms (the vehicle has no spring positioning it
laterally), so the third- and fourth-order terms in D disappear, leaving only a
quadratic in D.

The conditions for stability of motion can therefore be seen by comparing the
characteristic equation with the single-degree-of-freedom vibration equation in
the following form, from Section 7.2, where the spring stiffness K is positive for
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a restoring force (opposing displacement) and C is positive for a positive damp-
ing force (opposing velocity):

In the characteristic equation, the inertia term mI is always positive. Dynamic
stability requires that the damping coefficient C be positive, i.e., that

This will always be true, so if there is instability it must be static, i.e., due to a
negative stiffness. For static stability K > 0, so

requiring

From Chapter 6, the understeer gradient is

so for an understeer vehicle C1 is negative, and, from the previous equation,
static stability is assured for all speeds. For an oversteer vehicle (positive C1)
static stability requires

Substituting and simplifying gives
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Hence an oversteer vehicle will be stable up to a critical speed Vcr beyond which
it will be unstable, where

For understeer, negative C1, the characteristic speed is

The undamped natural frequency of the free motion may be found by comparing
the characteristic equation with the single-degree-of-freedom vibration equation
in the following form, where ω is the undamped natural frequency in rad/s, and
ζ is the damping ratio:

Hence the undamped natural frequency in rad/s is given by

At high speeds, ω tends to the value which is the value for the single-
degree-of-freedom pure yaw model. Hence the sideslip tends to increase the
undamped natural frequency, especially at low speed.

Using
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then

Expressing Ω at infinite speed as ω ,

At V = Vch, , as seen in Figure 7.7.1.

Figure 7.7.1 Undamped yaw natural frequency versus speed.
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For a neutral steer vehicle, C1 = 0 and k = 0, so ω = 0 and

tending to zero at infinite speed.

For an oversteer vehicle,

and the undamped natural frequency ω goes to zero (Figure 7.7.1) at

Above this speed the response is non-oscillatory, and there is no natural
frequency and no real solution for ω.

The damping coefficient in the characteristic equation is (mC2 + IC0)/V; this
is the sum of the damping coefficients from pure sideslip and pure yaw, and these
motions contribute approximately equally to the damping (a b kz, so mC2

IC0). The damping ratio of the free motion may be found by comparing the char-
acteristic equation with the single-degree-of-freedom vibration equation in the
following form, where ζ is the damping ratio:

Hence the damping ratio is given by

For understeer,
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so

where Vd is the characteristic damping speed:

where kz is the yaw radius of gyration. Hence

where Ζ0 is the damping ratio at zero speed.
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For the neutral steer case, Vch is infinite, and C1 is zero, so the damping ratio is
constant for all speeds, at

For the oversteer case, an analysis similar to the understeer case may be applied,
giving a characteristic damping speed

and a damping ratio

The zero-speed damping ratio is

as before.
The possible values of Ζ0 for all cases may be investigated as follows. In

practice

and
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so

giving

Actually, it is possible to place a definite limit on Ζ0 in the following way:

Hence

This is the ratio of the arithmetic mean of C2 and to their geometric mean,
which must be greater than or equal to 1.0, so

Thus ζ0 < 1 is excluded from physical solutions.

Figure 7.7.2 shows the variation of ζ0 with radius of gyration kz for an exam-
ple case of various C1 values, for a = b = 1.5 m, C0 = 120 kN/rad, and C2 = 270
kNm2/rad. Again, this indicates that, for the two-degrees-of-freedom model, val-
ues of ζ0 are a little in excess of 1.0, and not below 1.0.

Figure 7.7.3 shows how ζ varies with V/Vc for understeer, neutral and over-
steer cases. For understeer, ζ = Ζ0/ 2 at the characteristic speed, and Ζ0/ 5 at
2Vch. For oversteer, ζ goes to infinity at Vcr.

From a practical point of view, it is notable that at high speed the damping
ratio becomes rather small if there is a large understeer coefficient. To avoid
excessive overshoot, Vch should be not less than , i.e., ζ > 0.45. On a
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Figure 7.7.2. Initial damping ratio versus radius of gyration.

Figure 7.7.3. Damping ratio versus speed.

wheelbase of 2.8 m with a maximum speed of 50 m/s, this implies that the char-
acteristic speed should be at least 25 m/s, and therefore, using
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the understeer gradient kU should preferably not exceed 0.0045 rad/m s 2 (2.5
deg/g). High-speed yaw oscillation is dangerous. To obtain good yaw damping
at high speed either the tire cornering stiffness must be high or the understeer
gradient must not be too large. In other words, too much stability can be as bad
as too little because the former can cause low yaw damping.

The damped natural frequency, which is the frequency actually observed, is

The damping ratio is reasonably high except for extreme understeer vehicles, so
the damped natural frequency is significantly lower than the undamped one.

For the understeer case

Also

giving
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where ζ0 1. The damped natural frequency is zero at a speed

Above this speed, the response is oscillatory. It is necessary to distinguish two
cases, in principle, according to the value of Ζ0 (Figure 7.7.4). For the limiting

case of ζ0 = 1, ωd is constant and equal to ω . For Ζ0 < 1, when V/Vch is less than

then ζ > 1 and there is no damped natural frequency. For V/Vch greater

than , ωd is real, and increases up to ω . This increase occurs because

although the undamped natural frequency decreases with speed, the damping
ratio also decreases with speed, and the latter is the dominant effect.

Figure 7.7.4. Damped natural frequency versus speed (understeer).
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For a neutral-steer vehicle, the damping ratio always equals ζ0 which is
greater than or equal to 1.0, so the response is always overdamped and there is
no real solution for ωd.

For the oversteer case,

There is an oscillatory solution for V < Vcr, with

giving

Thus, since ζ0 1, there is no speed with real ωd, and all responses are
overdamped. Above Vcr, of course, the response is divergent.

Knowing the damped natural frequency

then the yaw-sideslip response has a wavelength, along the road, of

For example at 50 m/s and 1 Hz this is a wavelength of 50 m.

7.8 Improved 2-dof Model
The accuracy and utility of the various equations involving C1 found for the

two-degrees-of-freedom model may be enhanced by using an effective C1
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deduced from a known understeer gradient or static margin; i.e., instead of the
simplistic

we may adapt the simple equation for understeer from Chapter 6:

to give

or

where kU or xs is found from the more extensive steady-state analysis of Chapter
6. In this way, effects such as pneumatic trail, rolling resistance with load trans-
fer, and compliance steer can be incorporated. Roll-steer and roll camber can also
be incorporated; in this case the model really requires that the roll natural fre-
quency is substantially higher than that for yaw, which in practice it is for most
cars, being about twice the undamped value even for high speed. If it is desired
to study the development of roll angle itself, or to more accurately incorporate
roll steer and camber and the inertial effects of roll, then the three-degrees-of-
freedom model must be used.

7.9 Stability Derivatives
A common alternative representation of the equations of motion uses the sta-

bility derivative notation. In this system the side force is represented by Y and the
yawing moment by N, and the variation of these with respect to a motion param-
eter is shown by a subscript; for example, the rate of change of side force with
attitude angle is
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Hence the equations of motion may be expressed in the vehicle-fixed axes by

where Y and N are additional forces and moments, either external (e.g.,
aerodynamic) or steering (Yδδ), and . As discussed in Section 6.6, the
actual derivatives for the two-degrees-of-freedom model are

With this notation, the simultaneous differential equations of free motion in the
vehicle-fixed axes become

and in the Earth-fixed axes they become

The characteristic equation for both cases becomes
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For the two-degrees-of-freedom model there is no great advantage in the use of
stability derivatives; in fact rather the contrary because Yr and Nr vary with speed
and hence obscure the effect of speed on the equations. However, the stability
derivative notation is useful for the more complex three-degrees-of-freedom
model because it is more concise.

7.10 3-dof Model
As discussed in Section 7.8, some of the effects of roll, for example roll steer,

can be included indirectly in the two-degrees-of-freedom model. However, a
fuller representation requires that roll is included as an explicit variable, usually
denoted by Φ for the roll angle and p for the roll angular speed. This is known as
the three-degrees-of-freedom model (sideslip, yaw and roll), and was first sys-
tematically investigated by Segel.

The vehicle is considered as two masses – the rolling sprung mass mS and the
unsprung mass mU. The sprung mass is considered to roll about a longitudinal
axis parallel to the ground, at the same height as the "real" roll axis where it
meets the vertical z-axis. The origin of the vehicle-fixed xyz axes is not taken at
the center of mass but on the roll axis below the center of mass. The basic equa-
tions of motion for side force, yaw moment and roll moment, in vehicle-fixed
axes, are

where Ix is the second moment of sprung mass about the x-axis; because this does
not pass through G, this includes an mSd

2 term, where d is the height of G above
the roll axis. Roll moment L here is not to be confused with the wheelbase.

In comparison, the 2-dof equations are

with the extra 3-dof terms arising from sprung mass roll motion and Ixz roll-yaw
interaction.
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The external forces and moments acting on the vehicle, in stability derivative

notation, are

where some small terms, e.g., Yp, are neglected, and Y, N and L are additional
applied force and moment, e.g., aerodynamic or steering (Yδδ). The actual values
of the stability derivatives depend on the design parameters of the vehicle, but
are generally more complex than for the simple two-degrees-of-freedom model,
being

where εS is the roll steer coefficient, ΕC is the roll camber coefficient and c is the
tire camber/slip stiffness ratio Cγ/Cα.

where MZ is the tire self-aligning moment, µR is the rolling resistance coefficient
and h is the height of the roll axis above the ground.

where kS is the suspension roll stiffness.
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which depends primarily on the damper properties, and

where mSgd is the effect of roll in moving G from directly above the roll axis.
In addition, for steering effects:

The equations given above are essentially the equations given by Segel,
expressed in slightly different notation.

Knowing these actual values for the stability derivatives, the external forces
can be inserted into the equations of motion to yield three simultaneous differen-
tial equations for the three independent variables (e.g., lateral speed, yaw angle,
roll angle). These are therefore solvable in principle, although analytic solutions
are tedious to perform; the Laplace transform method was used by Segel, with
results discussed later for various steer inputs.

In comparing this model with the simpler two-degrees-of-freedom model as
expressed in Section 7.9 it should be appreciated that it is more complex for two
separate reasons. First, it includes more detail, e.g., aligning torque, and second,
it includes roll as a separate variable giving three differential equations. This
more complex model has been found to give very good agreement with experi-
ment in the linear region of handling.

The natural motion and stability depend on the characteristic equation. For the
three-degrees-of-freedom model this is a quartic:

As for the two-degrees-of-freedom model, it is found in practice that for fixed
control, dynamic instability does not occur, i.e., that if there is instability it is
static, and hence depends simply on the sign of A0, a positive value being stable,
where
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There are two principal modes of oscillation having natural frequencies of
typically 0.5 Hz and 1 Hz, the lower frequency mode being primarily yawing and
sideslipping, the other being primarily roll. Provided that the two natural
frequencies are not too close, an approximate factorization of the characteristic
equation is reasonably accurate. Ellis developed the following approximation:

where the first major factor corresponds to the yaw motion, and the second to the
roll motion. The first factor, compared with the two-degrees-of-freedom charac-
teristic equation, shows approximately how roll affects the yaw natural fre-
quency.

7.11 Step-Steer Response
In practice it is not possible to perform a true step change to the steer angle, a

ramp-step being more realistic. However, a step input is particularly simple the-
oretically. The step-steer response is perhaps the most fundamental transient
because it corresponds to simple corner entry or exit conditions. After a step-
steer input, there is a new equilibrium state achieved after a transient depending
on the natural frequency and damping in yaw. The most general step-steer input
is a shift from one corner radius to another, but the case usually analyzed is that
starting from straight running.

Figure 7.11.1(a) shows the transient yaw speed response for cases of under-
steer, neutral and oversteer below critical speed. The attitude response is similar.
The best response is that of the neutral vehicle. For understeer there is a response
overshoot because of the sub-critical damping, getting worse with increasing
speed. For oversteer the damping is good but the response takes a long time to
reach equilibrium. Physically, this is because the oversteering vehicle requires a
smaller steer input for a given steady state, and the smaller input gives a smaller
initial response. The slowness of oversteer vehicles to reach their steady-state
levels is one of the factors that makes them generally more difficult to drive.
Alternatively, Figure 7.11.1(b) shows the different response to equal steer inputs.
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Figure 7.11.1. Yaw speed versus time for steer input: (a) different steer inputs, equal final
yaw speeds, (b) equal steer inputs, different final yaw speeds.

Immediately after a step-steer input δ, before any yaw develops there is a front
side force Fy = 2Cαfδ and yaw moment Mz = 2aCαfδ. There is a corresponding
initial lateral acceleration Ay = 2Cαfδ/m and yaw angular acceleration

. The yaw angular acceleration creates a yaw speed that gives a
slip angle at the rear; this contributes a rear side force that aids the lateral accel-
eration. On the other hand, the side force induces a side velocity with a corre-
sponding contrary rear slip angle. After a short time t the sideslip velocity and
yaw speed are
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where kz is the yaw radius of gyration. The rear slip angle is therefore

Therefore if the rear slip angle will develop initially in the correct dir-
ection. If it will initially develop in the wrong direction and will undergo
a reversal before reaching steady state. Hence a large ab in relation to (a
"wheel on each corner") helps to produce an agile vehicle.

The full solution for yaw speed for the three-degrees-of-freedom model is too
complex to reproduce here, but the two-degrees-of-freedom analysis is enlight-
ening. After the steer angle step δ, in the vehicle-fixed axes the side force and
yaw moment equations of motion are
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Remembering that the initial side force and moment are simply 2C α f δ and
2aC α f δ, the initial conditions are

To find, for example, the yaw speed r we must eliminate β from the equations of
motion: to do this multiply the first by C1 and the second by (mVD + C0) and
subtract, giving

where fc (D) is the characteristic equation in D with unity coefficient in D2. On
the right-hand side, we can simplify because δ is a constant and so Dδ = 0 (hence
the simplicity of the step-steer input), giving

where C is constant for the motion. The solution to this differential equation
comes in two parts – the particular integral corresponding to the final steady
state, and the complementary function corresponding to the transient natural
response. For a final steady-state yaw speed r1, which is a constant, Dr1 = 0 and
D2r1 = 0, so in terms of the undamped natural frequency the particular integral is
given by
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This expression for the yaw speed gain can be compared with that found in
Chapter 6.

The solution for the transient is more complex, and depends on whether the
vehicle is understeer, neutral or oversteer. In the case of understeer, assume a
solution of damped oscillatory form:

The initial condition at t = 0 is

Differentiating to find r, at t = 0

Hence

This establishes the arbitrary constants, and the complete transient solution is
known.

For an oversteer vehicle, the assumed form of solution is

where D1 and D2 will be negative. At t = 0,

Differentiating to find r,

At t = 0
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This suffices to find A and B, as required.

For the case of a neutral-steer vehicle, the standard solution is

At t = 0

Differentiating r above:

At t = 0

This suffices to find A and B for the neutral-steer case.
If it is required to find the attitude angle rather than the yaw speed, then r must

be eliminated from the simultaneous differential equations of motion rather than
β. To study the path of the vehicle, for example to find the path of G, the Earth-
fixed axes formulation must be used. In all cases the method of solution is as
above.

For the three-degrees-of-freedom model, the analysis is more complex but
gives very similar results.

7.12 Oscillatory Steer Response
The "steady-state" response to an oscillatory (sinusoidal) steer input is not of

great practical significance, since this is unlikely to arise in normal operation on
the road. However, a sinusoidal steer input is of some theoretical interest for a
frequency domain analysis, and can be investigated experimentally.

The three-degrees-of-freedom analysis for this input was first performed by
Segel (1955a,b). Figures 7.12.1 to 7.12.3 show how the yaw speed amplitude,
roll speed amplitude and lateral acceleration amplitude varied with input fre-
quency. Modern cars and tires tend to give flatter responses up to rather higher
frequencies. Modern coaches can produce results much as in these figures. For
frequencies below 3 Hz, provided that the speed is not very low, the tire dynamic
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characteristic (lag between force and angle) can be neglected. As would be
expected, the yaw velocity amplitude (Figure 7.12.1), diminishes with fre-
quency, beginning with the steady-state response value. At high frequency it is
inertia-limited, so there is only a small yaw amplitude. Neglecting the small
response, then evidently the yaw moment tends to Mz = 2aCαfδ, where δ is the
applied steer angle amplitude. The yaw acceleration amplitude tends to A y =
2aCαfδ/I and the yaw velocity amplitude to r = 2aCαfδ/Iωf, where ωf is the forc-
ing radian frequency of the steering motion. The phase of the response varies
from in-phase at low frequency to 90° lag at high frequency.

Figure 7.12.1. Yaw speed amplitude and phase: against steer frequency. (Reproduced
by permission of the Council of the Institution of Mechanical Engineers, from Segel, L.,

"Theoretical Prediction and Experimental Substantiation of the Response of the
Automobile to Steering Control," Proc. I.Mech.E., 1957.)
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Figure 7.12.2. Roll speed amplitude and phase: against steer frequency. (Repro-
duced by permission of the Council of the Institution of Mechanical Engineers, from
Segel, L., "Theoretical Prediction and Experimental Substantiation of the Response

of the Automobile to Steering Control," Proc. I.Mech.E., 1957.)
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Figure 7.12.3. Lateral acceleration amplitude and phase: against steer frequency. (Re-
produced by permission of the Council of the Institution of Mechanical Engineers, from
Segel, L., "Theoretical Prediction and Experimental Substantiation of the Response of

the Automobile to Steering Control," Proc. I.Mech.E., 1957.)
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The roll velocity response (Figure 7.12.2), begins at zero at low frequency,
increases to a peak at around the roll natural frequency, and then declines. The
phase lag goes from 90°, through 180° around resonant frequency, to 270° lag at
high frequency.

The shape of the lateral acceleration response, Figure 7.12.3, is somewhat
unexpected, being rather like an inverted resonance curve. The agreement
between theory and practice is, therefore, particularly gratifying. At low fre-
quency the value equals the steady-state response. At high frequency there is lit-
tle yaw response, so for the 2-dof model the total amplitude side force tends to
approximately Fy = 2C α f δ and the lateral acceleration amplitude to Ay =
2Cαfδ/m. In between, there is a minimum. The reason for this shape of curve is
that it is the sum of three terms, two decreasing with frequency, and one, the lin-
ear lateral acceleration, increasing with frequency. The phase of the response
begins at zero, goes to about 45° lead through the resonant frequency, and then
declines to zero again.

If the steering forcing frequency is increased beyond about 3 Hz then the tire
dynamics will become significant, and there will be a further reduction in
response and an extra phase lag.

Instead of using a sinusoidal steering motion of various given frequencies, an
alternative frequency domain test is to use a random steer input. The vehicle
motion is then the product of the random input spectrum and the vehicle transfer
function, so by correlating the output motion with the input steering, the transfer
function may be deduced. This is particularly easy if the input is white noise, i.e.,
having a uniform spectral distribution, at least over the frequency range of inter-
est.

7.13 Power Steer
Previous sections have dealt with the response to steering control, but there

may also be steering response to the accelerator or brake, known as power steer
and brake steer, respectively. The former must obviously be distinguished from
"power steering," i.e., power-assisted steering. Such effects are generally unde-
sirable and are designed out if possible (Section 5.13). The effects may be con-
sidered to arise in two ways. The first is by effects that occur on the vehicle
considered as a rigid body and include differences in tractive force from side to
side, for example because of a limited-slip differential or because of tractive
force effects on the tire characteristics. The second is because of vehicle internal
compliances.
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The dynamic effects are similar to those in the steady state, but may be much
greater because the tractive forces are greater. In particular, "lift-off tuck-in" may
be very noticeable – really this is the disappearance of power understeer,
although nowadays it is known how to control this or to eliminate it if required.

