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One and two sample test of hypothesis
1- Introduction and Definitions
An important part of inferential statistics is hypothesis testing. As with learning anything
related to mathematics, it is helpful to work through several examples.
Often, the problem confronting the scientist of engineer is producing a conclusion about
some scientific theories. For example, researcher may decide on the basis of experimental
evidence whether coffee drinking increases the risk of cancer in humans, or a sociologist
might wish to collect appropriate data to enable him or her to decide whether a person’s
blood type and eye color are independent variables. In addition, each must make use of
experimental data and make a decision based on a data. In each case, the conjecture can be
put in the form of a statistical hypothesis.
Definition: A statistical hypothesis is an assertion or conjecture concerning one or more
populations.
The true or falsity of a statistical hypothesis is never known with absolute certainty unless
we examine the entire population. This, of course, would be impractical in most situations.
Instead, we take a random sample from the population of interest and use the data
contained in this sample to provide evidence that either supports or does not support the
hypothesis. Evidence from the sample which is inconsistent with the stated hypothesis leads
to reject the hypothesis.
Null Hypothesis: Denoted by

, refers to any hypothesis we wish to test

Alternative Hypothesis: The rejection of
hypothesis, denoted by

leads to the acceptance of an alternative

Conclusions: Reject in favor of
because of sufficient evidence in the data or fail to
reject
because of insufficient evidence in the data
Note that the conclusions do not involve a formal and literal “accept

”.

Example: A certain type of cold vaccine is known to be only 25% effective after a period of 2
years. To determine if a new vaccine is superior in providing protection against the same
virus for a longer period of time, suppose that 20 people are chosen at random and
inoculated. If more than 8 of those receiving the new vaccine surpass 2-year period without
contracting the virus, the new vaccine will be considered superior to the one presently in
use.
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2- The test statistic
The test statistic on which we base our decision is X, the number of individuals in our test
group who receive protection from the new vaccine for a period of at least 2 years. The
possible values possible values of X, from 0 to 20, are divided into two groups: those
numbers less than or equal to 8 and those greater than 8. All possible scores greater than 8,
constitute the critical region. The last number that we observe in passing into the critical
region is called the critical value. In our illustration, the critical value is the number 8.
Therefore, if
, we reject
in favor of the alternative hypothesis . If
, we fail to
reject . This decision criterion is illustrated in the figure.

The decision procedure could lead to either of two wrong conclusions. For instance, the new
vaccine may be no better than the one now in use (
) and yet, in this particular
randomly selected group of individuals, more than 8 surpass the 2-year period without
contracting the virus. We would be committing an error by rejecting
in favor of
when,
in fact,
is true. Such an error is called a type I error.
Definition: rejection of the null hypothesis when it is true is called a type I error.
A second kind of error is committed if 8 or fewer of the group surpass the 2-year period
successfully and we are unable to conclude that the vaccine is better when it actually is
better (
). Thus, in this case, we fail to reject
when in fact
in fact. This is called
type II error.
Definition: Non-rejection of the null hypothesis when it is false is called a type II error.

Correct decision
Type I error
The probability of type I error

:
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Type II error
Correct decision

The probability of a type II error

:

The probability of committing a type II error, denoted by , is impossible to compute unless
we have a specific alternative hypothesis. If we test the null hypothesis that
against the alternative hypothesis that
, them we are able to compute the
probability of not rejecting
when it is false, in this case

Definition: the power of a test is the probability of rejecting
alternative is true. The power of a test can be computed as
.

given that a specific

How to Avoid Errors
Type I and type II errors are part of the process of hypothesis testing. Although the errors
cannot be completely eliminated, we can minimize one type of error.
Typically, when we try to decrease the probability one type of error, the probability for the
other type increases.
We could decrease the value of alpha from 0.05 to 0.01, corresponding to a 99% level of
confidence. However, if everything else remains the same, then the probability of a type II
error will nearly always increase.
Many times the real world application of our hypothesis test will determine if we are more
accepting of type I or type II errors. This will then be used when we design our statistical
experiment.

3- One and two tailed tests
A test of any statistical hypothesis is called a one-tailed test where the alternative is one
sided
, such as:

A test of any statistical hypothesis is called a two-tailed test where the alternative is two
sided, such as:
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Example: a manufacturer of a certain brand of rice cereal claims that the average saturated
fat content does not exceed 1.5 grams per serving. State the null and alternative hypothesis.

Example: A real estate agent claims that 60% of all private residences being built today are
3-bedroom homes. To test this claim, a large sample of new residences is inspected; the
proportion of these homes with 3-bedrooms is recorded and used as the test statistic. State
the null and alternative.