Where a large amount of power is applied then the driven end of the vehicle
will inevitably have its cornering ability reduced because of the tire characteris-
tics, giving oversteer for rear drive and understeer for front drive. For more mod-
erate power applications, many details matter and one cannot really generalize.
The effect of internal compliance is also very complex and will not be dealt with
here, but see Section 5.13.

The effect of a non-free differential on the vehicle as a rigid body may be ana-
lyzed in the following way. The tractive force above that required for steady state
is F = mAx. Consider a rear-drive vehicle with a tractive force lateral transfer fac-
tor eT:

With eT = 0 the traction is equally distributed as on a free differential; with eT =
1 all the traction is on the outer wheel. The plan-view moment of the tractive
force is

To avoid changing the steady-state cornering radius there must be counteracting
side forces at the axles of

The corresponding changes of slip angle are
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The change of steer angle required is

which is an oversteer effect for positive eT. Using F = mAx, for a car

Now since eT may be in the range 1 to 1 according to the type of differential and
the power applied (Section 6.13), then Δδ may be as much as 0.5 deg/m s 2 (5
deg/g), a substantial change, potentially much greater than the differential effects
in steady state. For good handling, the steer effect should not exceed 1 deg/g of
longitudinal acceleration, and therefore non-free differentials may be problem-
atic in this respect.

Power-steer effects are particularly problematic on racing cars for several rea-
sons. The lap time is very sensitive to car acceleration at exit from the corners,
with combined lateral and longitudinal accelerations. The high power-to-weight
ratios give strong longitudinal acceleration which quickly reveals any handling
shortcomings, and, of course, limited-slip differentials are used. Finally, many
racing cars have aerodynamic forces that are very sensitive to pitch angle, and
particularly to the height of the front wings from the ground.

7.14 Disturbance Response
Transient disturbances include road roughness, changes of surface friction,

and wind effects.
Theoretical investigations of road roughness effects have been very limited

because of the shortage of data on tire characteristics in conditions of fluctuating
normal force. For small fluctuations one might expect the side forces to adjust
according to the response distance concept, as they do for varying slip angle, giv-
ing little change to the mean force. However, for large fluctuations, if the normal
force goes to zero then there will be an immediate loss of side force, not compen-
sated by the slowly growing side force when the normal force becomes large,
giving a reduced mean cornering force. Hence the dependence of tire side force
on normal force fluctuation amplitude and frequency seems to be an interesting
area for investigation and a necessary prerequisite for detailed study of vehicle
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response in such conditions. Practical results will also depend on how the vertical
force actually fluctuates, depending on the suspension characteristics, including
the dampers.

The effect of changes of surface friction, for example due to ice patches, is
perhaps of wider importance. Again, this is not easily amenable to a useful gen-
eral analytical approach, but is usually studied by time domain computer analy-
sis.

Transient wind effects are of practical significance – much more so than
steady wind effects. They are at their worst at high speed, because although for
a given lateral wind speed the aerodynamic attitude angle is less, the dynamic
pressure is greater. On motorways, when overtaking or being overtaken, one
vehicle may temporarily shield another from a strong side wind, or a large vehi-
cle may subject a small adjacent vehicle to a strong flow even in the absence of
wind. The effect of a lateral air speed component may be analyzed in various
ways. The consequent lateral force and moment can be inserted into the two-
degrees-of-freedom dynamic model; if the vehicle deviation effect on the wind
force is neglected, i.e., the force and moment are assumed constant, then this
gives a manageable analytical solution. If a computer simulation of the vehicle
is available then of course the wind force can be made a function of vehicle lat-
eral speed and yaw angle.

The conclusions of such analysis are fairly simple. The steady-state response
is not critical because it simply requires a fixed steering deflection (Section
6.20). The driver response time is about 0.25 s, although experimental results
show that the path deviation takes typically 2 s to reach its maximum; it is this
maximum that is the important result. This deflection is partly the result of aero-
dynamic side force but in most cases mainly of the yaw moment; hence a forward
center of mass eases the problem. The deflection also depends on the vehicle's
handling characteristics, but since these are largely dictated by the wind-free
handling requirements, the gust response can really be controlled only by tailor-
ing the aerodynamic characteristics. Essentially this means minimizing the yaw
moment, which means keeping the lateral force center of pressure as far back as
possible. There is a conflict here, because low-drag shapes tend to have a rela-
tively forward center of pressure and it may be necessary to compromise on the
detail design.
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7.15 Testing
Unsteady-state testing can conveniently be divided into three types:

(1) Vehicle characteristics

(2) Task performance

(3) Subjective assessment

The first type, vehicle characteristic testing, is open-loop, whereas the last two
types, by including the driver performance, are closed-loop tests.

In the open-loop tests, the vehicle motion is studied in response to specified
control inputs. The most fundamental test is a step-steer input; in practice a ramp-
step is used because the step cannot be achieved instantaneously. This enables
the rapidity of response and overshoot to be investigated, giving an experimental
measure of the natural frequency and damping ratio. Alternatively a small-ampli-
tude single-cycle steering oscillation (open-loop version of a lane change) or a
random steer input (white noise) can be used. The ISO has published draft pro-
cedures for these tests. In practice the random steer test seems most practical
because it does not require mechanically controlled steering and can be per-
formed on a two-lane-wide road. A variation of the random input test is the steer-
ing sweep test, in which a basically sinusoidal steering motion is used, but with
smoothly increasing frequency.

Another standard comparison of theory and experiment is the steer pulse, i.e.,
a sudden deflection of steering and prompt restoration to straight ahead. In
Laplace transform analysis the steer deflection can be represented by a succes-
sion of three ramps with time delays, and gradients in the ratio 1:–2:1, or by a
half period of a sine wave.

The slalom test is distinct from the oscillatory steer test in that the latter uses
small steer amplitude and is linear. In the slalom test the vehicle is driven as
quickly as possible on a sinuous course on alternating sides of a series of obsta-
cles, and large lateral accelerations are required. Although in principle this is an
open-loop test, in practice driver skill plays a significant part. One serious criti-
cism of the slalom test is that comparative ranking of vehicles may vary with the
spacing of the obstacles, because of the different vehicle natural yaw and roll fre-
quencies. Hence it has not found wide application. In a variation of the test, the
obstacle spacing is progressively reduced and the vehicle is driven at constant
speed; this does not overcome the previously mentioned objection.

Little has been published on results of testing on controlled road roughness.
The obvious test would be a complete circular test pad with added roughness ele-
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ments, e.g., radial slats, that can be changed in severity and spacing. A more eco-
nomical alternative that has been tried is to have a relatively short segment of the
circular path slatted, and to drive into the rough region at or near the maximum
speed for the smooth section; in such tests the roughness seems to have surpris-
ingly little effect. Tests using a single bump seem to suggest that this is an ade-
quate test of roughness response.

A typical task performance test is the lane-change test. The vehicle is driven
at fixed speed toward an obstruction requiring a lane change that could be either
right or left; the driver is told as late as possible which way to go. The shortness
of time or distance to the obstruction is a measure of the closed-loop lane change
performance of the vehicle. This may be quite good for comparative testing of
complete vehicles, or for testing detail design changes to the suspension or tires.

Vehicle behavior in side winds can be predicted quite well from wind tunnel
yaw data. However, full-scale side wind testing is still sometimes performed, for
example by driving the vehicle into a side wind generated by gas turbines
exhausting into diffusers to widen the jet, which further expands by mixing with
air (at MIRA one engine produces a 40 m wide, 20 m/s jet at the road). To inves-
tigate the actual path deviation that will be experienced in practice, the vehicle
should be in the side wind for 2 s, the time to maximum deviation. At 20 m/s this
requires an exposed path of about 40 m of relatively uniform wind. However,
subjective testing is probably best performed in natural wind conditions.

The final test of dynamic handling is of course the subjective general driving
test undergone by any new vehicle over a distance of many miles. Although
theory is good at predicting the path of a vehicle in response to given control
inputs, it is much less good at predicting whether the driver will feel confident in
the vehicle. This is because the driver is sensitive to small dynamic effects, e.g.,
the rigidity of seat mountings. Therefore subjective testing remains of great
importance.

7.16 Desirable Results
Various research papers have addressed the question of how the subjective

opinion of the driver relates to the dynamic characteristics of the vehicle, and
what those characteristics should be for the best subjective and objective perfor-
mance. Opinions vary. This may be for several reasons: some tests are performed
with average drivers, others with experienced test drivers; investigations of a
parameter over a limited range may wrongly suggest that it is not important; the
test may not be long enough, so potentially superior features are rejected because
drivers favor the familiar over the unfamiliar; finally, drivers are inherently
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highly adaptive, which tends to mask the effect of vehicle characteristics, while
at the same time making them generally less critical. A good set of definitive
objective tests that predict subjective quality has not yet emerged. On the other
hand, there is often agreement as to what constitutes bad dynamic handling, and
some conclusions can be drawn. The following indicates some of the results that
have been published.

The yaw velocity gain under oscillatory steer conditions is given approxi-
mately by the simplified Laplace transfer function

where Tr is the effective time constant of the yaw speed behavior, i.e., the lag of
the yaw from the steer input. This expression is a reasonable approximation
provided that the yaw damping is not too small, i.e., the vehicle is not too
understeer. For both expert and average drivers, for a vehicle to be rated as
satisfactory requires that Tr < 0.5 s, and a good rating requires Tr < 0.3 s.

In tests at 23 m/s (50 mph), yaw velocity gains, referred to the handwheel, of
0.2 to 0.4 deg s 1/deg are found to be desirable. This corresponds to understeer
gradients of 3.4 deg/g down to zero. The undamped yaw natural frequency
should be at least 1 Hz, and the yaw damping ratio at least 0.5 and preferably 1.0.
For good yaw damping at high speed the understeer gradient needs to be small,
under 2.0 deg/g. Vehicles notable for good handling have been observed to be
close to neutral; some would even argue that a small amount of primary oversteer
is justified to obtain high yaw damping. Rear roll understeer has, in particular,
been implicated in detrimental reduction of yaw damping.

A good correlation has been found between subjective rating, objective per-
formance and the "TB value." This is the product of Tψ and βss where Tψ is the
time from step-steer input to peak overshoot of yaw velocity, and βss is the
steady-state attitude angle, these being measured at a speed of 31.8 m/s (70 mph)
and for a steer input sized to give 0.4g steady-state lateral acceleration. In prac-
tice, because the steer input is a ramp rather than a true step, time is measured
from the moment when the steering is at half of its steady-state value. When a
subjective handling poorness rating (1 being very easy handling, 5 being very
difficult handling) is used, it is found that the poorness value is proportional to
the TB value, reaching 5 at TB = 4.2 deg s.

Thus a TB value of 2 deg s or less is a desirable design target. However, it is
not clear that the TB value is really more significant than separately specifying
values for Tψ and β s s , both of which should be as small as possible. Also Tψ will
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be measurable only if there is a distinct yaw velocity overshoot, and this will not
be the case if there is good yaw damping – itself desirable.

Good straight running definitely depends on the dynamic characteristics
rather than just the steady-state understeer gradient. It is desirable to avoid large
amounts of roll steer which can cause weaving. Two vehicles with the same over-
all understeer gradient may achieve the final value with very different component
contributions. Under dynamic conditions, e.g., small wind disturbances or small
steer corrections, these differences may manifest themselves when it is generally
found that a vehicle with large compensating steady-state effects will not behave
well. Good straight running in windy conditions, however, does depend on the
steady-state understeer gradient, among other things. Put another way, the rela-
tionship between the neutral steer point (the position of which is governed by the
center-of-mass position and the understeer gradient) and the aerodynamic center
of pressure for side forces is very influential on straight running in gusty condi-
tions.

Another problem with roll steer or bump steer is that it leads to increased tire
wear. Nevertheless, many vehicle manufacturers do use roll steer to obtain their
desired handling characteristics. Provided that the effects are symmetrical from
side to side (a matter of production tolerances) and not excessive, the effect on
straight running may be acceptable.

Even if the vehicle itself has good straight-running characteristics, it is possi-
ble for the driver to be unhappy, for example in the case of the "oversteering seat"
(Grylls 1972). This illustrates the great sensitivity of the driver to relatively small
oversteering effects and how a small attitude gradient is important subjectively
as well as objectively.

Obtaining good behavior in gusty crosswinds is partly a matter of tuning the
aerodynamic coefficients, basically getting the center of pressure as far back as
possible, and partly a matter of avoiding suspension arrangements that make the
vehicle unduly responsive to wind stimulation.

In the case of racing cars, it is not just a case of obtaining maximum braking,
cornering and traction, but also of making the handling predictable so that the
driver can extract the full performance; to this end it is usual to eliminate com-
pliance as much as possible, for example by replacing rubber bushes by metal
ball-joints. This option is simply not available on passenger cars – the deliberate
inclusion of compliance is essential to control noise, vibration and harshness.
Until relatively recently the handling engineer saw this mostly as a handling
problem with the compliance tolerated; in recent years with growing understand-
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ing it has become possible to use compliance advantageously, in the control of
power steering and lift-off tuck-in effects, which can now be held to low levels.

As already discussed, there is a correlation between subjective rating and the
steering correction required because of braking longitudinal acceleration in a
turn. For a good rating, the steer correction should not exceed 1 deg/g at the road
wheels, say 20 deg/g at the handwheel, and should preferably be less. Specula-
tively, a similar quantitative criterion could be applied to power steer on acceler-
ation; in this case, non-free differentials with a steer effect of as much as 5 deg/g
at the road wheels are clearly problematic.

7.17 Problems
Q 7.2.1 Explain the difference between the damping coefficient C, the

damping factor αD and the damping ratio ζ.

Q 7.3.1 Establish the equation of motion for a 1-dof sideslip-only model,
and show that there is damping but no oscillation.

Q 7.4.1 Establish the equation of motion for a 1-dof yaw-only model, and
describe the motion for understeer and oversteer cases.

Q 7.5.1 Establish the differential equations of motion for a 2-dof model in
vehicle-fixed axes in ν and r.

Q 7.5.2 For a 2-dof model in vehicle-fixed axes, derive the characteristic
equation of motion.

Q 7.6.1 Establish the differential equations of motion for a 2-dof model in
Earth-fixed axes, in u and ψ.

Q 7.6.2 Derive expressions for the tire slip angles perceived in Earth-fixed
axes and vehicle-fixed axes, and discuss the difference.

Q 7.7.1 Deduce the conditions for stable motion from the characteristic
equation.

Q 7.7.2 Deduce equations for the damping ratio and damped natural fre-
quency from the characteristic equation. Discuss how these vary
with speed.

Q 7.7.3 "Dynamic yaw damping requirements place an upper limit on ac-
ceptable understeer gradient." Discuss.

Q 7.7.4 "A neutral steer vehicle has a yaw damping ratio of unity." Discuss.
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Q 7.7.5 "Yaw damping is equally due to yaw and sideslip." Discuss.

Q 7.7.6 When a free yaw oscillation is damped out, the energy of oscillation
is dissipated. Where does it go?

Q 7.7.7 For a vehicle with L = 3 m, Cαf = 1000 N/deg, Cαr = 1000 N/deg, m
= 400 kg, I = 2744 kg m2, a = 1.3 m, at a speed of 22 m/s, find the
undamped yaw frequency, damping ratio and damped yaw frequen-
cy. Also find the understeer gradient kU, and Vch.

Q 7.8.1 Explain how factors such as pneumatic trail can be incorporated into
an improved 2-dof model.

Q 7.8.2 The vehicle of Q 7.7.7 is found experimentally to have a steady-
state understeer gradient of 1.74 deg/g. Suggest an effective value
for C1.

Q 7.9.1 Explain the stability derivative notation, and give expressions for
the four stability derivatives for the simple 2-dof model and the im-
proved version.

Q 7.9.2 For the vehicle of Q 7.7.7. evaluate the 2-dof stability derivatives
at 15 m/s. State the units in each case.

Q 7.10.1 For the 3-dof model, list all the various possible stability deriva-
tives, and discuss their relative importance. Give representative val-
ues.

Q 7.10.2 "The 3-dof model is more complex, more accurate and superior to
the 2-dof model." Discuss.

Q 7.10.3 Under what conditions is the 3-dof model stable?

Q 7.10.4 Explain quantitatively, giving equations and numerical values, how
roll affects the yaw natural frequency. Describe the physical fea-
tures that could be used to achieve this effect. What would be the
disadvantages?

Q 7.10.5 Considering the approximate factorization by Ellis, explain the ef-
fect of roll on yaw behavior.

Q 7.11.1 Sketch the step-steer response of various understeer, oversteer and
neutral-steer vehicles, and discuss their relative merits.

Q 7.11.2 For a step-steer input, explain how the rear slip angle develops for
various vehicles.
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Q 7.11.3 "Having a 'wheel on each corner' results in an agile vehicle." Dis-
cuss.

Q 7.11.4 For an understeer vehicle, applying suitable initial conditions for a
step-steer input, derive an expression for the transient solution for
2-dof.

Q 7.12.1 Describe how, for a real vehicle, yaw speed, roll speed and lateral
acceleration depend on the frequency of a sinusoidal steer input of
fairly small amplitude.

Q 7.13.1 Explain how traction affects transient handling.

Q 7.13.2 Derive equations describing how a limited-slip differential affects
transient handling.

Q 7.14.1 Explain the effect of a step change of aerodynamic side force, and
how this depends on the aerodynamic static margin.

Q 7.15.1 Give an overview of transient testing.

Q 7.15.2 Explain the difference between slalom testing and an oscillatory
steer test.

Q 7.16.1 "It is not possible to have a definitive set of objective transient han-
dling tests because of driver variability." Discuss.

Q 7.16.2 "For the best overall handling, a vehicle should have a small amount
of primary oversteer." Discuss.

Q 7.16.3 Describe some of the transient handling criteria that have been sug-
gested.

Q 7.16.4 Explain the "TB" value, critically.

Q 7.16.5 "Compensating steer effects may not compensate under transient
conditions, giving poor handling." Discuss.

7.18 Bibliography
As far as books are concerned, some dynamic two-degrees-of-freedom anal-

ysis is included in Wong (1978). There is a fairly extensive dynamic analysis of
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(1960). The transient handling problems that have prevented four-wheel-drive
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man (1973), Pacejka (1975), Fancher et al. (1976), Bundorf & Leffert (1976),
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Appendix A
Nomenclature
Quantities such as acceleration and force are vector in nature. When the vector
nature is implied, such variables are shown in bold type (e.g., A, FS). Usually,
however, the equations use the magnitudes or the scalar components of such
vector quantities. These are therefore not vectors and are printed in italic
(sloping) type (e.g., A, AX, FS). Points are labeled in normal (upright) type.
Hence: center-of-mass point G, gear ratio G, linear momentum vector G.

Units: Equations are intended to be used in S.I. unit variables, although in
many cases they may also be directly applicable in Imperial units. A variable
such as understeer gradient is often quoted for convenience in deg/g; its correct
S.I. unit is rad/m s 2, which is the unit applicable to numerical values deduced
from equations here.

In some cases units are added in brackets. Those shown in square brackets are
true S.I. units. Also shown in round brackets are units commonly used to express
the value. However, these common units may not be suitable for use in some
equations. In particular, angles may need to be in radians.

Normal S.I. units are m for length, s for time, m/s or m s 1 for velocity, kg for
mass, N (= kg m/s2) for force, Nm for moment, N/m2 for pressure (also called
pascal, Pa), J for energy, and W for power (J/s). Angles are correctly expressed
in rad. Degrees are the common practical unit of course, but rad may be neces-
sary in some equations. Angular speeds should be in rad/s. Frequencies are
expressed in rad/s (the radian frequency) or Hz (hertz, cycles/second). Damping
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coefficients are Ns/m, which is a more concise form of N/m s 1, the latter being
a clearer expression of its meaning in a damping context.

Chapter 1 Introduction

a
A
A
b
c
d

fN

F
F

F A e D

FC

FD

Fi
FR

FS
FT

F T C D

FTD

g
G

G
H
H

iY

iPiR

I
k
K
L
LP

mk

m
mS

mU

M

front axle to G
acceleration

area

rear axle to G

dimension

dimension

natural frequency

force magnitude

force vector

aerodynamic drag

centripetal force

drag

static imbalance force

rolling resistance force

tire central force

tire tractive force, tangential

force

tire cornering drag force

tire drag force

gravitational field strength

linear momentum vector

[kg m/s]

center of mass

height of G

angular momentum vector

[kg m2/s]

dynamic index in yaw

dynamic index in pitch

dynamic index in roll

second moment of mass [kg m 2]

radius of gyration

stiffness [N/m]

wheelbase

rotary pendulum length

mass of kth component

vehicle mass

sprung mass

unsprung mass
moment vector

M
Mi

N

p
P

q
r
R

Rl

S
T
T
Tsw

V
W
u, v, w

xyz

XG

XYZ
Z

α
β
δ
δref

δsw

θ

λ
µR

ν

ρ
Φ

ψ
ω
Ω

moment magnitude [Nm]
dynamic imbalance moment

[Nm]

wheel or axle vertical force

roll angular speed [rad/s]

power [W, J/s]

pitch angular speed [rad/s]

yaw angular speed [rad/s]

path radius, dimension

wheel loaded radius

tire slip

track

tension

steering wheel torque

speed

weight force

velocity components

vehicle-fixed axes

x coordinate of G position

Earth-fixed axes

pendulum length

tire slip angle [rad] (deg)

attitude angle

steer angle

reference steer angle

steering wheel angle

pitch angle, angle

wavelength

rolling resistance coefficient [ ]

course angle

air density

roll angle

heading angle

angular speed [rad/s]

wheel spin angular speed [rad/s]
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Subscripts:
Ae
C
D
f
k
L
M

m
O

aerodynamic
centripetal, centrifugal, cradle
drag
front
kth component
left, lift
maximum
mean
fixed axis

p
P

r
R

S
T

U
V
Y

principal
pitch, pendulum

rear
right, roll

sprung
tire, tangential
unsprung
vehicle
yaw

Chapter 2 The Tire

A
c
C

CB

CC

CFD

CFS

CFV

CFT

CMZ

CS

Ct

CT

CV

CW

CX

CY

Cα

Cγ

Cρd
eV

F
FD

area
foundation stiffness [N/m2]
a constant [varies]
tire braking force coefficient [ ]
tire camber stiffness coefficient

[rad 1 ( d e r 1)]
tire drag force coefficient [ ]
tire central force coefficient [ ]
variation of FY with FV [ ]
load transfer sensitivity of axle [ ]
tire moment "coefficient"
MZ/FV [m]
tire cornering stiffness coefficient
[rad 1 (deg 1)]
tire circumference
normalized load transfer sensitivi-
ty of axle [ ]
load sensitivity of FY to FV [ ]
wave speed [m/s]
tire longitudinal force coefficient

[ ]
lateral force coefficient [ ]
tire cornering stiffness [N/rad]
(N/deg)
tire camber stiffness [N/rad]
(N/deg)
tire curvature stiffness [Nm]
tread displacement [m]
vertical force transfer factor [ ]
force magnitude
tire drag force

FR

FS

FV

FVT

rolling resistance force
tire central force
tire vertical force ( FZ)
transferred vertical force

FX, FY, FZ

FX

FY

Fα

Fγ

I

k C S F V

k C S V

Kt

l

L

tire forces on X Y Z axes
longitudinal force
lateral force
cornering force
camber force
second moment of mass [kg m2]
sensitivity of CS to FV [ ]
sensitivity of CS to V
tire vertical stiffness
tire footprint length
relaxation distance

MX, MY, MZ

MX

MY

MZ

NDH

NDr

NT

NVH

P
p
RD

pi

Re

Rl

tire moments on X Y Z axes
overturning moment
rolling resistance moment
aligning moment (torque)
dynamic hydroplaning number [ ]
tire tread drainage number [ ]
Turner number [ ]
viscous hydroplaning number [ ]
contact pressure
load sensitivity of µY [ ]
tire test drum radius
inflation pressure (gauge)
effective tire rolling radius (V/Ω)
tire loaded radius
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Ru

s
S
S*
t

tC

T
T
V
x

X
X Y Z
X Y Z

α
α*
γ
θ

δt

λ
µ
µB

tire unloaded radius
normalized slip (S/S*) [ ]

slip [ ]
characteristic slip [ ]
pneumatic trail [m]
crown tension per unit width
[N/m]
temperature [°C]

wheel drive torque [Nm]

speed

position in tire footprint

distance rolled

wheel-aligned axes

motion-aligned axes

slip angle [rad] (deg)

characteristic slip angle

camber angle

slope angle

tire vertical compression

wavelength

coefficient of limiting friction [ ]

maximum braking force coeffi-

cient [ ]

µD

µR

µS

µY

µX

ρ
ρC

ρW
τ
Ω

dynamic friction coefficient [ ]

rolling friction coefficient [ ]
static friction coefficient [ ]
maximum lateral force coefficient
(C Y m a x ) [ ]

maximum longitudinal force coef-

ficient (C X m a x ) [ ]
path curvature (1/R) [m 1]

crown density per unit area

[kg/m2]

density of water

water clearance time constant [s]

wheel spin angular speed [rad/s]

Subscripts:

d
M
m
t
2

α
γ

drum

maximum

mean

tire

two wheels

related to slip angle

related to camber angle

Chapter 3 Aerodynamics

a
A
AD

cp

cv

CD
CD1

CL

CP

CR

CS
CY

F
FAeD

FAeL

F A e S

g

wind speed-height exponent [ ]
reference or frontal area

drag area

specific thermal capacity [J/kg K]

specific thermal capacity [J/kg K]

drag coefficient [ ]

drag coefficient on 1 m 2 [ ]

lift coefficient [ ]

pitch coefficient [ ]

roll coefficient [ ]

side force coefficient [ ]

yaw coefficient [ ]

force magnitude

aerodynamic drag force
aerodynamic lift force
aerodynamic side force
gravitational field strength

h
hA

I
k
L

mm

M
Ma
M A e P

M A e R

MAeY

p
P

q
RG

Re

ground clearance
aerodynamic static margin from

wheelbase mid-point [m]

turbulent intensity [ ]

thermal conductivity [W/m.K]

wheelbase

molar mass [kg/kmol]

relative molar mass [ ]

Mach number [ ]

aerodynamic pitch moment

aerodynamic roll moment

aerodynamic yaw moment

atmosphere pressure

probability [ ]

dynamic pressure
universal gas constant [J/kmol K]
Reynolds number [ ]



Appendix A 493

TC

TK
U
v

va

vr

vv

V
Vch

Vs

VS

W
x
z
z0

xyz
XYZ

α

β
β
βAe

temperature (Celsius) [°C]

absolute temperature (kelvin) [K]

wind speed

velocity

ambient wind speed

relative wind speed

vehicle speed

speed

characteristic wind speed

speed of sound

sustained wind speed

turbulent speed deviation [m/s]

length dimension

altitude from sea level

altitude constant

vehicle-fixed axes

Earth-fixed axes

body pitch angle [rad] (deg)

Weibull wind shape factor [ ]

vehicle sideslip angle

aerodynamic sideslip angle

γ

δ
µ

v

va

vr

vv

ρ

ratio of specific thermal capacities

[ ]
steer angle

fluid dynamic viscosity

[Ns/m2, Pa s]

fluid kinematic viscosity [m2/s]

ambient wind angle

relative wind angle

vehicle velocity angle

air density [kg/m3]

Subscripts:

Ae

a
D
f
M

m
r
v
W
0

aerodynamic

air
dry
front

maximum

mean

rear, relative

vehicle

water

reference

Chapter 4 Suspension Components

c
d
D
F
FA/B

G
h
I
J
L
m
me

mS

mU

N

damping coefficient

[N/ms 1, Ns/m]
spring wire diameter

spring coil diameter

force

degrees of freedom A from B [ ]

shear modulus [N/m2, Pa]

suspension travel

second moment of mass [kg m 2]

polar second moment of mass

wheelbase, torsion bar length

component mass [kg]

vehicle end mass (m f or mr)

sprung mass

unsprung mass

number of working coils

r
R
T
V
V
x
xyz

ζ
θ

ω

Ω

torsion bar radius
motion ratio [ ]

torque [Nm]

speed

velocity vector

spring deflection

coordinates

damping ratio [ ]

angle, torsional deflection

angular speed, wheel precession

speed [rad/s]

wheel spin angular speed [rad/s]
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Chapter 5 Suspension Characteristics

a
A

AB

AF

AM

AR

b
ba

c
CD

C F

CL

CP

CR

C R r a

CS

CT

CW

CY

d
df,dr

dtf

D1, D2

e

eB

eS

eV

eX

fL

fLi

fA

F
FAeL

F A e S

front axle to G
lateral acceleration

braking deceleration

frontal area

maximum lateral acceleration

rollover lateral acceleration

rear axle to G, kingpin offset

kingpin offset at wheel axis height

caster offset

damping coefficient [N/m s 1,

Ns/m]

force center point

vertical lift coefficient [ ]

pitch coefficient [ ]

roll coefficient [ ]

roll coefficient about roll axis [ ]

side lift coefficient [ ]

turning center point

damping coefficient at the wheel

[Ns/m]

yaw coefficient [ ]

height of GS above roll axis

load transfer moment distribution

factors [ ]

front proportion of tractive force

[ ]
diagonal sums of FV [N]

Panhard rod offset

tire vertical force braking transfer

factor [ ]

tire side force lateral transfer

factor [ ]

tire vertical force lateral transfer

factor [ ]

tire vertical force longitudinal

transfer factor [ ]

load transfer factor (h/T) [ ]

incremental load transfer factor [ ]

steering Ackermann factor [ ]

force

aerodynamic lift force

aerodynamic side force

F A e D

FJ

FS

Fs

FT

FTD

FTL

FTM

FTS

FTU

FTX

FTXAe

FU

FV
FY

g
G

GS

Gm

h

hA

H
JAR

Jad

Jal

Jar

Jas

k

kA

kβ

kCS

aerodynamic drag force
jacking force

sprung mass side force

spring force

lateral load transfer

diagonal load transfer (diagonal

bias)

lateral load transfer through sus-

pension links

lateral load transfer through

sprung mass moment

lateral load transfer through

sprung mass

lateral load transfer through un-

sprung mass

longitudinal load transfer

longitudinal aerodynamic load

transfer

unsprung mass side force

wheel vertical force

wheel lateral force

gravitational field strength

center of mass

overall steering gear ratio [ ]

mean steering gear ratio [ ]

roll axis height at GS, roll center

height

roll axis height at aerodynamic

side force position

height of G

anti-roll coefficient [ ]

front anti-dive coefficient [ ]

front anti-lift coefficient [ ]

rear anti-rise coefficient [ ]

rear anti-squat coefficient [ ]

roll stiffness [Nm/rad]

axle roll stiffness [Nm/rad]

attitude angle gradient dβ/dA

[rad/m s 2 ] (deg/g)

compliance steer gradient

[rad/m s 2 ] (deg/g)
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kCU

kΦ

kΦS

kΦS

kR

kRC

kRS

k R C A 2

kRU

k R U F V

kS

K
Kr

Ks

Kt

Kw

L

m
M

MA

M A e P

M A e R

MSAe

MAeY

ML

MP

MPr

MS

MT

MV

compliance understeer gradient
[rad/m s 2 ] (deg/g)
roll angle gradient dΦ/dA
[rad/m s 2 ] (deg/g)
axle roll gradient [rad/m s 2 ]
(deg/g)

suspension roll gradient
[rad/m s 2 ] (deg/g)
total ride roll stiffness [Nm/rad]
(Nm/deg)
roll camber gradient [rad/m s 2 ]

(deg/g)
roll steer gradient [rad/m s 2 ]
(deg/g)
quadratic roll center height varia-
tion coefficient
[s4/m = m/(m s 2 ) 2 ] (m/g2)
roll understeer gradient [rad/m s 2 ]
(deg/g)
sensitivity of εRU to axle load
[N 1]
suspension roll stiffness [Nm/rad]
stiffness [N/m]
ride rate [N/m]
spring stiffness
tire vertical stiffness
wheel rate [N/m]
wheelbase
mass
steering moment about kingpin
axis [Nm]
aligning torque steer moment
[Nm]
aerodynamic pitch moment
aerodynamic roll moment
aerodynamic roll moment about
the roll axis on sprung mass
aerodynamic yaw moment
lateral force steer moment
propshaft torque
propshaft moment

sprung mass moment
tractive force steer moment
vertical force steer moment

MΦ

Nf,Nr

p

pi

q
R

RS
RD

s
S

SR

T

TR

Ts

V
w
W

xyz
XYZ
V

z
zD

zS

zW

z
β

βAe

ΓBC

γCC

γ L C C

γOCC

ΓRC

γS
δ

δ A C S

δBS

δCS

δDBS

roll moment from springs and anti-
roll bar
axle vertical force from ground
front proportion of brake force [ ]
inflation pressure [N/m2, Pa]
dynamic pressure
cornering path radius
motion ratio of spring [ ]

motion ratio of damper [ ]
cross beam height
spring spacing, link spacing
safety factor against rollover [ ]
track
torque to steer road wheels
handwheel torque
velocity
cross beam length
weight force
vehicle-fixed coordinates
Earth-fixed coordinates
velocity
ride displacement from static
damper deflection from static
suspension compression (bump)
from static position
wheel deflection from static
ride height or position

attitude angle [rad] (deg)
aerodynamic attitude angle
bump camber angle
compliance camber angle
lateral force compliance camber
angle
overturning moment compliance
camber angle
roll camber angle
steer camber angle
steer angle
aligning moment compliance steer
angle
bump steer angle
suspension compliance steer angle
double-bump steer angle
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δ L C S

δref

δRS

δRU

δs

ε

εBC

εBS

ε D B S

εRC

ΕRS

εRU

εSC

εBθC

ε R T 2

Φ
ΦA

ΦAe

ΦPr

ΦS

η

η A C S

η L C C

η L C S

ηOCC

λ

lateral force compliance steer an-

gle
reference steer angle

roll steer angle

roll understeer angle

steeling handwheel angle

suspension geometric steer coeffi-

cient [various]

bump camber coefficient [rad/m]

(deg/m)

bump steer coefficient [rad/m]

(deg/m)

double-bump steer coefficient

[rad/m] (deg/m)

roll camber coefficient [ ]

(deg/deg)

roll steer coefficient [ ] (deg/deg)

roll understeer coefficient [ ]

(deg/deg)

steer camber coefficient [ ]

(deg/deg)

bump caster coefficient [rad/m]

(deg/m)

quadratic roll toe-out coefficient

[rad/rad2] (deg/deg2)

roll angle

axle roll angle

aerodynamic roll angle

propshaft roll angle

suspension roll angle

suspension compliance steer coef-

ficient [various]

aligning moment compliance steer

coefficient [rad/Nm] (deg/Nm)

lateral force compliance camber

coefficient [rad/N] (deg/N)

lateral force compliance steer coef-

ficient [rad/N] (deg/N)

overturning moment compliance

camber coefficient [rad/Nm]

(deg/Nm)

Langensperger angle of axle

µ

θc

θcf

θcfi

θk
ΡA

ρra

coefficient of limiting friction [ ]

caster angle

front anti-dive CE line inclination

CE-line inclination for full front

anti-dive effect

kingpin inclination angle

axle axis inclination

roll axis inclination

Subscripts:

A

Ae
B
BC
BS

c
CS
D
DBS
f
HS
i
J
L
M

m
P
Pr
R

r
ra
RC
RO
RS
RU
S
T
t

U
W
Y

axle

aerodynamic

Body

bump camber

bump steer

caster

compliance steer

diagonal, damper

double bump steer

front

heave steer

incremental, inclination

jacking

left, links

maximum

mean

pitch

propshaft

right, roll

rear
roll axis

roll camber

roll oversteer

roll steer

roll understeer

sprung, spring

transferred

tire, tractive

unsprung

wheel

yaw
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Chapter 6 Steady-State Handling

a
a

A
Aax

AD

AM

Af

Ar

AR

b

c
CD
CF

CLCR

CP

CS

CT

CT

Cx

CY

C0

C1

C2

Cα

Cγ

df, dr

Df, Dr

eS
eV

f
fR

front axle to G
front axle effective moment arm

when steered

acceleration

absolute acceleration in x direction

drag area

tire grip maximum lateral acceler-

ation

maximum front lateral accelera-

tion

maximum rear lateral acceleration

rollover maximum lateral acceler-

ation

rear axle to G

coefficient [ ]
drag coefficient [ ]

force center point

lift coefficient [ ]

roll coefficient [ ]

pitch coefficient [ ]

side lift coefficient [ ]

dCS/dβ [rad 1] (deg 1)
tractive force coefficient [ ]

turning center point

tire longitudinal stiffness [N]

(N/unit slip)

yaw coefficient [ ]

dCY/dβ [rad 1deg 1)
zeroth moment vehicle cornering

stiffness [N/rad] (N/deg)

first moment vehicle cornering

stiffness [Nm/rad] (Nm/deg)

second moment vehicle cornering

stiffness [Nm/rad] (Nm2/deg)

tire cornering stiffness [N/rad]

tire camber stiffness [N/rad]

fractions of lateral load transfer [ ]

axle cornering compliance

side force transfer factor [ ]

vertical force transfer factor [ ]

tire Cα sensitivity to FV [ ]

response factor [ ]

fS

F
F A e D

F A e L

F A e S

FD

FDT

FR

Fs

FT

FTX

FX

g
G

GA

Gr

Gρ

GS

H
j

kβ

kCS

kδ,W

kΦ

kGS

kK

kRS

ksc

kSP

kt

stability factor (kU/L) [rad/m2 s 2 ]

(deg/g.m)

force

aerodynamic drag force

aerodynamic lift force

aerodynamic side force
vehicle drag (aero + tire)

tire cornering drag

tire rolling resistance

steering wheel rim force

lateral load transfer

longitudinal load transfer

tire longitudinal (drive) force

gravitational field strength

center of mass point

lateral acceleration gain

[m s 2/rad] (g/deg)

yaw velocity gain [rad s 1/rad]

= deg s 1/deg)

path curvature gain [m 1/rad]

(m 1/deg)

overall steering ratio [ ]

height of center of mass

load transfer factor [ ]

attitude gradient [rad/m s 2 ]

(deg/g)

compliance steer gradient

[rad/m s 2 ] (deg/g)

steer angle sensitivity to side wind

[rad/m s 1 ] (deg/m s 1)

roll gradient [rad/m s 2 ] (deg/g)

suspension geometric steer gradi-

ent [rad/m s 2 ] (deg/g)

kinematic steer angle gradient

[rad/m s 2 ] (deg/g)

roll steer gradient [rad/m s 2 ]