4- The Use of P-Value for Decision Making in Testing Hypothesis
In testing hypothesis in which the test statistic is discrete, the critical region may be chosen
arbitrarily and its size determined. Over a number of generations of statistical analysis, it had
become customary to choose an of 0.05 or 0.01 and select the critical region accordingly.
One-tailed test:
If

then

will be rejected

If

then

will not be rejected

Two-tailed test:
If

⁄ then

will be rejected

If

⁄ then

will not be rejected

Approach to Hypothesis Testing with Fixed Probability of Type I Error
-

State the null and alternative hypothesis
Choose a fixed significance level
Choose an appropriate test statistic and establish the critical region based on
Reject
if the computed tests statistic is in the critical region. Otherwise, do not
reject
Draw scientific or engineering conclusions

Significance Testing (P-Value Approach)
-

State null and alternative hypothesis
Choose an appropriate test statistic
Compute the P-value based on the computed value of the test statistic
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-

Use judgment based on the P-value and knowledge of the scientific system

5- Single Sample: Tests Concerning a Single Mean (Variance Known)
In this section, we formally consider tests of hypothesis on a single population mean

(
̅
⁄
√

if

⁄

⁄

̅
⁄

⁄

⁄
√

, do not reject

)

, rejection of

, implies acceptance of the

alternative hypothesis
Tests of one-sided hypothesis:

Example: A random sample of 100 recorded deaths in the United states during the past
year showed an average life span of 71.8 years. Assuming a population standard deviation of
8.9 years, does this seem to indicate that the mean life span today is greater than 70 years?
Use a 0.05 level of significance.

Example: A manufacturer of sports equipment has developed a new synthetic fishing line
that the company claims has a mean breaking strength of 8 kilograms with a standard
deviation of 0.5 kilogram. Test the hypothesis that
kilograms against the alternative
that
kilograms if a random sample of 50 lines is tested and found to have a mean
breaking strength of 7.8 kilograms. Use a 0.01 level of significance.
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6- The t statistic for a test on a single mean (Variance Unknown)
For the two sided hypothesis

We reject
⁄

at significance level of

or is less than

when the computed t-statistic

̅
⁄
√

exceeds

⁄

Example: The Edison Electric Institute has published figures on the number of kilowatt hours
used annually by various home appliances. It is claimed that a vacuum cleaner uses an
average of 46 kilowatt hours per year. If a random sample of 12 homes included in a planned
study indicates that vacuum cleaners use an average of 42 kilowatt hours per year with a
standard deviation of 11.9 kilowatt hours, does this suggest at the 0.05 level of significance
that vacuum cleaners use, less than 46 kilowatt hours annually? Assume the population of
kilowatt hours to be normal.

7- Two samples: tests on two Means with known variances
Two independent random samples of sizes
with means and and variances
and
̅

and
.
̅
√
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, respectively, are drown from two populations

8- Two samples: tests on two Means with unknown but equal variances
Two independent random samples of sizes
with means and and sample variances

̅

and
and

̅
√
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, respectively, are drown from two populations
.

Example: An experiment was performed to compare the abrasive wear of two different laminated
materials. 12 pieces of material 1 were tested by exposing each peace to a machine measuring wear.
10 pieces of material 2 were similarly tested. In each case, the depth of wear was observed. The
samples of material 1 gave an average wear of 85 units with a sample standard deviation of 4, while
the samples of material 2 gave an average of 81 with a sample standard deviation of 5. Can we
conclude at the 0.05 level of significance that the abrasive wear of material 1 exceeds that of
material 2 by more than 2 units? Assume that the populations to be approximately normal with
equal variances.

9- Two samples: tests on two Means with unknown but unequal variances
Two independent random samples of sizes
with means and and sample variances

̅

and
and

, respectively, are drown from two populations
.

̅
√

The test procedure is to not reject

when

⁄

⁄

10- Paired Observations
Testing of two means can be accomplished when data are in the form of paired observations for

and

̅
⁄
√
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Example: in a study conducted in the forestry and wildlife Department at Virginia Tech, J. A.
Wesson examined the influence of the drug succinylcholine on the circulation levels of
androgens in the blood. Blood samples were taken from wild, free-ranging deer immediately
after they had received an intramuscular injection of succinylcholine administered using
darts and a capture gun. A second blood sample was obtained from each deer 30 minutes
after the first sample, after which the deer was released. The levels of androgens at time of
capture and 30 minutes later, measured in Nano grams per millimeter, for 15 deer are given
in the table. Assuming that the population of androgen levels at time of injection and 30
minutes later are normally distributed, test at the 0.05 level of significance whether the
androgen concentrations are altered after 30 minutes.
Deer
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Androgen
At time of injection 30 minutes after injection
2.76
7.02
5.18
3.1
2.68
5.44
3.05
3.99
4.10
5.21
7.05
10.26
6.60
13.91
4.79
18.53
7.39
7.91
7.30
4.85
11.78
11.10
3.90
3.74
26.00
94.03
67.48
94.03
17.04
41.70
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11- One sample: test on a single proportion

̂
√
For a two tailed test the critical region is
For the one sided alternative
critical region is

⁄

⁄

.