(deg/g)
steering column torsional stiffness

[Nm/rad] (Nm/deg)

suspension pitch stiffness

[Nm/rad]

tire vertical stiffness
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kTP

kU

L
m
mf, mr

M A e P

M A e R

M A e Y

MTXS

MTXT

nA

nW

M
N
Nf, Nr

NU

p

q
r
R
RV

R*
S
t
T

Ts

U
V
V*

Vc

Vch

Vcr

V0

w
x

xs

tire pitch stiffness [Nm/rad]
understeer gradient [rad/m s 2 ]

(deg/g)
wheelbase

vehicle mass

front and rear endmasses

aerodynamic pitch moment

aerodynamic roll moment

aerodynamic yaw moment

sprung mass longitudinal load

transfer moment [Nm]

total longitudinal load transfer mo-

ment [Nm]

number of axles on vehicle

number of wheels on axle

moment [Nm]

total yaw moment

axle vertical reactions

final understeer number [ ]

tire maximum cornering force sen-

sitivity to FV [ ]

dynamic air pressure [N/m2, Pa]

yaw speed

path radius

vertical path radius

critical path radius

frontal or reference area

pneumatic trail [m]

track

steering wheel torque

understeer factor (1/fR) [ ]

speed

critical aerodynamic speed

Vch or Vcr as appropriate
characteristic speed

critical speed

maximum cornering speed with no

aerodynamic lift

transverse wind speed

forward movement of G

static margin [m]

α
αU

β
βAe

ΒK

γ
Δ
δ
δb

ΔK

δref

δsδSU

δT
δU

εBC

εBS

εRC

εRU

Φ
ΦA

ΦS

µR

µX

µY

θ
ρ
ρ
θB

θS
θU

tire slip angle [rad] (deg)
tire understeer angle [rad] (deg)

vehicle attitude angle [rad] (deg)

aerodynamic attitude angle [rad]

(deg)

kinematic attitude angle [rad]

(deg)

tire camber angle

change

steer angle of road wheels

steering angular backlash [rad]

(deg)

kinematic steer angle [rad] (deg)

reference steer angle [rad] (deg)

steer angle of handwheel

suspension understeer angle [rad]

(deg)

toe angle

understeer angle [rad] (deg)

bump camber coefficient [rad/m]

(deg/m)

bump steer coefficient [rad/m]

(deg/m)
roll camber coefficient [ ]

(deg/deg)

roll understeer coefficient [ ]

(deg/deg)

roll angle

axle roll angle

suspension roll angle

rolling resistance coefficient [ ]

tire maximum longitudinal force

coefficient [ ]

tire maximum lateral force coeffi-

cient [ ]

road slope [rad] (deg)

path curvature [rad/m]
air density [kg/m3]

body pitch angle

suspension pitch angle

unsprung pitch angle
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Subscripts:

a
D
f
i
K
M

m

absolute (magnitude in XYZ)
driven
front
inner

kinematic

maximum

mean

o

r
R
T
U
V
x,y,z

0

outer
rear

running, rolling

traction

understeer

vertical

components

reference state

Chapter 7 Unsteady-State Handling

a
A

Af

AM

Ar

b
c
C

C0

C1

C2

Cα

Cγ

d
D

eT

eV

f

fR
F
FX2

G

Gr

front axle to G
acceleration

front maximum lateral accelera-

tion

maximum lateral acceleration

rear maximum lateral acceleration

rear axle to G

tire stiffness ratio Cγ/Cα

damping coefficient [Ns/m,

N/ms 1 ]

zeroth moment vehicle coenering

stiffness [N/rad] (N/deg)

first moment vehicle cornering

stiffness [Nm/rad] (Nm/deg)

second moment vehicle cornering
stiffness [Nm2/rad] (Nm2/deg)

tire cornering stiffness [N/rad]

(N/deg)

tire camber stiffness [N/rad]

(N/deg)

height of G above roll axis

time derivative operator [s 1]

traction transfer coefficient [ ]

tire vertical force lateral transfer

factor [ ]
frequency [Hz, cycles/s]

response factor [ ]

force magnitude

tractive force of two wheels

center of mass
yaw speed gain [rad s 1/rad, s 1 ]

(deg s 1/deg)

h
I
k
ks

kU

kzK
L
L

Lp

LΦm
mS

mU

M
M
MZ

N
Nβ

Nr

p
q
r

t
T

Tr

u
v

height of roll axis

second moment of mass

radius of gyration

suspension roll stiffness [Nm/rad]

(Nm/deg)

understeer gradient [rad/m s 2 ]

(deg/g)

yaw radius of gyration

spring stiffness

wheelbase

roll moment

dL/dp [Nm/rad s 1]

dL/dΦ [Nm/rad]

vehicle mass

sprung mass

unsprung mass

moment

mass

tire self-aligning moment

plan-view moment

dN/dβ [Nm/rad]

dN/dr [Nm/rad s 1]
roll speed [rad/s] (deg/s)

dynamic air pressure [N/m2, Pa]

yaw velocity [rad/s]

(deg/s)

time [s]

track [m]

directional time constant [s]

Y component of V ( VY)

lateral velocity component
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V
V

Vc

Vch

Vcr

Vtxs

xyz
X
XYZ
y

Y
Y
Yβ

Yr

α
αD

β
ΒAe

δ

εBC

εBS

εRC

vehicle speed
vehicle velocity vector

Vch or Vcr as appropriate

characteristic speed

critical speed

transition speed

static margin

vehicle-fixed axes

amplitude of x

Earth-fixed axes

lateral velocity component

( Vay v)

amplitude of y

side force (Fy)

dY/dβ [N/rad]

dY/dr [N/rad s 1]

tire slip angle [rad] (deg)

damping factor [s 1]

attitude angle

aerodynamic attitude angle

steer angle

bump camber coefficient [rad/m]

(deg/m)

bump steer coefficient [rad/m]

(deg/m)

roll camber coefficient [ ]

(deg/deg)

ΕRS

εRU

Φ

µR

v

ρP

τ

ω

ω

ωd

ωf

ψ

ζ

roll steer coefficient [ ] (deg/deg)
roll understeer coefficient [ ]

(deg/deg)

roll angle, phase angle

rolling resistance coefficient [ ]

path angle

path curvature [rad/m]

time constant [s]

radian frequency [rad/s]

undamped natural radian frequen-

cy [rad/s]

damped (actual) natural radian fre-

quency [rad/s]

forcing radian frequency [rad/s]

heading angle

damping ratio [ ]

Subscripts:

a
f

M
m
r
s
u
x,y,z
X,Y,Z

0

absolute (magnitude in XYZ)

front

maximum

mean

rear

sprung

unsprung

components in vehicle-fixed axes

components in Earth-fixed axes

reference or specific condition
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Properties of Air and Water
B.1 Air

Standard sea-level properties for dry air are given in Section 3.2. In the range
of ambient conditions, sufficiently accurate properties of air for engineering pur-
poses may be calculated by the following procedure. All results are in fundamen-
tal S.I. units. Temperature TC (Celsius), absolute pressure P and relative
humidity r are measured experimentally. If the data are in Imperial units (Fahr-
enheit and psi), then

The absolute (kelvin) temperature is

The saturated vapor pressure of water at this temperature, PS, is given by
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Expressing the relative humidity as a simple decimal value r, not as a percentage,
the actual absolute water vapor pressure is

The universal gas constant is

The molar mass for water is

so the specific gas constant for water vapor is

Using the basic gas equation for the water vapor, the absolute humidity, i.e., the
actual water vapor density in the air in kg/m3, is

The absolute pressure of the dry fraction of air is

The molar mass of dry air is

so the specific gas constant for dry air is
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The density of the dry air fraction is

The total density is then

The effective mean molar mass is

and the specific gas constant is

The dynamic viscosity of dry air, within 0.5% accuracy for the temperature range
250 K to 400 K, is

The kinematic viscosity is

The ratio of specific heats is

The speed of sound is
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For cooling calculations (tires, engines, dampers) the thermal conductivity,
within 1% from 240 K to 500 K, is

The specific thermal capacity at constant volume is

which is within 0.2% for 275 K to 700 K and 1% for 175 K to 800 K.
The specific thermal capacity at constant pressure is

Where more accurate expressions are desirable, the dynamic viscosity of dry air
is

This is an S.I. version of an equation used to produce reference tables for 100 K
to 1800 K.

A more accurate expression for the thermal conductivity is

Again, this has been used for reference tables, over the range 100 K to 1000 K.
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B.2 Water
The fluid dynamic properties of water are relevant for tire hydroplaning. The
thermodynamic properties are relevant for cooling of engines, etc.

The density of water is

within 0.2% for 0–200 °C (pressurized sufficiently to prevent boiling, of course).
The dynamic viscosity is given by

This is with 0.5% from 3 to 100 °C.
The specific thermal capacity is

which is good for 0 to 200°C.
The thermal conductivity is

again good for 0 to 200°C.





Appendix C
Example Car Specifications

The following tables give some sample data for a variety of cars. The vehicles
as a whole do not represent particular real cars, although in many cases some of
the data correspond to real cases. In some cases a value has been omitted, either
because it is inappropriate or because it is unknown to the author. Of the numer-
ous parameters representing suspension and tires, many have inevitably been
omitted (for example, rate of roll center vertical movement in heave, and camber
change in bump). Omission is not intended to imply lack of importance.

Overall, the data are intended to indicate realistic values and to provide a
source of information for the setting of problems. The passenger car specifica-
tions are likely to remain realistic. For racing cars (vehicles G and H) the speci-
fications are sensitive to rule changes and are based on 1990 rules. The C1 sports
prototype rules changed significantly with a minimum mass reduction and
engine capacity limitation in 1991.

Racing car specifications vary considerably, with a different set-up for each
circuit (low-, medium- and high-speed set-up).
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Appendix D
Selected Problem Solutions
Chapter 1

Q 1.6.1
a = 1.545 m behind front axle
y = 0.040 m right of CL

Q 1.6.2
42.18 N
26.36 kg

Q 1.6.3
a = 1.606 m
h = 0.836 m

Q 1.6.4
Iv = 8403.3 kg m2

Q 1.6.5
K = 19.96 kNm/rad
I = 6012 kg m2

Q 1.6.6
I = 7395 kg m2

k = 2.050 m
k2/ab = 1.87

Q 1.6.7
IP = 2786.3 kg m2

KT = 37.86 kNm/rad
IT = 13154 kg m2

IVG = 2580 kg m2

kP = 1.393 m

Q 1.6.11
mf = 899 kg
mr = 851 kg
mS = 1350 kg
mSf = 769 kg
mSr = 581 kg
aS = 1.257 m
HS = 0.833 m

Q 1.7.1
a = 1.5794 m
h = 0.7053 m
I = 3904 kg m2
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Chapter 2

Q 2.5.5

(1)

(2)

(3)

Q 2.5.6
509 N

Q 2.6.2
t = R pi+ρV2

NT = V/C = 1

Q 2.6.3
87 kPa

Q 2.7.3
θ = 1.20° (in practice a little more,
because of other losses, e.g., axle
bearings)

Q 2.9.3
S1 = 0.0514
α = 2.94°
Cα = 977 N/deg
0.204/deg
4067 N
5760 N

Q 2.11.1
42 m/s

Q 2.14.3
Assuming a load sensitivity power of
0.5 gives 0.168/deg.

Q 2.14.4
751 N/deg

Q 2.14.6
(1) 0.205/deg
(2) 0.430/deg

Q 2.14.7
(1) 5405 N
(2) 854 N/deg

Q 2.14.9
(1) 0.25/deg
(2) 0.60
(3) 0.373/deg
(4) 1070 N/deg

Q 2.14.10
(1) 5263 N
(2) 850 N/deg

Q 2.19.2
50 m/s

Q 2.19.4
1.91°
0.3g

Q 2.21.2
396 N
1178 N

Q 2.21.3
0.2%
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Chapter 3

Q 3.2.1
1.168 kg/m3

Q 3.2.2
171 kg/m3

Q 3.3.1
5.95 m/s

Q 3.3.2
7.3 to 20.7 m/s

Q 3.3.3
8%

Q 3.3.4
0.140
0.064%

Q 3.4.4
36.0 m/s
200.5°

Q 3.5.1
qA = 1185.8 N
L = 489 N
S = 190 N
D = 465 N
P = 295 Nm
Y = 71 Nm

Q 3.5.2
CLF = 0.289
CLr = 0.123

Q 3.5.3
Cf = 0.419
Cr = 0.441

Q 3.7.1
At CL = 0.5, downforce is 20 kN,
which equals the weight.
D = 24.5 kN = 1.24 × weight

Chapter 4

Q 4.9.1
CDm = 1.28 kN s/m
Kw = 5.76 kN/m

Q 4.12.2
Ce = 1.5 kN / (m/s)
Assuming typical 30/70 characteris-
tic: 0.64 kN

Q 4.13.2
134 kN

Q 4.15.1
40.7 Nm

Chapter 5

Q 5.2.1
22.4 kN/m

Q 5.2.2
1.48 kNs/m

Q 5.2.3
39.1 kN/m

Q 5.2.4
0.832

Q 5.2.8
18.46 N/mm (kN/m)
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Q 5.2.9
0.3

2.022 m

Q 5.2.13
1.9°

Q 5.2.15
(1) 25 kN/m2

(2) 1.67/m = 1.67%/cm
(3) 17.5 kN/m
(4) 11.0 kN/m

Q 5.4.1
0.108
216 N

Q 5.4.2
0.145
209 mm

Q 5.4.5
0.0971
177 mm
0.0987
180 mm

Q 5.4.6
h = 0.1735 m
JAR = 0.270 (27%)

Q 5.6.5
0.120
218 mm

Q 5.7.2
348 mm
0.242
774 N

Q 5.10.5
9.05°
FTf = 3167 + 269 = 3436 N
FTr = 1358 + 1049 = 2407 N
59/41
7674, 802, 6017, 1203

Q 5.10.6
7.215°
FTf = 2525 + 175 + 220 = 2920 N
F T r = 1082 + 267 + 790 = 2139 N
58/42

Q 5.10.7
0.8°
FTf = 192 N
FTr = 192 N

Q 5.10.14
Ωf = mVH/I
Opposite rotation to wheels
G = mR1H/I

Q 5.10.16
11.04 m/s2

SR = 1.36
SR 0.8 × 1.36 = 1.09

Q 5.12.2
Lf, Rf, Lr, Rr are 26, 30, 24, 20,
respectively

Q 5.12.3
8,44, 18, 30

Q 5.12.4
13, 41, 17, 29
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Q 5.13.6
eV = 20/50 = 0.40
eVf = 12/25 = 0.48
eVr = 8/25 = 0.32

Q 5.16.5

16 deg/m

Q 5.16.9
k L C S = ηmS = –mS sinθ/KS
= 1.11 deg/g

Q 5.16.10
0.84 deg/g

Q 5.18.2
(1) ΦB = 9.6°
(2) ΦSr = 7.8°
(3) 199, 68, 92, 142 mm

Q 5.18.4
26, +13, 15, +29 mm.

Q 5.18.5
0.112 m/s

Q 5.19.3
1.506, 1.172, 1.296

Q 5.19.4
a/L = 0.567

Q 5.19.5
FTf = 1 7 1 3 N

FTr = 1224 N
FT = 2937 N
58.32/41.68 f/r
eVf = 0.507, eVr = 0.216
H = 0.216 m (seems a little too low)

Q 5.19.6
F A e L f = 4209 N FAeLr = 8025 N

F A e L r / F A e L = 0.656
AL = 2.88 m 2

Q 5.19.7
pf = 0.294 (possible)
pr = 0.664 (not realistic, one rear tire
not limiting?)

Chapter 6

Q 6.10.11
k = 0
5.7 deg/g

Q 6.10.12
0.5 deg/g
7.6 deg/g

Q 6.10.13
2.5 deg/g
4.3 deg/gQ 6.10.14
1.55 deg/g
7.75 deg/g

Q 6.10.15
3.3 deg/g

Q 6.10.16
0.45 deg/g

0.23 deg/g

Q 6.10.17
0.37 deg/g

0.19 deg/g
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Q 6.12.7
ΔAf = 0.0103g
ΔAr = +0.0103g
ΔAM = 0.0103g
ΔNU = 0.026

Q 6.12.8
0.0427

Q 6.12.10
0.0704

Q 6.14.2
Δk = 0.382 deg/g (lift)

0.184 deg/g (drag)
0.0646 deg/g (side force)
0.422 deg/g (yaw)

Q 6.15.2
0.099

Q 6.17.2
0.42°
0.84°

Q 6.17.3
μ = 0.868
51°

Q 6.18.2
NU = 0.12

Q 6.18.3
60%

Q 6.19.2

Initially 6 deg/g, 4 deg/g
Finally 6.75 deg/g, 3.25 deg/g

Q 6..20..2
Ff = 1867 N
Fr = 1037 N
1.867° 1.037°
Δδs = 16.6°

Chapter 7

Q 7.7.7
8.96 rad/s, 1.43 Hz
0.900
3.897 rad/s, 0.620 Hz
k = 1.628 mrad/(m/s2) = 0.916 deg/g
Vch = 42.9 m/s

Q 7.8.2
87.1 kNm/rad

Q 7.9.2
Yβ = 229.2 kN/rad
Yr = 3056 N s/rad
Nβ = 45.84 kNm2/rad
Nr = 35.0 kNm s/rad
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Index
A-arm. See Wishbone
Acceleration

acceleration components (vectors), 10, 11f
centripetal

and central force, 80
maximum (steady-state cornering), 35-36, 36f
and perpendicular tire force, 97
and vehicle axis systems, 10, 11f, 14, 14f
in vehicle-fixed axis system, 10-11, 11f

lateral. See Lateral acceleration
Ackermann steering

Ackermann factor, 293
Ackermann steer angles, determining, 294
anti-Ackermann steering, 294
under dynamic steering conditions, 293-294
full Ackermann (Lunar Rover, London taxi), 293
kinematic (Ackermann) steer angle gradient, 346, 363, 364f
understeer and Ackermann steer angle, 363, 364f
see also Steady-state handling

Adex linkage, 191, 191f
Aerodynamics

introduction, 154-155
of ground vehicles (discussion), 154
aerodynamic axes, vehicle, 160-162, 161f, 162f
aerodynamic force, total

components of, 159-160
force coefficients, use of, 155-157
frontal area, 155
total force magnitude, 155

airflow, effects of
introduction, 165
aerodynamic coefficients, typical (passenger car), 168, 169t
air dams, use of, 166
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Aerodynamics (continued)
airflow, effects of (continued)

flow separation, rear, 166
flow under vehicle, 166
front shape (box vs. wedge), 166
styling vs. airflow, 167
top (of vehicle) flow, 165-166

of competition vehicles
introduction/historical note, 171-173
downforce in, 404
drag coefficients, 167, 168t
Golden Arrow (Irving), 171, 172f
ground-effect (venturi) underbodies, 171, 172f, 173, 176-177
Hall fan cars (skirted), 175
spoilers, 165, 174-175
see also Downforce; Wings

downforce. See Downforce; See also Wings
drag

drag areas, typical, 156, 167, 168t
drag coefficients, typical, 167, 168t
drag force, 163
in primary handling, 393
tire drag, 33
wings, induced drag from, 404

final aerodynamics
introduction, 396
aerodynamic effects, discussion of, 403-404
critical aerodynamic speed, 399
critical path radius, 398, 399
drag force, total, 400
final aerodynamics effects (table of), 397
lateral acceleration, limiting, 402, 403
lateral acceleration, maximum, 398, 401, 402
longitudinal load transfer, 399
maximum cornering speed downforce, 398-399, 399f
maximum speed for given radius, 397
maximum steady-state speed (discussion), 397
pitch coefficient, 399
tire total vertical force, 397
tractive force, 401
understeer number, change in, 399, 401, 402, 403
wheel vertical reaction, 399
wings, induced drag from, 404
see also primary aerodynamics (below)

force coefficients
adjustment for model tests, 156
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Aerodynamics (continued)
force coefficients (continued)

airflow, effects of, 165-171
coordinate system for, 159-160
lift/pitch/roll, 159-160
moment coefficients, 159-160
side force, 161
and total aerodynamic force, 155, 159
of typical passenger car, 169t
wheelbase, use of, 159, 160

ground-effect (venturi) underbodies
Golden Arrow (Irving), 171, 172f
Prevost proposal, 171, 172f
racing applications of, 176
wind-tunnel tests of, 178

lift
aerodynamic lift force, 281
front and rear lift, 160
front lift (in primary handling), 392-393
lift coefficients, passenger car, 169t
lift coefficients (discussion), 160
line of action, side lift, 162
sensitivity to height/incidence, 168
side lift, 160, 162-163
terminology of (ambiguity in), 160

and load transfer, 269-271
see also Load transfer

Mach number
corrections for model tests, 156

model tests
force coefficient adjustment for, 156
Mach number corrections for, 156
Prandtl's correction, 156
Reynolds numbers for, 156

pitch
pitch coefficients, 160, 169t
pitch moment, 159-160, 163

primary aerodynamics
introduction, 391
aerodynamic drag, 393
aerodynamic side force, 395
aerodynamic yaw moment, 395, 396
attitude gradient, change in, 393, 396
body shape, importance of, 396
cornering force (ellipse model), 394
cornering stiffness, change in, 394
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Aerodynamics (continued)
primary aerodynamics (continued)

cornering stiffness (normalized), 392-393
front cornering compliance, change in, 393
front lift, 392-393
primary aerodynamic effects (table of), 392t
tire slip angles, counteracting, 395
traction coefficient, 394
understeer gradient, change in, 393, 395, 396
vertical reaction force, 394
see also final aerodynamics (above)

Reynolds number
and boundary-layer thickness (on wings), 157
and edge flow separation, 157
for model tests, 156
variation of, 156-157

roll
aerodynamic roll moment, 163, 169t
aerodynamic roll moment coefficient, 159-160, 170

side force
aerodynamic, expression for, 163-164
coefficients for, 161, 169t

specifications, car, 510t
spoilers, 165, 174-175
wheelbase (as reference length), 160-161
wind

aerodynamic side force, 415
aerodynamic yaw moment, 415
attitude angle, change in, 416
axle forces (f,r), 415
cross wind steer correction, 416, 483
in open-loop testing, 56
transient wind effects (unsteady-state handling), 479
vehicle/wind vectors, notation for, 157, 158f
wind testing (vehicle), 481
see also Atmospherics (wind)

wind speed
see under Atmospherics

yaw
aerodynamic yaw angle, 164, 170
aerodynamic yaw moment (in primary handling), 395, 396
discussion of, 169-170
yaw coefficients, 161, 164
yaw moment, 163, 164, 169t, 170

see also Atmospherics; Downforce; Wings
Alfa-Romeo T-bar, 191, 192f, 202
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Aligning torque. See Self-aligning torque
Angular rotations, vehicle (yaw, pitch, roll)

vehicle-fixed axis systems, 8-11, 9f
see also Body inertia; Roll, body; Roll centers

Angular velocities, vehicle
vehicle-fixed axis systems, 9f, 11-12

Anti-dive/anti-squat, 272-273, 273ft, 275
Anti-rise/anti-lift, 273t, 275
Anti-roll bars

and body stiffness, 15, 16
Aquaplaning. See Hydroplaning (aquaplaning)
Aston-Martin linkage, 190, 191f
Atmospherics

introduction, 145-146
atmosphere, properties of

air, properties of, 147t, 501-504
standard atmospheres (ISO, etc.), 146

density, dry air
and perfect gas equation, 148
vs. temperature/pressure, 148-149
variation with altitude, 149-150

gas equation (perfect), 148
turbulent airflow

in atmospheric boundary layer, 153
spatial variations/discontinuities in, 153-154
turbulent intensity, 152
vortex shedding, 153

water
rain/snow, effects of, 150
water substance, properties of, 132t, 148t
water vapor (humidity), effect of, 146-148

wind
introduction, 150-151
ambient, measurement of, 157
atmospheric boundary layer, 151
geostrophic, 151
gusty crosswinds, handling criteria for, 483
vehicle/wind force vectors, 157-158, 158f
wind gusts, response to, 157
wind testing (vehicle), 481

wind speed
high, probability of (Weibull equation), 152
ISO 4138 test limits for, 57
probability distribution of, 152, 153f
sustained vs. height, 151

see also Aerodynamics
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Attitude
attitude angle

aerodynamic, 269
in banking, 408
in 2-dof model (vehicle-fixed axes), 445
and load transfer, 374, 378
and tire nonlinearity, 377
and turning geometry, 295
and wind, 416

attitude gradient
aerodynamic effects on, 393, 396
and aligning torque, 373
and axle roll angle, 375-376
and camber angle (primary handling), 374-375
change in (primary aerodynamics), 393, 396
and cornering load transfer (four-wheel model), 373-374
effects of roll understeer on, 370-371
factors affecting (primary handling), 365
factors affecting (secondary handling), 377
and load transfer, 374-375
sensitivity to G position, 369
and tire cornering stiffness, 369-370
and toe angle, 374-375

see also Primary handling; Secondary handling; Final handling
Axis systems

earth-fixed
introduction, 7-8, 9f
notational conventions for, 8, 9f
vehicle free-body diagram (2-dof), 449f

tire. See under Tire forces
vehicle-fixed

acceleration components, 10-11, 11f
angular rotations (yaw, pitch, roll), 9f, 9-10
angular velocities, 9f, 11-12
course angle, defined, 9f, 11
notational conventions for, 8, 9f
sprung-mass moment, 263, 264f
translational velocities, 9f, 10
vehicle free-body diagram (2-dof), 446f
vehicle load transfer model, 264f

see also Free-body diagrams; Vehicle forces, elements of

Baffling, fluid load, 31
Baker Electric Torpedo, 171
Balance, wheel
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static vs. dynamic, 44, 45f
Banking

introduction, 407
attitude angle, 408
extreme banking (super elevation), 409, 410f
maximum speed, 409-410
required steer angle, 408
side force, effect of (at G), 407, 408f
tire cornering stiffness, 409
understeer vs. oversteer, 407, 408f

"Belt-snubber" damper (Foster), 212
Benz

steering wheel, introduction of, 284
Bicycle models

cornering force free-body diagrams
front drive, 344f
no drive, 343f
rear drive, 343f

cornering stiffness, steady-state
bicycle model (with steer angle), 351-352, 352f
bicycle model (with yaw angle), 352, 353f
bicycle model (with yaw speed), 354-355, 355f

1-dof sideslip model, 437, 438f
in steady-state handling

basic handling curve, bicycle model for, 336f, 339f
non-equilibrium conditions for, 336
slip angle/steer angle, geometry of, 339f
with suspension effects, 366-367, 367f

BNP (Bakker-Nyborg-Pacejka) model
for wet surfaces, 137

Body inertia
introduction, 17
center of mass

empirical determination of (discussion), 18-19, 19f
fuel loads, effect of, 30-31
general expression for, 17e
lateral position, determining, 19, 19f
load cells, use of, 20
load shifting, effects of, 17, 21, 31
longitudinal position, determining, 19, 19f
vertical position, determining, 19f, 20-21, 21f, 22f

mass, second moment of
general expression for, 17
of uniform rectangular solid, 18

mass, unsprung
determination of, 21-22, 221
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and suspension system components, 221-222, 222t
see also Sprung/unsprung mass

mass height, sprung center of, 23-24
pitch moment

cradle inertia, determining, 27-28
pendulum natural frequency, 27
pitch dynamic index, 29
pitch inertia, 27, 29

roll. See Roll, body
yaw moment

introduction, 24
aerodynamic, 163, 164, 169t, 170
aerodynamic (in primary handling), 395, 396
constrained vehicle, pendulum natural frequency, 26-27
IXZ, determining, 28
pendulum techniques, structural considerations for, 26
use in determining pitch second moment, 28
using quadrifilar pendulum, 25-26
using trifilar pendulum, 24-25, 25f
yaw dynamic index, 28-29
yaw moment equations (step-steer, 2-dof), 469-470
yaw radius of gyration, 28
see also Yaw

Body stiffness
and anti-roll bars, 15, 16
high stiffness, desirability of, 15
and load transfer, 269
monocoque vs. chassis/body construction, 16
vs. suspension performance, 15
torsional stiffness/compliance, 16

Boundary-layer thickness
and Reynolds number (on wings), 157

Braking
contact patch (non-sliding braking), 127
friction vs. sliding speed (locked-wheel), 105f
longitudinal force braking torque, 127
pitch braking force, 274
pitch vertical force braking transfer factor, 278

"Brush" model (tire), 127-129, 128f
Bump and heave

definitions/derivations
bump, 226
damper motion ratio, 226
clamping coefficient (at wheel), 227
force center (of links), 233, 233f
heave (bounce), 226
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motion ratio (link ratio), 226
negative swing arm, 229
quadratic stiffness factor, 231
rebound, 226
ride, 226
ride bump clearance, 230
ride droop (rebound) clearance, 230
scrub rate, 228-229
spring wheel force, 230
stiffness at bump, 232
suspension bump deflection, 230
wheel rate (suspension rate), 226, 227

double wishbone system
force resolution, 222-234, 233f
motion of, 228-229, 229f

heave springing (Z-bar), 211
Macpherson struts

centro E of, 229
force center for, 233

suspension deflection vs. vertical force, 230-232, 231f
see also Bump steer/roll steer; Ride height

Bump steer/roll steer
accurate steering, importance of, 300
bump steer

defined, 296
bump camber angle, 298
bump camber coefficient, symbol conventions for, 298
bump steer angle, 296
bump steer coefficient, 296
bump steer gradient, 298
bump steer graph, 300-301, 301f
bump steer variation (car-to-car), 302
camber angles (from suspension bumps), 298
complete wheel angle (large suspension deflection), 301
suspension bump, 296
vs. toe angle, 300-301, 301f
twin wishbone, bump steer coefficients for, 299-300, 300f

camber angles (with suspension bumps and roll), 298
double bump steer (heave, no roll)

bump steer angles, 304
double bump steer coefficients, 305
mean double bump steer angle, 304
roll steer gradient, 305
suspension bumps (L, R), 304

double bump steer (heave and roll)
introduction, 302
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Bump steer/roll steer (continued)
double bump steer (continued)

axle roll steer angle, 303
bump steer angles, 302, 303
equivalent mean roll steer angle, 303
quadratic roll toe coefficient, 304
roll steer coefficients, 303
suspension bump values, 302, 303
unequal tie-rod lengths, effect of, 304

ideal pivot center/link length, determining, 305
independent suspension, advantages of, 300
leaf springs in (solid axles)

discussion, 307
critical steering link, 307-308
early Hotchkiss axles, 307
steered leaf-spring axles, geometry of, 307, 307f
unsprung steering box, 308

rear solid axles (link located)
introduction, 305-306
roll steer angle, 306
roll steer coefficient vs. axle load, 306
roll understeer angle, 306
roll understeer coefficient, 306

rear solid axles (longitudinal leaf spring)
discussion, 307-308
early Hotchkiss axles, 307
geometry of, 307f
steering linkage, critical, 307-308

roll steer
defined, 234
axle roll steer angle, 303
double bump (roll/heave) steer, 302-303
mean inclination angle, 299
Olley work on (GM, 1931), 3
roll camber coefficient, notation for, 298
roll camber gradient, 298
roll steer angle, 296-297
roll steer coefficient, 296
roll understeer angle, sign conventions for, 297
roll understeer coefficient, sign conventions for, 297
roll understeer gradient, 297-298
solid axle, camber in roll of, 299

steer/camber coefficients, list of, 309
toe-in

bump steer vs. toe angle, 300-301, 301f
static (at rear), 308-309
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and tire wear, 309
variation with load, 302

trailing arms, bump steer in, 305
trailing twist rear axle, 307
understeer/oversteer, balancing, 307

Caille
parallel-piston damper development, 212

Camber
in bump steer

bump camber angle, 298
bump camber coefficient, symbol conventions for, 298
bump camber/roll camber coefficients (relationship), 299
camber angles (from suspension bumps), 298

camber angle
and attitude gradient (primary handling), 374-375
defined, 77-79f, 106
typical, 107

camber coefficients
bump camber coefficients, symbol conventions for, 107-108
roll camber coefficient, 298
roll camber/bump camber coefficients (relationship), 299
see also camber stiffness coefficient (below)

camber deflection
of tires (camber distortion), 106f
of wheels, 45-46

camber force, defined, 78, 78f, 107
camber parameters, summary of, 109
camber stiffness

defined, 107
and lateral force, 107, 109
see also camber stiffness coefficient (below)

camber stiffness coefficient
defined, 107, 109
camber aligning stiffness, 116
camber stiffness at large camber angles, 108
and design load, 116
and lateral force, 107-108
in radial-ply motorcycle tires, 107
typical values (bias-ply vs. radial-ply), 107, 114

camber thrust (obsolete), 77, 107
conicity (pseudo camber), 112
and cornering force

camber angle/tire crown, effect of, 118-119
and lateral force
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Camber (continued)
and lateral force (continued)

camber stiffness, 107, 109
camber stiffness coefficient, 107-108
conicity (pseudo-camber), 112
lateral force as camber force, 78, 78f
lateral force vs. camber angle, 107, 386

and path curvature effects, 108-109
pseudo-camber (conicity), 112
road camber, spectral analysis of, 51-52
in roll steer

roll camber coefficient, 298
roll camber gradient, 298
roll camber/bump camber coefficients (relationship), 299
solid axle, camber in roll of, 299

and steering geometry
camber angle (from steer angle), 286, 288
quadratic steer camber coefficient, 286
steer camber coefficient, 286

Carbon black
in tires, 73-74

Caster. See under Steering
Center of mass. See under Body inertia
Central force

central/drag force ratio, 100
defined, 80, 81f
geometry of, 98f
vs. slip angle, 97, 99f

Centrifugal force
as compensation (d'Alembert) force, 14

Centripetal acceleration. See under Acceleration
Cent ro (instantaneous center)

defined, 183
in double-wishbone suspensions, 228-229
properties of, 184
see also Suspension components

Chapman
driveshaft as suspension link (Lotus), 221

Chassis/body construction
torsional stiffness of, 16

Coil springs, 205-206, 208
Collisions

mean free path between, 47
Compliance

body torsional stiffness/compliance, 16
compliance oversteer
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introduction of, 310
side force (leaf-spring rear axles), 314
side force (solid axle/Panhard rod), 313
side force (trailing twist axles), 313-314
side force (Weissach axle), 312
trailing twist axles, side force oversteer in, 313-314, 314f

compliance steer
introduction, 309
bushes, effects of, 311, 314, 314f
caster angle, compliant changes in, 310
compliance camber angles, 310
compliance steer angles, 310
compliance steer gradients, 310
effects of, 310
lift-off tuck-in, 311
with longitudinal leaf springs, 314
on low-friction surfaces, 315
in Panhard rod (track rod), 312-313, 313f
and passenger vehicle handling, 311
in semi-trailing arm suspension, 311, 311f
shear center, location of, 315
side force steer, 312-315
solid rear axles, disadvantages of, 313
solid rear axles, Panhard rod in, 312-313, 313f
steering geometry dominant compliance, 289
steering-column angular compliance and self-aligning torque, 290
steering-column compliance (understeer gradient), 372
symbol conventions for, 310
vehicle steering, effects of, 314-315
Weissach axle, 312, 312f

compliant link suspension systems. See under Suspension components
cornering

cornering compliance, front (primary aerodynamics), 393
cornering compliance (rear) and vehicle loads, 413
front cornering compliance, change in (aerodynamic), 393

tire compliance and load transfer (four-wheel), 269
understeer

compliance steer side force (front axle), 314
compliance understeer gradient, 310
steering-column compliance (understeer gradient), 372

Compliant link suspension systems. See under Suspension components
Conicity (pseudo camber)

introduction, 112
Control

introduction, 6-7
control gains, definitions for (nonlinear theory), 360
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driver-vehicle system block diagram, 7, 8f
Cords, tire, 69
Cornering

related terms:
Aerodynamics
Camber
Compliance
Cornering force
Cornering stiffness
Final handling
Lateral force
Primary handling
Secondary handling
Slip angle
Steady-state handling
Suspension components
Suspension stiffness
Tire forces
Unsteady-state handling

Cornering force
defined, 78, 79
cornering force coefficient

vs. road surface temperature, 119
vs. slip angle, 97, 98f
vs. vertical load, 119, 120f
on wet surfaces, 133-134

cornering force curve (Evans), 3, 5f
cornering in vehicle tests, 56, 480-481
cornering performance envelope, 35, 36f
effect on lateral load transfer, 100
ellipse model (and primary aerodynamics), 394
free-body diagrams (bicycle model)

front drive, 344f
no drive, 343f
rear drive, 343f

at large lateral acceleration
force roll center, locating, 248, 249f
ideal spring model, force geometry of, 247-248, 249f
jacking force, 248, 249f, 251, 251f
kinematic roll center, locating, 248, 249f

and lateral force, 78, 79, 81f
maximum

camber angle/tire crown, effect of, 118-119
rubber hardness, effect of, 118-119
vs. slip angle, 97, 98f
tire speed, effect of, 121-122
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vs. vertical load, 119, 120
in steady-state handling

introduction, 342
bicycle model, geometry of, 336f
free-body diagrams for, 343-344f
steer angle, 342

and tire footprint/friction, 106, 118-119, 121
and vertical stiffness, 83
see also Cornering stiffness; Lateral force

Cornering stiffness
defined, 95, 98f
on banked roads, 409
cornering in vehicle tests, 56, 480-481
cornering performance envelope, 35, 36f
cornering stiffness coefficient, 95-97, 98f
deadband in ("wide center" feel), 112
high, advantages of, 100
at large camber angles, 108
measurement of, 111-115
in primary aerodynamics, 394
in steady-state handling

bicycle model (with steer angle), 351-352, 352f
bicycle model (with yaw angle), 352, 353f
bicycle model (with yaw speed), 354-355, 355f
cornering stiffness coefficients, 355-356, 357
front wheel force moment, 352
moments about G, 352-354
net lateral force (with yaw speed), 354
side force (in derivative notation), 357
static margin, 353-354, 356
total lateral force, 352
understeer gradient, 356
yaw damping coefficient, 356, 361
yaw stiffness, 352-353
see also Steady-state handling

tire factors affecting
bias-ply vs. radial-ply, 112, 116
inflation pressure, 117
load, 116, 118
number of plies, 116
rim width, 117
section height, 117
section width, 116
tire power dissipation, 34-35
tire-to-tire variability, 112
tread depth, 118
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tread width/contour, 117
total cornering stiffness, 35
on wet surfaces, dynamics of, 135-136
see also Cornering force; Lateral force