, the critical region is

and for alternative

, the

Example: a commonly prescribed drug for relieving nervous tension is believed to be only 60%
effective. Experimental results with a new drug administered to a random sample of 100 adults who
were suffering from nervous tension show that 70 received relief. Is this sufficient evidence to
conclude that the new drug is superior to the one commonly prescribed? Use a 0.05 level of
significance.

12- Two samples: test on two proportions

̂

̂
̂

√ ̂̂
For a two tailed test the critical region is
For the one sided alternative

⁄

, the critical region is

⁄

.
and for alternative

, the

critical region is
Example: A vote is to be taken among the residents of a town and the surrounding county to
determine whether a proposed chemical plant should be constructed. The construction site is within
the town limits, and for this reason many voters in the county believe that the proposal will pass
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because of the large proportion of town voters who favor the construction. To determine if there is a
significance difference in the proportions of town voters and county voters favoring the proposal, a
poll is taken. If 120 of 200 town voters favor the proposal and 240 of 500 county residents favor it,
would you agree that the proportion of town voters favoring the proposal is higher than the
proportion of county voters? Use a 0.05 level of significance.

13- One sample tests concerning variance

Where n is the sample size,

is the sample variance, and

is the value of

given by the null

hypothesis.
If

is true,

is a value of chi-square distribution with v=n-1 degrees of freedom.

For a two tailed test, the critical region is

⁄

, the critical region is
the critical region is
.
alternative

⁄

. For the one-sided

, and for the one sided alternative

,

Example: A manufacturer of car batteries claims that the life of the company’s batteries is
approximately normally distributed with a standard deviation equal to 0.9 year. If a random sample
of 10 from these batteries has a standard deviation of 1.2 years, do you think that
year? Use
a 0.05 level of significance.

60

14- Two sample tests concerning variances
Test the equality of the variances

and

of two populations.
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For independent random samples of size
the f-value for testing
F-distribution with

and

, respectively, from the two populations,

is the ratio
and

degrees of freedom.

The critical regions of the one-sided alternatives

and
⁄

or

. For the two-sided alternative

,

are, respectively,
, the critical region is

⁄

Example: An experiment was performed to compare the abrasive wear of two different
laminated materials. 12 pieces of material 1 were tested by exposing each piece to a
machine measuring wear. 10 pieces of material 2 were similarly tested. In each case, the
depth of wear was observed. The samples of material 1 gave an average wear of 85 units
with a sample standard deviation of 4, while the samples of material 2 gave an average of 81
with a sample standard deviation of 5.
Check whether or not that the two unknown population variances were equal. Use a 0.05
level of significance.
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15- Goodness of fit test
The test is based on how good a fit we have between the frequency of occurrence of
observations in an observed sample and the expected frequencies obtained from the
hypothesized distribution.
∑
Where

is a value of chi-squared distribution with v=k-1 degrees of freedom.

If

,

will be rejected.

Example: to illustrate the tossing of a die, we hypothesize that the die is honest, which is
equivalent to testing the hypothesis that the distribution of outcomes is the discrete uniform
⁄

distribution

Suppose that the die is tossed 120 times and each outcome is recorded. Theoretically, if the
die is balanced, we would expect each face to occur 20 times. The results are given as the
following.
Face
Observed
Expected

1
20
20

2
22
20

3
17
20

4
18
20
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5
19
20

6
24
20

16- Test for independency (Categorical Data)
The chi-squared test procedure discussed in the previous part can also be used to test the hypothesis
of independence of two variables of classification.

∑

with
independence at the
If

degrees of freedom. Reject the null hypothesis of
level of significance; otherwise, fail to reject the null hypothesis.

Example: suppose that we wish to determine whether the opinions of the voting residents of
the state of Illinois concerning a new tax reform are independent of their levels of income.
Members of a random sample of 1000 registered voters from the state of Illinois are
classified as to whether they are in a low, medium, or high income bracket and whether or
not they favor the tax reform. The observed frequencies are presented in table below, which
is known as a contingency table.

Tax Reform
For
Against
Total

Low
182
154
336

Medium
213
138
351
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Income level
High

Total
213
110
313

598
402
1000