Coulomb friction
in friction-disc dampers, 213
in suspension-systems, 219, 220

Course angle
vehicle-fixed axis systems, 9f, 11

Daimler-Benz
downforce, early work on, 173

d'Alembert forces, 13-14
Dampers

damper types
introduction, 211-212
aeration/foaming, problems with, 215
"belt-snubber" (Foster), 212, 213
cooling problems (double-tube type), 214
Coulomb friction, disadvantages of, 213
double-tube (telescoping), 214, 214f
friction-disc, 212-213
historical note, 212
hydraulic vane, 212, 213
pressure loss/oil sealing, 215
single-tube emulsified (telescoping), 213-214, 214f

hydraulic damper characteristics
introduction, 215
adjustable dampers, 218
bump/rebound ratio, 216-217
damping ratio, 217-218
force/speed characteristics, 216, 216f, 217
pressurization, advantages of, 215
surface finish, importance of, 219
temperature rise, fluid, 218
valving, 215-216
variation between makes, 219
wheel forces, 217

Damping, tire, 83
de Dion axle, 199, 200-201f
deCarbon

gas-pressurized telescopic damper, 212
Deflection, vertical (tire), 82
Degrees-of-freedom. See under Unsteady-state handling
Dependent suspension systems. See under Suspension components
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Differentials
basic types, 36-37
characteristics compared, 40, 40f
in four-wheel-drive vehicles, 41
free (open) differential

description, 37
disadvantages of, 37
speed difference of, 37

"intelligent" differential
axle load transfer, 390
effect on steer angle, 391
torque allocation in, 388, 390
tractive forces (inner, outer), 390
tractive understeer moment, 390
understeer moment, 391
understeer number, 391

limited-slip differential
applications of, 40-41
cam-and-pawl type, 39
clutch type, 39
cornering breakaway with, 40
description, 38-39
disadvantages of, 39-40

locking differential
described, 38
steer effects from, 388

military vehicles, applications in, 41
open-center differential, 41
solid differential

axle side force increments, 388
caveats for use on paved roads, 41
description, 38
forward tractive forces, 387
longitudinal slip in, 38
in military vehicles, 41
racing applications of, 38
slip angle increments (f,r), 388
understeer moment, 387

Disturbance response
defined, 56

Downforce
in competition vehicles, 404
Daimler-Benz work on, 173
downforce/drag ratio (of wings), 404
ground-effect (venturi) underbodies, 171, 172f, 176, 178
Hall fan car, 175
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maximum cornering speed downforce (aerodynamic), 398-399, 399f
Mercedes work on, 173
Porsche work on, 173
spoilers, 165, 174-175
suspension requirements of, 177
and vehicle load (racing cars), 414
venturi underbodies, advantages of, 404
see also Wings

Drag, aerodynamic. See under Aerodynamics
Drag, tire

aerodynamic, 33
central/drag force ratio, 100
cornering (total), 35
drag force vs. slip angle, 97, 99f

Drag, vehicle
total (in secondary handling), 378

Drivers/driver behavior
car-driver system, introduction to, 52
design features vs. driver "feel," 53-54
driver behavior vs. lateral acceleration, 54, 55f
driver-vehicle system block diagram, 7, 8f
seat design, influence of, 53
senses, human (and driver responses), 52-53
test drivers, advantages/disadvantages of, 56, 59
see also Tests

Dunlop-MIRA handling/stability test circuit, 60, 61f

Earth-fixed axis system
introduction, 7-8, 9f
notational conventions for, 8, 9f
vehicle free-body diagram (2-dof), 449f

Envirage (slip angle)
Broulhiet work on, 3

Euler's equations, 12
Evans, R.D.

cornering force curve, 3, 5f
cornering quotation, 67

Evans linkage, 190f

Final handling
introduction, 379
axle reaction

front axle reaction, normalized, 381
G movement, effect of, 381
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and lateral load transfer, 383
and longitudinal load transfer, 384

camber angle
and lateral tire force, 386

final aerodynamics. See under Aerodynamics
lateral acceleration

change (with lateral load transfer), 383-384
change (with longitudinal load transfer), 385
change (with rolling resistance understeer), 386
as critical handling variable, 380
mass distribution, effect of, 382
maximum (normalized), 3, 382
typical range, 379
and understeer number, 380

lateral force coefficient, maximum, 381
load transfer, lateral

and acceleration change (f,r), 384-385
and axle lateral acceleration, 383
effect on understeer number, 384
and front load transfer, 383
front-wheel standing reaction (no load transfer), 382
reaction forces (inner, outer), 383
and rolling resistance understeer moment, 386
and understeer number, 384

load transfer, longitudinal
and acceleration change, 385
and axle reactions (f,r), 384
expression for, 384
front load transfer, 385

traction coefficient (two-wheel drive), 385
understeer

final, discussion of, 379
vs. oversteer, 379

understeer number
defined, 380
factors affecting (table of), 380t
and lateral acceleration, 380
and lateral load transfer, 386
and longitudinal load transfer, 385

variables affecting, 380
Flat-run tires

divided wheels for, 43
Footprint, tire

contact patch
in non-sliding braking, 127
with tractive force, 129
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on wet surfaces, 133, 134
and wheel speed, 128

and cornering force, 106, 118-119, 121
length, typical, 82
and rolling resistance, 86
sliding/non-sliding vs. friction coefficient, 106

Force control tests, vehicle, 56
Force roll center

at large lateral acceleration, 248, 249f
Forces, tire. See Cornering force; Lateral force; Slip angle; Tire forces
Forces, vehicle. See Vehicle forces
Foster

"belt snubber" damper development, 212
Four-wheel-drive vehicles

differentials in, 41
secondary handling in, 378

Free-body diagrams
aerodynamic force axes, 161-162f
banked (super-elevated) corner, 410f
body-fixed coordinate systems

plan view, 13-14, 14f
rear view, 15, 15f

car driving uphill, 411f
for cornering forces (bicycle model)

front drive, 344f
no drive, 343f
rear drive, 343f

driven-wheel force vectors, 126f
Earth-fixed coordinate systems

plan view, 13-14, 14f
rear view, 15, 15f

of single-axle suspension, 259f
trailing twist axle, 255f
for unsteady-state handling

1-dof system, 432f
2-dof system (Earth-fixed axes), 449f
2-dof system (vehicle-fixed axes), 446f

Friction
Coulomb

in friction-disc dampers, 213
in suspension systems, 219, 220

parasitic
introduction, 219
driven wheels, difficulty with, 220-221
driveshaft as suspension link, 221
one-wheel total (typical), 219
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plunge limitation (flexible "doughnut"), 221
in rubber snubbers, 220
sliding friction, minimizing, 220
sources of (general), 219-220
from springs, 220

surface friction changes (disturbance response), 479
tire. See Rubber; Tire forces

Front-drive vehicles
cornering force free-body diagram (bicycle model), 344f
limited-slip differentials in, 41
secondary handling in, 378
steering disturbance in (aligning moment), 292
"wheel fight" in, 40

Glass fiber
in tire construction, 69

Golden Arrow (Irving), 171, 172f
Gough plot

defined, 100, 101f
and pneumatic trail, 101f
see also Lateral force

Ground-effect (venturi) underbodies
and downforce/drag effects, 404
Golden Arrow (Irving), 171, 172f
Prevost work on, 171, 172f
in racing cars, 176, 178
wind-tunnel tests of, 178

Gyroscopic effects
in suspension components, 223

Hall, J.
downforce wing, use of, 174
fan car, introduction of, 175

Heave. See Bump and heave
Hills. See wider Steady-state handling
Historical note, 1-6
Horock

telescopic damper development, 212
Hotchkiss

Hotchkiss axles (bump/roll steer with), 307
Hotchkiss drive (on commercial vehicles), 203

Houdaille
vane-type damper development, 212

Hydroplaning (aquaplaning)
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dynamic hydroplaning number, 134-135
dynamics of (discussion), 133
viscous hydroplaning number, 134

Ice
on road, 52
and tire friction, 74

Inclination (camber) angle, tire. See Camber; Tire forces
Independent suspension systems. See under Suspension components
Inertia, body. See Body inertia
Inertial (Earth-fixed) axis system (SAE), 7-8, 9f
Irving, J.S.

Golden Arrow, 171, 172f
ISO (International Organization for Standards)

ISO 4138 Road Vehicles... Test Procedure
discussion of, 418

proposed tire axis system, 76
Standard Reference Atmosphere, 146
wind speed, test limits for (ISO 4138), 57

Jacking force, 248, 249f, 251, 251f

Kennedy-Arronhold mechanism, 184, 185f
Koning, adjustable telescopic damper, 212

Lancia
hydraulic damper development, 212

Langensperger angle, 292-293
Lateral acceleration

in basic handling curve
influence on understeer/oversteer, 340
lateral acceleration gain (linear regime), 349
vs. slip angle, 338f
vs. steer angle (linear regime), 346f
vs. understeer angle, 338f

cornering (at large accelerations)
force roll center, locating, 248, 249f
ideal spring model, force geometry of, 247-248, 249f
jacking force, 248, 249f, 251, 251f
kinematic roll center, locating, 248, 249f

and driver behavior, 54, 55f
in final aerodynamics
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limiting, 402, 403
maximum, 398, 401, 402

in final handling
and axle load transfer, 383
change (with lateral load transfer), 383-384
change (with longitudinal load transfer), 385
change (with rolling resistance understeer), 386
as critical handling variable, 380
mass distribution, effect of, 382
typical range, 379
and understeer number, 380

on hills, 411
vs. oscillatory steer frequency (unsteady-state handling), 475f, 476
in steady-state cornering tests, 59-60, 60f
vs. steer angle (understeer), 363, 364f
typical range (in secondary handling), 376
at vehicle rollover, 260-261

Lateral force
and camber stiffness, 107, 109
and camber stiffness coefficient, 108
and conicity (pseudo-camber), 112
definitions of

as camber force, 78, 78f, 107
as cornering (slip-angle) force, 78, 78f
as lateral force, 77f, 78, 79f, 80, 81f

in elastic foundation model
discussion (idealized model), 88
lateral force concentration, 89
vs. self-aligning torque (Gough plot), 100, 101f
total force magnitude, 89, 92

force vector geometry
in SAE axis system, 77f
in tire forces, 32f, 79f, 80, 81f, 91f

lateral force coefficient
defined, 94, 97
and camber stiffness coefficient, 108
and cornering stiffness coefficient, 108
exponent model for, 114
linear model for, 113
vs. longitudinal force coefficient, 129-130, 130f
non-dimensionalization of, 101, 103
power model for, 114
vs. slip angle, 94, 97, 98f
vs. vertical force, 119, 120f

lateral/longitudinal force, combined, 129-131
and ply-steer (pseudo-slip), 112
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vs. slip angle
at beginning of sliding, 93-94
for example values, 94, 96f
factors affecting, 93
maximum force, 92
at maximum slip angle, 94
total force magnitude, 92
typical values, 96f
at various loads, 122, 123f

and sprung/unsprung masses, 261
vs. vertical force

expression for, 119E
load transfer sensitivity (CFT, CT), 124f, 124-125
small FV, computer simulation of, 120f
at various slip angles, 122, 123f
vertical force (load) transfer factor, 125
vertical force sensitivity (CFV), 122

see also Camber; Cornering force; Cornering stiffness; Slip angle; Tire forces
Leaf springs. See under Springs/springing
Linear handling theory. See under Steady-state handling
Load shifting (fluid)

and body inertia, 17, 21
and center of mass, 31
and vehicle rollover, 31
see also Loads, vehicle

Load transfer
aerodynamic

introduction, 269
aerodynamic attitude angle, 270
aerodynamic load transfer, 271
aerodynamic moment (sprung mass), 271
aerodynamic roll angle, 271
aerodynamic roll/yaw moments, 270
aerodynamic side force, 270

in final aerodynamics, 399
in final handling. See under Final handling
and path radius, 406
and roll centers

incremental load transfer factor, 247
lateral load transfer (idealized spring model), 242
lateral load transfer (through suspension links), 241
link lateral load transfer, 250
link load transfer (parallel wishbone), 250, 251f
link load transfer (plain trailing arms), 250-251, 251f
load transfer, importance of, 246
load transfer factor, 242



Index 589

load transfer factor, incremental, 247
and rolling resistance understeer moment, 386
in single-axle (two-wheel) suspensions

axle forces, introduction to, 257
body roll, effect of, 259, 260
factors affecting, 262
free-body diagram of, 259f
load transfer, defined, 257
load transfer, total (and tire vertical force), 258
moments, sum of, 258
rollover, lateral acceleration at, 260, 261
rollover safety factor, 260
spring position, effects of, 257-258
and suspension stiffness, 262
tire lateral force, total, 261
vertical force transfer factor, 260
wheel vertical force, 259

and tire forces
cornering force and overturning moment, 100
effect on axle lateral force, 124f, 124-125
load transfer sensitivity (CFT, CT), 124
vertical force (load) transfer factor, 125

and understeer number, 384
in vehicle (four-wheel) suspensions

introduction, 263
and body torsional stiffness, 269
cornering load transfer, procedure for determining, 268
diagonal load transfer (from cornering effects), 281
load transfer effects, 283t
load transfer gradients, 268
load transfer model, geometry of, 264f
moment distribution factors (df,r), 267
roll angle (from sprung mass), 265
roll angle gradient, 265
roll axis inclination, 268-269, 271
roll moment (from suspension roll stiffness), 265
from sprung mass only, 266
from sprung and unsprung mass, 267
sprung-mass end forces, 266
sprung-mass moment, 263, 264
and tire compliance, 269
total load transfer (from cornering effects), 281
from unsprung mass, 267

Loads, vehicle
introduction, 29-30, 412-413
and camber stiffness
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camber aligning stiffness, 116
camber stiffness coefficient, 107, 116

and cornering compliance (rear), 413
and cornering force

cornering aligning coefficient vs. load, 116
cornering force coefficient, 119, 120f, 413
cornering stiffness, 107, 116
maximum cornering force, 119, 120f

lateral center of mass, effect on, 31
and lateral force

lateral force coefficients, 113-114, 115f
vs. load (various slip angles), 122, 123f
vs. slip angle (various loads), 122, 123f

longitudinal center of mass, effect on, 30
maximum, as fraction of curb weight (cars), 413
and racing cars

with aerodynamic downforce, 414
center of mass, movement of, 415
fuel loads, 30-31

understeer number, effect on, 414
and vertical force changes, 413
see also Load shifting

Longitudinal force
braking torque, 127
"brush" model (foundation stiffness), 127-129, 128f
contact patch

in non-sliding braking, 127
with tractive force, 129
and wheel speed, 128

drive torque
defined, 126

driven wheel, free-body diagram for, 126f
geometry of, 77f, 77-78, 80, 81f
longitudinal (braking) strain, 127, 129
longitudinal force coefficient

vs. lateral force coefficient, 129-130, 130f
longitudinal slip, 127, 129
longitudinal/lateral force, combined, 129-131
rolling radius (effective radius), 82, 127
SAE notation for, 125-126

Lotus
driveshaft as suspension link (Chapman), 221
ground-effect underbody, 176
Lotus 88, 177
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Mach number
corrections for model tests, 156

Macpherson struts
and aligning torque, 290
centro location for, 229
force center location for, 233, 233f
joint friction in, 244, 245f
as suspension components, 229, 233, 244, 245f

Mass, center of. See under Body inertia
Mercedes

downforce, early work on, 173
Milliken, William F., 4
MIRA (Motor Industry Research Association)

Dunlop-MIRA handling/stability circuit, 60, 61f
roll/slip trolley, 59
steady-state test pad, 57
tethered testing, 59

Models, tire. See under Tires
Moment method

moment-method carpet plot, 418-420, 419f
Moments and forces, tire. See Camber; Cornering force; Lateral force; Slip angle; Tire forces
Monocoque construction

vs. chassis/body construction, 16
torsional stiffness of, 16

Monroe
telescopic damper development, 212

Mumford linkage, 190, 191f

Non-dimensionalization
characteristic slip angle, 101-102
characteristic slip coefficient, 102
lateral force coefficient, 101, 103
self-aligning torque, coefficient of, 104

Nonlinear handling theory. See under Steady-state handling
Normal force. See Tire forces; Vertical force

Odier
ISO 4138 test system, 418

Opel Rak, 171
Oversteer

definitions
as function of understeer gradient (SAE), 347, 362
tongue-in-cheek, 362

on banked roads, 407-408, 408f
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compliance oversteer
introduction of, 310
side force (leaf-spring rear axles), 314
side force (solid axle/Panhard rod), 313
side force (trailing twist axles), 313-314
side force (Weissach axle), 312
trailing twist axles, side force oversteer in, 313-314, 314f

driver sensitivity to, 483
early work on, 3-4
and lateral acceleration (basic handling curve), 340
oversteer effects (in power steer), 478
side force (in leaf-spring rear axles), 314
side force (in solid axle/Panhard rod), 313
side force (in trailing twist axles), 313-314
side force (in Weissach axle), 312
understeer/oversteer, balancing, 307
see also Steering; Understeer

Overturning moment
defined, 79f
see also Cornering force; Tire forces

Ownership, car
Europe/world averages, 46

Panhard rod (track rod)
compliance steer in, 312-313, 313f
equivalence to Roberts linkage, 189
equivalence to Watt linkage, 199, 200f, 201-202
geometry of, 186-187, 187f

Path curvature
defined, 108
path curvature stiffness, 108
and tire lateral force, 108, 109

Path radius
critical (in final aerodynamics), 398, 399
effective toe-in (zero Ackermann factor), 405
force diagram, four-wheeled vehicle, 406f, 406-407
front slip angle increase, 404
front tire side force, 404
lateral load transfer, 406
steer angle, effect on, 405
understeer gradient, 405
understeer number, 406, 407
vertical force lateral transfer factor (front), 406

Pendulums
constrained vehicle, pendulum natural frequency, 26-27
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empirical technique using, 26-27
pendulum techniques, structural considerations for, 26
quadrifilar, 25-26
second moment of mass, empirical determination of, 26-27
trifilar, 24-25, 25f

Peugot
Peugot 405 (wire-frame view), 488f

Pitch
pitch moment, basics of

cradle inertia, determining, 27-28
pendulum natural frequency, 27
pitch dynamic index, 29
pitch inertia, 27, 29
use of yaw in determining, 28

in suspension performance
introduction, 271
anti-dive geometry, objections to, 277
anti-dive/anti-squat, 272-273, 273ft, 275-276
anti-rise/anti-lift, 273t, 275-276
body pitch angle, 272
braking force, 274
double wishbone, discussion of, 278
load transfer moment, longitudinal, 271-272
longitudinal load transfer, 274
pitch-up, tractive, 277
suspension deflection, 277
suspension pitch angle, 272
suspension pitch stiffness, 272
tire pitch stiffness, 272
tractive force, 275
unsprung pitch angle, 272
vehicle deceleration, 274
vertical force braking transfer factor, 278
vertical force (front axle), 274
vertical force longitudinal transfer factor (acceleration), 277

in vehicle-fixed axis system, 8, 9f, 10-11
Ply steer (pseudo-slip)

bias-ply vs. radial-ply tires, 112
genesis of, 112

Pneumatic trail (moment arm)
and Gough plot, 101f
at large slip angles, 95
at small slip angles, 93
and steering geometry, 287

Porsche
downforce, early work on, 173
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Position control
defined, 56

Position control tests, vehicle, 56
Power dissipation (tire), 33
Prandtl's correction

for model tests, 156
Prevost

venturi-shaped underbody, 171
Primary handling

introduction
attitude gradient, factors affecting, 365, 376
bicycle model (with simple suspension), 366, 367f
essential three gradients, 364-365
roll gradient, factors affecting, 365
steer angle gradient, 366
steer angle (road wheels), 366
suspension geometric steer gradient, 367
suspension understeer gradient, 366
tire understeer gradient, 367
understeer effects (free-differential), 367-368, 368t
understeer gradient, factors affecting, 365-366, 376

attitude gradient
aerodynamic effects on, 393, 396
and aligning torque, 373
and axle roll angle, 375-376
and camber angle, 374-375
and cornering load transfer (four-wheel model), 373-374
effects of roll on, 370-371
sensitivity to G position, 369
and tire cornering stiffness, 369-370
and toe angle, 374

primary aerodynamics. See under Aerodynamics
understeer gradient

and aligning torque, 373
and camber angle, 375
and cornering load transfer (four-wheel model), 373-374
effects of roll on, 370-371
vs. G position, 369-370
importance of (vs. steer angle), 362
and steering-column compliance, 372
suspension (kSU), 366
tire (kTU), 367
and toe angle, 375

see also Steady-state handling
Pseudo-camber (conicity), 112
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Radius, tire. See under Tires
Rain/snow, effects of, 150
Renault

hydraulic damper development, 212
Reynolds number

and boundary-layer thickness (on wings), 157
and edge flow separation, 157
in model tests, 156
variation of, 156-157

Ride height
introduction, 315
body height changes (four wheels), 318
body ride positions, 318
geometry and force diagram for, 316f
handling analysis, special considerations for, 318
loaded radius (static/running), 317
nomenclature conventions for, 315-316
static positions, expressions for, 316
suspension (bump) deflection, 317
suspension deflections, 318
tire deflection, running, 317
tire deflection, static, 316

Rim width
and cornering stiffness, 117

Roadholding
defined, 7

Roads
general

introduction, 46
area density, worldwide, 46
basic structure, typical, 47
cars per kilometer (Europe), 46
mean free path (between collisions), 47

handling analysis
road curvature, effect of, 50, 51, 51f
road factors affecting, 50
road slope, effect of, 50, 51, 51f
steady-state vs. unsteady responses, 50

spectral analysis of
introduction, 47-48, 48f
camber, 51-52
curvature, directional conventions for, 50-51, 51f
plan view vs. sectional analysis, 49-50
roughness, 48, 50
slope, directional conventions for, 50-51, 51f
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undulations, 48, 49, 50
wavelengths, significance of, 48

surface temperature
friction, effect on, 119

surface textures
controlled road roughness tests, 480-481
frictional characteristics, 48, 49, 479
ice on road, 52, 119
macro/microtexture, 48-49, 49f
rainfall, drainage of, 51-52
roughness, transient effects of, 138, 479
surface damage, 51
wet roads, influence on, 49

wet roads. See Wet surfaces, dynamics of
Roberts straight-line mechanism, 188-189, 189f
Roesch

driveshaft as suspension link, 221
Roll, body

definitions/derivations
axle roll stiffness, 236f
roll angle (front, rear, body), 234
roll dynamic index, 29
roll gradient, 234, 235
roll steer, 234
suspension roll (SAE), 234
suspension roll stiffness, 235

effective roll stiffness, 236-237
roll couple

independent suspension, 236
vs. roll angle, 237f, 237-238
solid axle, 235-236
total vehicle, 235

roll moment and sprung mass angular inertia, 29
roll vectors (vehicle-fixed axis system), 8, 9f, 10, 11
see also Load transfer; Roll centers; Suspension stiffness

Roll centers
introduction, 238
compliant-link

introduction, 253
idealized leaf-spring, discussion of, 253-254, 354f
Panhard rod, use of, 254-255
trailing twist axle, 255, 255f

definitions/derivations
lateral load transfer, total, 241-242
lateral load transfer (through suspension links), 241
link lateral load transfer, 250-251, 251f
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load transfer factor, 242
roll center height, defined, 239, 241-242
roll center height, determining, 246-249, 249f, 252
roll center height, incremental, 246-247
roll center (SAE), 238-239
sprung mass moment, 240
sprung mass side force, 240
unsprung mass side force, 240
weight force, total, 240
wheel vertical forces, 240

experimental determination of
body displacement technique, 256
errors and problems with, 256-257

force roll center, locating, 248, 249f
independent suspensions (large lateral accelerations)

cornering at large acceleration, 247-248, 249f
force roll center location, 248-249
incremental load transfer factor, 247
incremental roll center height, 246-247
jacking force, 248, 249f, 251, 251f
kinematic roll center location, 248, 249f
link load transfer (parallel wishbone), 250, 251f
link load transfer (plain trailing arms), 250-251, 251f
load transfer, importance of, 246
load transfer factor, incremental, 247
roll center height, 252

independent suspensions (small lateral acceleration)
introduction, 242-243
double wishbone, 244, 245f, 246
friction, joint, 244
L/R link forces, intersection of, 243-244
roll center and forces (rear view), 243f
semi-trailing arm, 244, 245f
slider (pillar), 244, 245f
strut and link (Macpherson), 244, 245f
swing arm, 244, 245f
swing axle (true), 244, 245f
trailing arm (pivot), 244, 245f
trailing arm (pure), 244, 245f

kinematic roll center, locating, 248, 249f
solid-axle

general four-link axle, 252-253, 253f
see also Roll, body

Roll steer. See under Steering
Rolling radius, 82, 127
Rolling resistance. See under Tire forces
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Rollover, vehicle
and fluid load shifting, 31
lateral acceleration at, 260, 261
rollover safety factor, 260

Rubber
carbon black in, 73-74
coefficient of friction

adhesive component of, 75
friction-speed models, 104-105
on ice, 74
against rough surfaces, 73, 74f, 75, 75f
vs. sliding speed/temperature (against glass), 72-73, 73f
sliding (vs. sliding speed), 105f
WLF transformation for, 72, 73, 74f
see also Tire forces (friction)

density, typical, 72
hardness (Shore A Durometer), 76
oil (in tread rubber), 74
specific thermal capacity, 76
as spring material, 204
thermal conductivity, 76
types of (in tire carcass/tread), 69, 70, 76
visco-elastic model for, 72, 73f

SAE (Society of Automotive Engineers)
longitudinal force, notation for, 125-126
SAE J670e Vehicle Dynamics Terminology, 521-556
steady-state, definition for, 331
suspension roll, defined, 234
tire axis system, 76-77, 77f
trim, defined, 332
understeer/oversteer, definitions of, 347, 362
vehicle axis systems, 7-12, 9f, 11f

Seat design
influence on drivers, 53

Secondary handling
introduction, 376-377
attitude angle increment

and load transfer, 378
and tire nonlinearity, 377

drag, total vehicle, 378
front/rear/four-wheel drive, 378
lateral acceleration (typical range), 376
lateral load transfer factor, 377-378
tire nonlinearity and steer angle, 377
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tractive force, 378-379
Self-aligning torque (aligning moment)

angular compliance, steering-column, 290
bumpy road, effect of, 292
driveshaft torque, effect of, 290
front drive, steering disturbance in, 292
geometry of, 77f, 77-79, 79f
kingpin axis, torque about, 290
vs. lateral force (Gough plot), 100, 101f
lateral force steer moment, 290
limited-slip differential, disruptive effects of, 291, 292
self-aligning moment coefficient, 103
vs. slip angle, 93, 95, 96f
test drum curvature, effect on, 110
tire factors affecting, 116-118
tractive force steer moment, 290-291
typical torques (medium sedan), 291-292
vertical force steer moment, 291
on wet surfaces, 133
see also Camber; Cornering; Pneumatic trail, Steering; Tire forces

Shock absorbers. See Dampers
Skirts

in Hall fan car, 175
in venturi-shaped underbodies, 4404

Slip angle
axes/notation for, 76-77, 77-79f
centerline displacement, geometry of, 90f, 91
vs. central force, 97, 99f
vs. cornering force, 93-94, 96f, 97, 98f
vs. drag force, 97, 99f
envirage, Broulhiet work on, 3
vs. lateral acceleration (basic handling curve), 338f
vs. lateral force coefficient, 94, 97, 98f
non-dimensionalization of, 101-102
and pneumatic trail, 93
pseudo-slip (ply-steer), 112
vs. self-aligning torque, 93-95, 96f
sinusoidal oscillation of, 137
slip/steer angle geometry (bicycle model), 339f
tire slip angles, counteracting (aerodynamic), 395
and turning geometry, 292-293, 336f, 339f
see also Cornering force; Steady-state handling; Lateral force

Snow/rain, effects of, 150
Specifications, car

introduction, 507
aerodynamics, 510t
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passenger car parameters, indicative range of, 512-513t
suspension, 508-510t
tires, 510-511t
wheelbase, 508t

Spectral analysis
of roads, 47-48, 48f

Speed limitations, tire. See under Tires
Springs/springing

leaf springs
bending-moment of, 204-205, 205f
cantilever (Bugatti) type, 203
and compliant-link roll centers, 253-254, 254f
in compliant-link system, 203, 203f
critical steering link (solid axles), 307-308
in early Hotchkiss axles, 307
"elliptic" terminology in, 203
and Hotchkiss drive, 203
oversteer side force with (rear axles), 314
roll/pitch springing in, 210-211
in solid axles, discussion of, 307
steered leaf-spring axle, geometry of, 307, 307f
understeer side force with (front axles), 314
unsprung steering box (solid axles), 308

roll/pitch springing
introduction, 209
anti-roll bar, 209-210, 210f
heave stiffness, 211
longitudinal leaf springs, 210-211
pitch stiffness, 211
roll stiffness, front/rear distribution of, 211
swing-axle, 209, 210f
Z-bar, 209, 210, 210f, 211
zero roll-stiffness suspensions, 209, 210f

spring link geometry
introduction, 206-207
drop links (for torsion bars), 208
effective spring rate (coil springs), 208
stiffness, secondary contributions to, 208
suspension movement, limitations on, 208
torsion bars, compound, 207-208
wheel motion ratio, 207
wheel rate, 207

spring types
introduction, 204
coil springs, 205-206
leaf springs, 204-205, 205f
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rubber, 204
spring media (solid, gas, etc.), 204
torsion bar, 205

see also Sprung/Unsprung mass
Sprung/unsprung mass

introduction, 21-22, 221
sprung mass

distance from front axle, 23
front and rear end masses, 23
sprung center of mass height, 23-24
sprung/unsprung mass ratio, 222t
vs. suspension type, 222t
total, 23
see also Springs/springing

and total tire lateral force, 261
unsprung mass

introduction, 21-22
advantages of (rough roads), 221
centers of mass height (f,r), 24
front and rear combined, 23
sprung/unsprung mass ratio, 222t
total, 22
variability (with suspension system), 221-222, 222t
see also Springs/springing

in vehicle load transfer analysis
introduction, 263
and aerodynamic moment, 270
geometry of (vehicle-centered), 264f
sprung end-mass forces, 266
sprung end-masses (F,R), 266
sprung mass link load transfer, 266
sprung-mass moment, 263, 264f
total load transfer, 267
unsprung mass link load transfer, 267

Stability, defined, 6
Stanley Rocket, 171
Steady-state handling

introduction
defined, 7
equilibrium condition, 332
steady-state, defined, 331-332
transient states, defined, 332
trim, SAE definition of, 332

on banked roads. See Banking
basic handling curve

and accident avoidance maneuvers, 341
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Steady-state handling (continued)
basic handling curve (continued)

axle characteristics, 337, 338f
bicycle model for, 336f, 339f
and handling tests, 340-341
kinematic steer angle, 338, 340
kinematic vs. moment methods, 336-337
lateral acceleration vs. slip and understeer angles, 338f
linear vs. nonlinear regions, 341
path radius, 339
slip angle/steer angle, geometry of, 339f
steer angle, expression for, 335, 337, 338, 339
understeer angle, 337
understeer characteristic, 340-341, 341f
understeer slip angle (tire), 337

basic parameters
force control, parameters for, 335
initial acceleration gain, 334
lateral acceleration, 334
of motion state, 332
path curvature/path curvature gain, 333-334
rear wheel torque, 333
reference steer angle, 333, 335
units for (S.I., etc.), 335
yaw angular speed, 334
yaw velocity gain, 334

bicycle model
geometry of, 336f
non-equilibrium conditions for, 336

cornering forces in. See Cornering force
cornering stiffness in. See Cornering stiffness
desirable results

introduction, 420-421
attitude gradient (attitude angle graph), 421
passenger-car handling, discussion of, 421-422
steering angle vs. lateral acceleration, 421

final handling. See Final handling
on hills

axle reactions, 410
free-body diagram for (constant speed uphill), 411f
lateral acceleration, 411
understeer number, 412
vertical downward compensation (pseudo) force, 412

linear theory
characteristic speed, 347-348
cornering stiffness. See under Cornering stiffness
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critical speed, 348
kinematic (Ackermann) steer angle gradient, 346
kinematic steer angle, 346, 347
lateral acceleration gain, 349
path curvature response gain, 347, 349
stability factor, 348
steer angle (at constant speed), 347
steer angle vs. lateral acceleration, 345, 346f, 347
understeer angle, 345
understeer factor, 348
understeer gradient, 346, 349-351
vehicle response factor, 348, 349, 350f
see also Handling, primary regime

MIRA ride and handling circuit, 60, 61f
MIRA roll/slip trolley, 59
moment method

moment-method carpet plot, 418-420, 419f
nonlinear theory

introduction, 359
control gains, definitions for, 361
cornering stiffness (at active slip angles), 361
critical speed, 360
response factor, 360
static margin, 361
surface plot representation, 361
understeer gradient, 360, 361
yaw damping coefficient, 361

primary handling. See Primary handling
secondary handling. See Secondary handling
trim state, nonlinear

introduction, 357
input-output variables, discussion of, 357-358
three-dimensional graph, typical, 359, 359f

see also Steering; Unsteady-state handling
Steering

aligning torque. See Self-aligning torque
bump steer. See Bump steer/roll steer
compliance steer

introduction, 309
bushes, effects of, 311, 314, 314f
caster angle, compliant changes in, 310
compliance camber angles, 310
compliance oversteer, introduction of, 310
compliance steer angles, 310
compliance steer gradients, 310
effects of, 310
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Steering (continued)
compliance steer (continued)

lift-off tuck-in, 311
with longitudinal leaf springs, 314
on low-friction surfaces, 315
and passenger vehicle handling, 311
in semi-trailing arm suspension, 311, 311f
shear center, location of, 315
side force steer, 312-315
solid rear axles, disadvantages of, 313
solid rear axles, Panhard rod in, 312-313, 313f
symbol conventions for, 310
trailing twist axles, side force oversteer in, 313-314, 314f
vehicle steering, effects of, 314-315
Weissach axle, 312, 312f

Gough plot, 100, 101f
oversteer. See Oversteer
roll steer. See Bump steer/roll steer
static steering torque

empirical equation for, 289
mean friction radius, 289-290

steering geometry
introduction, 283-284
bump caster coefficient, 287
camber angle (from steer angle), 286, 288
caster angle (vs. bump position), 287
center-point vs. centerline steering, 285-286
compliance, dominant, 289
efficiency, forward/reverse, 284
kingpin inclination angle, 286, 287f
kingpin offset, effects of, 286-287, 287f
overall steering ratio (G, Gm), 288
precision (box vs. rack), 285-286
quadratic steer camber coefficient, 286
rear-wheel steering, instability of, 284
reference steer angle, 288-289
steer camber coefficient, 286
steering, factors affecting, 284
steering box system, 284-285, 285f
steering rack system, 285
steering systems, dynamic complexity of, 289
steering wheel, introduction of (Benz), 284
steering-wheel angle gradient, 289
trail, caster (and kingpin axis), 287
trail, pneumatic, 287
truck steering (solid axle), 285, 285f
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steering vibration
early work on, 3

turning geometry, 118
introduction, 292
Ackermann factor, 293
Ackermann (Langensperger) concept, 293
Ackermann steer angles, determining, 294
anti-Ackermann steering, 294
attitude angle, 295
full Ackermann (Lunar Rover, London taxi), 293
geometry of (no lateral acceleration), 294f
kinematic steer angle, 295-296
Langensperger angle, 292-293
offtracking, 295-296
steer angle difference, 293
tie-rod geometry error, 293

understeer. See Understeer
in vehicle testing. See Tests, vehicle
"wide center" feel

cornering stiffness deadband, 112
see also Steady-state handling; Unsteady-state handling

Stick-free test (aircraft), 56
Stiffness. See Body Stiffness; Camber, Cornering stiffness; Suspension stiffness
Suspension components

introduction, 181-182
compliant-link systems

leaf springs, 203, 203f
trailing twist axle, 202, 202f, 313-314, 314f

damper types, see Dampers
dependent systems

introduction, 199
axle degrees of freedom in, 199, 200-201f
axle lateral location, 201-202
de Dion axle, 199, 200-201f
torque tube, 199, 201f
types of, 199
upper/lower links in, 199, 201f

friction, parasitic. See under Friction
gyroscopic effects in, 223
independent systems

degrees of freedom (discussion), 194
directly pivoted carrier, variations of, 196f, 197
driveshaft as suspension link, 221
five-link independent suspension, 198
Macpherson strut, 229, 233, 244
pivot arm (ball-jointed), 194, 196f
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Suspension components (continued)
independent systems (continued)

plunging U-joint (doughnut), 194, 195f, 221
practical link combinations, 196, 197t
radius rod, 194, 195f
rigid trailing arm, 194, 195f, 196f, 197
shaft spline, 194, 195f
sliding pivot, 194-196, 195f
spherical ball joint, 194, 195f
swing axle, 196f, 197
torsion link, 195f, 196
torsion link plus rod, 198
transverse rigid arm, 196f, 197
trunnion, 194, 195f
trunnion/wishbone combination, 197
universal joint, 194, 195f
wishbone (A-arm). See below

mobility analysis
introduction, 182-183

springs. See Springs/springing
straight-line mechanisms

introduction, 185
Adex linkage, 191, 191f
Alfa-Romeo T-bar, 191, 192f, 202
Aston-Martin linkage, 190, 191f
equivalent swing arm, 189
Evans linkage, 190f
Mumford linkage, 190, 191f
Panhard rod (track rod), 186-187, 187f
Roberts straight-line mechanism, 188-189, 189f
simple slider, 185-186, 187f
Tchebichef linkage, 190f
Watt linkage, 187-188, 188f, 189f

two-dimensional
basic 2-D suspensions (slider/pivot), 192, 192f
2-D rod/trunnion suspension, 192-193, 193f
2-D two-rod suspension, 192, 193f
defined, 183
instantaneous center (centro), 183
Kennedy-Arronhold mechanism, 184, 185f
perpendicularity, importance of, 183-184
serial connections (2-dof), 184-185, 186f
sliding vs. rotating joints, 184-185
suspension types, classification of, 193

wishbone (A arm)
bump and heave evaluation of, 228-229, 229f
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double, tire force analysis of, 232-234, 233f
geometry of, 194, 195-196f
twin, with arm, 197-198, 198f
wishbone/trunnion combination, 197

see also Suspension stiffness
Suspension stiffness

definitions/derivations
axle roll stiffness, 236f
quadratic stiffness factor, 231
stiffness at bump, 232
suspension roll stiffness, 235

downforce, suspension requirements for, 177
effective roll stiffness, 236-237
and load transfer

single-axle, 262
roll/pitch springing

heave stiffness, 211
pitch stiffness, 211
roll stiffness, front/rear distribution of, 211
zero roll-stiffness suspensions, 209, 210f

specifications, car, 508-510t
spring link geometry

stiffness, secondary contributions to, 208
see also Load transfer, Ride height; Roll, body; Roll centers; Suspension components

"TB" value
in vehicle tests, 482-483

Tchebichef linkage, 190f
Temperature, tire

carcass temperature/flexing, effect of, 113
and coefficient of friction

against glass, 72-73, 73f
road surface temperature, effect of, 119

Terminology
SAE J670e Vehicle Dynamics Terminology, 521-556

Tests, tire. See under Tires
Tests, vehicle

introduction, 416-417
closed-loop tests

defined, 55-56
subjective (test drivers), 56

constant-radius tests, 417
constant-speed tests, 417
desirable results

introduction, 481-482
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gusty crosswind behavior, 483
oversteering effects, driver sensitivity to, 483
racing cars, special considerations for, 483-484
steer correction, 484
straight running, 483
"TB" value, 482-483
yaw speed effective time constant, 482

force control, defined, 56
open-loop tests

defined, 55-56
discussion of, 480
simplicity/usefulness of, 56
steer input responses, 56
"stick-free" test (aircraft), 56

position control, defined, 56
steady-state tests

basics of, 56-57
with constant steer angle and sequenced speeds, 417
Dunlop-MIRA handling/stability circuit, 60, 61f
instrumentation for, typical, 57-58, 58t
ISO 4138 Road Vehicles.... test procedure, 418
lateral acceleration (in cornering), 59-60, 60f
MIRA ride and handling circuit (suspensions), 60
MIRA roll/slip trolley, 59
Odier ISO 4138 test system, 418
transfer function (from random steer input), 59
wind speed limits (ISO), 57

test results, correlation difficulties with, 56
unsteady-state tests

automated steering wheel control in, 59
basics of, 56
controlled road roughness, 480-481
lane change/chicane/slalom, 56, 481
open-loop tests, discussion of, 480
slalom test, 480
standardization, lack of, 56-57
steer pulse test, 480
subjective evaluation, 481
wind testing, 481

Thrust power requirements
and tire cornering forces, 33

Tire axes/notation. See under Tire forces
Tire forces

axes/notation for
ISO system (proposed), 76
SAE system, 77, 77f, 79f
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central force, 80, 81f, 98f
drag

aerodynamic, 33, 34
as cornering plus rolling resistance, 33
total cornering drag, 35

footprint
and cornering force, 106, 118-119, 121
length, typical, 82
and rolling resistance, 86
sliding/non-sliding vs. friction coefficient, 106

force vectors
"tire force," defined, 79, 81f
camber force, 78f
central force, 80, 81f, 98f
cornering force, 32f, 78f, 98f
inclination (camber) angle, 77f
lateral force, 77f, 79f, 80, 81f
longitudinal force, 77f, 79f, 81f
moment about contact patch centerpoint, 90
normal (vertical) force, 77f, 79f
overturning moment, 77f, 79f
rolling resistance moment, 77f, 79f
self-aligning torque (aligning moment), 77f, 79f
slip angle, 77f, 79f
tractive force, 81f
wheel [drive] torque, 77f
see also Cornering force; Lateral force; Slip angle

friction
adhesive component, 75
cornering force, implications for, 106, 118-119
footprint, dependency on, 106, 121
friction-speed models, 104-105, 131
against glass, 72
on ice, 74, 119
against rough surfaces, 73, 74f, 75, 75f
and self-aligning torque, 119
vs. sliding speed (locked-wheel), 105f
vs. sliding speed/temperature, 72-73, 73f
speed, dependency on, 106, 121-122
WLF transformation for, 72, 73, 74f
see also Rubber

power dissipation
aerodynamic, 33
at tire, 33, 34
vs. vehicle speed, 34

and road surface wear, 47
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Tire forces (continued)
rolling resistance

introduction, 85, 86f
coefficient of, 87
components of (hysteresis, friction, etc.), 87
and drag, 33
and footprint contact pressure, 86
representations of (with vertical force), 86f
rolling radius (effective radius), 82, 127
rolling resistance moment, 77f, 79f
and shear stress, 86-87
vs. tire construction, 86
and Turner number, 85-86
on wet surfaces, 136

thrust power requirements, 34
tire slip parameters, summary of, 99-100
tractive force

and final aerodynamics, 401
in secondary handling, 378-379
tire, 80, 81f

transients, effects of
discussion, 138
road roughness, 138
slip angle, sinusoidal oscillation of, 137
slip angle, step change in, 137
steering angle, ramp input, 137-138

vertical force. See Vertical force
on wet roads. See Wet surfaces, dynamics of
see also Camber; Lateral force; Slip angle; Tire models

Tire models
introduction, 87
"brush" model, 127-129, 128f
displacement graph of, 88, 89f
finite-element techniques for, 88
foundation-stiffness (elastic) model, 87, 88f
idealized "transparent" model, 88
lateral force (discussion), 88
lateral force concentration, 89
longitudinal displacement vs. slip, 127-128, 128f
moment about contact patch centerpoint, 90
string vs. beam models, 87-88, 88f
see also Lateral force; Slip angle

Tire nonlinearity
in secondary handling

attitude angle increment, 377
effect on steer angle, 377



Index 611

Tires
introduction, 67-68
construction

bead, 68
belts, reinforcing, 69, 76
carbon black, mass of (typical), 76
the carcass, 68-69
components of (typical), 76
cords/cord alignment, 69
cross-section, typical, 70f
crown/crown angle, 69, 71-72, 121
oil, mass of (typical), 76
rayon, mass of (typical), 76
rubber, types of, 69, 70, 76
steel, mass of (typical), 76
tread. See (below)
tubed vs. tubeless, criteria for choosing, 71
see also Rubber

damping, tire, 83
deflection, vertical, 82
design criteria, 71-72
failure modes for, 71, 72
flat-run, 43
inflation pressure

and cornering stiffness, 117, 119
and footprint pressure, 121
load dependency of, 71
and self-aligning torque, 117
typical, 68
and vertical stiffness, 82

loads
and cornering stiffness, 116, 118
design load, 71
load-time duration, importance of, 71
optimum pressure, load dependency of, 71
and tire radius, 80, 81, 82
and vertical stiffness, 82
see also Loads, vehicle; Load transfer

models (elastic, foundation stiffness). See Tire models
puncture resistance

tubed vs. tubeless, 71
radius

effective, 82, 83
loaded, 81, 82
rolling, 82
unloaded, 80
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Tires (continued)
radius (continued)

and vertical deflection, 82, 83
and vertical stiffness, 82-83

size
aspect ratio, 70
cross-section, typical, 70f
section width, 70
see also radius (above)

specifications, car, 510-511t
speed limitations

introduction, 83-84
energy/heat dissipation, 85
Turner number, 84, 85, 121
vertical stiffness, effect on, 82-83
wave speed (tread waves), 84
wavelength, predicted (tread waves), 84

test measurements
introduction, 111-112
carcass temperature/flexing, effect of, 113
and cornering stiffness changes, 113
cylindrical drum vs. belt, 112
drum curvature, effect on self-aligning torque, 110
new tires, initial changes in, 112
road tests, 112
running-in effect, 112-113
tread wear, influence of, 110-111

tread construction
carbon black, 73-74
oil, 74
rubber blends in, 76
tread friction, 69-70, 72-73
tread patterns, 69
wear characteristics, 70

tread depth/wear
and aligning torque coefficient, 118
and aligning torque stiffness, 111
and cornering stiffness, 118
influence on test measurements, 110-111
mold sheen, wear of, 110
and peak side force, 110-111
and toe-in, 309
wear characteristics (wear vs. grip), 70

tread rubber
oil in, 74
types of, 69, 70, 76
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tread waves, 84
tread width/contour

and cornering stiffness, 117
Turner number, 84-85, 121
vertical deflection, 82
vertical stiffness, 82

cornering force, effect of, 83
and inflation pressure, 82
and load capacity, 82
speed, effect of, 82-83
tread and sidewalls, effects of, 82
typical values, 82

see also Tire forces
Torque-bias differential. See Differentials (limited-slip)
Torque-proportioning differential. See Differentials (limited-slip)
Torsion bar, 205, 207-208
Track

effect of on wet surfaces, 133
Track rod. See Panhard rod
Tractive force

effects of (in power steer), 477
and final aerodynamics, 401
in secondary handling, 378-379
tire, 80, 81f
see also Tire forces

Transducers
in test instrumentation, 58

Translational velocities
vehicle-fixed axis systems, 9f, 10

Tread construction. See under Tires
Tread wear. See under Tires
Trim state, nonlinear

introduction, 357
input-output variables, discussion of, 357-358
three-dimensional graph, typical, 359, 359f

Truffault
friction-disc damper development, 212

Turner number, 84-85, 121
defined, 84, 85
and rolling resistance, 85-86

Understeer
definitions

as function of understeer gradient (SAE), 347, 362
limit vs. normal, 362
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Understeer (continued)
definitions (continued)

tongue-in-cheek, 362
on banked roads, 407-408, 408f
compliance steer side force (front axles), 314
compliance understeer gradient, 310
early work on, 3-4
and kinematic (Ackermann) steer angle, 363
and lateral acceleration

influence on understeer/oversteer, 340
vs. steer angle, 363, 364f
vs. understeer angle, 338f

primary understeer effects (free differential), 367-368, 368t
in roll steer

roll understeer angle, 297
roll understeer coefficient, 297
roll understeer gradient, 297-298
roll understeer (in primary handling), 370-371

side force understeer, 314
in solid rear axles (link located), 306
understeer damping ratio (2-dof free response), 454-455
understeer gradient

defined, 362
in 2-dof improved model, 462
in final aerodynamics, 406
in linear handling, 346, 349, 350, 351
in nonlinear steady-state handling, 360
and path radius, 405
in roll steer, 297-298

understeer gradient (primary handling)
and aligning torque, 373
and camber, 375
effects of roll on, 370-371
vs. G position, 369-370
importance of (vs. steer angle), 362
and load transfer, 375-376
and primary aerodynamics, 393, 395, 396
and steering-column compliance, 372
suspension (kSU), 366
tire (kTU), 367
and toe-in, 374

understeer number, final
in final aerodynamics, 400, 401, 402, 403
in final handling, 380, 384, 386, 390
on hills, 412
and path radius, 406, 407
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understeer/oversteer
balancing, 307
vs. speed (2-dof free-response model), 442

see also Oversteer; Steering
Unsprung mass. See Sprung/unsprung mass
Unsteady-state handling

introduction, 431-432
defined, 7
disturbance response

discussion of, 479
road roughness effects, 478-479
surface friction changes, 479
transient wind effects, 479

MIRA ride and handling circuit, 60
1-dof sideslip

characteristic equation (of free motion), 438
forced response (step input), 438-439
lateral displacement (step input), 439
opposing damping force, 439
sideslip model (1-dof), 437, 438f

1-dof vibration
characteristic equation, 434
displacement (actual), 435
equations of motion, 434
forced response, 435-437
magnification ratio, 436f, 437
possible motions after initial displacement, 433, 433f
single-degee-of-freedom system diagram, 432f
undamped natural frequency, 434, 435

1-dof yaw
characteristic equation, 441
damped natural frequency, 442
damping ratio, 442
divergence vs. convergence of, 442
equation of motion, 440
oscillatory motion, criteria for, 441-442
single-degee-of-freedom yaw model, 440f
slip angles, 439-440
transition speed (damped vs. undamped response), 442
understeer gradient, 441
vehicle cornering stiffness, 440

2-dof (Earth-fixed axes)
introduction, 447-448
characteristic equations, 450
equations of motion, 448-449
slip angles, 448
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Unsteady-state handling (continued)
2-dof (Earth-fixed axes) (continued)

vehicle free-body diagram, 449f
2-dof free response

characteristic damping speed, 455
characteristic equations, 450-451
critical speed (understeer/oversteer), 452
damped natural frequency, 459-461, 460f
damping ratio (neutral steer), 456
damping ratio (oversteer), 456-457
damping ratio (understeer/oversteer), 454-455
damping ratio vs. radius of gyration, 457, 458f
damping ratio vs. speed, 457-459, 458f
stability of motion, conditions for, 451-452
undamped natural frequency, 452-454, 453f
understeer gradient, 451
yaw damping, criteria for obtaining, 459
yaw oscillation, dangers of, 459
yaw sideslip response (wavelength of), 461

2-dof improved model
discussion of, 462
understeer gradient, 462

2-dof (vehicle-fixed axes)
introduction, 443
absolute acceleration (y direction), 444-445
angles and velocity vectors, 443f, 443-444
attitude angle, 445
characteristic equations, 447
equations of motion, 445
equations of motion (lateral), 446
force and moment equations, 447
slip angles, 445
tire forces, 445-446
velocity components (at path points), 444f

3-dof model
introduction, 464
characteristic equation, 466
equations of motion, basic, 464-465
force derivatives (attitude, yaw, roll), 465
moment derivatives (attitude, yaw, roll), 465
oscillation, modes of, 467
steering effects, 466

oscillatory steer response
introduction, 472
lateral acceleration vs. steer frequency, 475f, 476
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random steer input tests, 476
roll speed vs. steer frequency, 474f, 476

yaw speed vs. steer frequency, 472-473, 473f
power steer

introduction, 476
and "lift-off tuck-in," 477
oversteer effects, 478
racing cars, problems with, 478
slip angle changes, 477
steer angle changes, 478
tractive force, effects of, 477

stability derivatives (equations of motion), 462-464
step-steer response

introduction, 467
rear slip angle, 469
side force equations (2-dof), 469-470
sideslip velocity, 468-469
transient solutions (oscillatory, neutral steer), 472
transient solutions (oscillatory, oversteer), 471
transient solutions (oscillatory, understeer), 471
yaw moment equations (2-dof), 469-470
yaw speed, 468-469
yaw speed response (different steer inputs), 467, 468f
yaw speed response (equal steer inputs), 467, 468f
yaw speed/steady-state (final) yaw speed, 470-471

Vehicle forces, elements of
introduction, 12-13
body-fixed coordinate systems

free-body diagram (plan view), 13-14, 14f
free-body diagram (rear view), 15, 15f
rotational moments, 9f, 9-10

compensation (d'Alembert) forces, 13-14
Earth-fixed coordinate systems

angular velocity vectors, 9f, 11-12
free-body diagram (plan view), 13-14, 14f
free-body diagram (rear view), 15, 15f
translational velocity vectors, 9f, 10

Euler's equations, 12
vector equations for, 12-13
see also Axis systems; Free-body diagrams

Vehicle-fixed axis system, 8-11, 9f
Venturi-shaped underbody

and downforce/drag effects, 404
Golden Arrow (Irving), 171, 172f
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Prevost work on, 171, 172f
in racing cars, 176
wind-tunnel tests of, 178

Vertical force
defined, 77f, 78, 79f
and cornering force

cornering force, defined, 77f, 78, 79f
and cornering stiffness, 114, 115
and cornering stiffness coefficient, 114, 115f
vs. maximum cornering force, 119, 120f
in steady-state cornering, 32, 32f

downward compensation (pseudo) force, 412
vs. lateral force

expression for, 119E
lateral force coefficient, 119, 120f
load transfer sensitivity (CFT, CT), 124f, 124-125
small FV, computer simulation of, 120f
at various slip angles, 122, 123f
vertical force (load) transfer factor, 125
vertical force sensitivity (CFV), 122

lateral transfer factor (front), 406
in suspension performance

aerodynamic lift force, 281
aerodynamic load transfer, 281
braking transfer factor, 278
diagonal bias, 281
diagonal load transfer, 281
driveshaft front load transfer, 282
driveshaft rear load transfer, 282
equilibrium equations for, 278-279
force resolution, double wishbone suspension, 232-234, 233f
front axle, 274
lateral transfer factors, 283
longitudinal transfer factor (acceleration), 277
pitch-up moment, 281-282
static force (symmetrical vs. diagonal bias), 279f, 279-280
vs. suspension deflection, 230-232, 231f
total load transfer, 281
total load transfer (from cornering effects), 281
tractive force, 275
vertical force, cornering (vs. load transfer distribution), 280, 280f
vertical force transfer factor, 125

and vehicle loads, 413
see also Loads, vehicle; Load transfer
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Water
rain/snow, effects of, 150
water substance, properties of, 148t, 504-505
see also Wet Surfaces, dynamics of

Watt linkage
as dependent system, 199, 202
as straight-line mechanism, 187-188, 188f, 189f

Waves, tire tread, 84
Wear, tread See under Tires
Weibull equation

probability of high wind speed, 152
Weissach axle, 312, 312f
Wet surfaces, dynamics of

introduction, 131
aligning torque (trail), 133
BNP model for, 137
cornering force coefficient vs. speed, 133-135, 135f
cornering stiffness, 135-136
dynamic hydroplaning number, 134-135
empirical models, use of, 136-137
gross drainage (at low speed), 134
hydroplaning, dynamics of (discussion), 133
lateral water flow, 132
maximum cornering force, 135
rain/snow, effects of, 150
rolling resistance, 136
speed, effect of, 133, 134, 135f
tire action (discussion), 132
track, effect of, 133
tread depth, effect of, 133
viscous hydroplaning number, 134
water, properties of, 132t, 148t

Wheels
introduction, 41
light-alloy

general description, 42-43
modular wheels, 43

manufacturing imperfections in, 44
mounting techniques for

center-lock, 44
studs, 43-44

plastic wheels
deflection/fatigue in, 46

solid (high speed racing), 43
spoked (wire wheel), 42
steel disc
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camber deflection in, 45-46
flat base vs. wide base, 43
for flat-run tires, 43
general description, 42
removable flange, 43

stresses/load distribution in
tending moments (cornering), 45
camber deflection, 45-46
fatigue stresses, 45
plastic wheels, deflection/fatigue in, 46
from tire mounting, 44-45

types of, 41-42
wheel balance

static vs. dynamic, 44, 45f
Wind. See Aerodynamics; Atmospherics
Wings

Daimler-Benz T80, 173
downforce/drag ratio, 54, 55f
early tests of (Hall, McLaren), 174
European adoption of (ca. 1968), 174
front wings, use of, 177
induced drag from (final aerodynamics), 404
maximum achieved downforce, 177
McLaren Indy car, 175
on motorcycles, etc., 178
racing rules limitations of, 177
Reynolds number vs. boundary-layer thickness, 157
1970s developments, 175-176
see also Downforce

Wishbone (A-arm)
as independent system, 194, 195-196f, 197-198, 198f

WLF transformation
for rubber friction coefficient, 72, 73, 74f

Yaw
aerodynamic

aerodynamic yaw angle, 164, 170
discussion of, 169-170
yaw coefficients, 161, 164
yaw moment, 163, 164, 169t, 170
yaw moment (in primary handling), 395, 396

and steady-state cornering stiffness
bicycle model (with yaw angle), 352, 353f
bicycle model (with yaw speed), 354-355, 355f
net lateral force (with yaw speed), 354
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yaw damping coefficient, 356
yaw stiffness, 352-353

in steady-state handling
yaw angular speed, 334
yaw damping coefficient (nonlinear), 361
yaw velocity gain, 334, 349

in vehicle-fixed axis systems, 8-10, 9f
yaw inertia, determining

analytic expression for, 17-18
IXZ, determining, 28
using quadrifilar pendulum, 25-26
using trifilar pendulum, 24-25, 25f
yaw dynamic index, 28-29
yaw radius of gyration, 28

yaw speed response (step-steer inputs), 467, 468f

Z-bar suspension, 209, 210, 210f, 211
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