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System of Linear Equations
System of two linear equations in two variables can be
represented as a1x+b1y —c,

a,X+b,y=c,
where a;,b,,c,a,,b,,c,eR

A solution of a system of equations in two variables x and y Is an
ordered pair of numbers (x,y), all resulting equations in the system are
true.

The solution set of a system of equations is the set of all solutions of
the system.

There are 3 ways of solving system of linear
equations

1) Graphical method

2)Subst|tut|on method




EXAMPLE 1 Verifying a Solution

Verify that the ordered pair (3, 1) Is the solution

_ _ 2x—y=5
of the system of linear equations - Y

Solution
Replace x by 3 and y by 1.

X+2y=3

2x—y =135 X+2y=35
2(3)-(1)=5 (3)+2(1)=5
6-1=5v 3+2=5V
L) satisfies both equations, so It Is the solution.




1) Solving Systems by Graphing

» Solution of the system of linear equations — any
ordered pair in a system that makes all equations
true.

» When we graph a system of two linear equations in two
variables, one of the following three outcomes will occur.

1) Graphs intersect at one point.

The system is consistent and has one solution. Since
neither equation is a multiple of the other, they are
Independent.




EXAMPLE 1 Solving a System by the Graphical Method

Use the graphical method to solve the system
2x—y=4 (1)

equations -
2x+3y=12 (2)

Solution
Step 1 Graph both equations on the same

coordinate axes.
Find the x- and y-intercepts and graph.

Setx=01In2x-y=4andsolve fory:y=-4

Sety=01In2x—-y =4 and solve for x: x =2

Set Xx=01n2x + 3y =12 and solve fory:y =4
et Y=l 2x + 3y = 12 and solve for x: x = 6




Step 2  Find the point(s) of T s S B S 4 S

Intersection of the two

graphs.
The point of intersection for the 2 .o 563, 2)

two graphs is (3, 2).

Step 3 Check your solution(s).
Replace x by 3 and y by 2. .

2x—y=4 2x+3y=12
2(3)-2=4  2(3)+3(2)=12
6-2=4 6+6=12
Yes Yes

tep4 Write the solution set for the system.

QG solution set is {(3, 2)}.




ii) Graphs are parallel.

When two lines are parallel, there are no points of
Intersection. The system is inconsistent because
there is no solution. Since the equations are not
equivalent, they are independent.




Systems with No Solutions

» Solve by graphing.y = -2x + 1
y =-2X -1

The lines are parallel, so there is no solution.




iii) Equations have the same graph.

The system is consistent and has an infinite
number of solutions. The equations are
dependent since they are equivalent.

'y




Systems with Infinitely Many Solutions

» Solve by graphing. 2x + 4y = 8§

1
=——X+2
Y 2

¥

B

1 - o
(9,0}

The graphs are the same line. There are infinitely many
solutions.




Numbers of Solutions of Systems of
Linear Equations

» Different slopes - the lines intersect, so
there is one solution.

» Same slope, different y-intercepts - the
lines are parallel, so there are no solutions.

» Same slope, same y-intercept - the lines are
the same so there are infinitely many
solutions.




»  Solve by graphing. Check your solution.

. y=X+2 2. y=1
y =-2X + 2 y = X

»  Graph each system. Tell whether the system has
one solution, no solution, or infinitely many
solutions.

3. Yy =2X 4., y=-3x + 1
y=2X-5 y=3X+7



2) Solving Systems Using Substitution

Another method for solving systems of equations is the
substitution method.

Step 1.

Step 2.

Step 3.
Step 4.

Solve for one variable. Choose one of the
equations, and express one of the variables in terms
of the other variable.

Substitute. Substitute the expression obtained in
Step 1 into the other equation to obtain an equation
In one variable.

Solve the equation obtained in Step 2.

Back-substitute. Substitute the value(s) you
obtained in Step 3 back into the expression you
found in Step 1. This gives the solutions.

heck. Check your answer(s) in the original

2 Jual



EXAMPLE 1 Solve by substitution

Solve by substitution . 3x—2y=—17
X+y=3
Stepl. Let's solve for x in the second equation: x+y=23
Subtract y from both sides x=3—y

Step2. Now substitute 3 —) in the place of ¥ in the first equation.
33-1)—2v=-1

Step3. Solve this equation fory

Remove parentheses: 9-3yv-2y=-1
Collect like terms: 9 -5y =-1
Subtract 2 from both sides =5y =-10
Divide both sides by 5 y=2
Step4. Now substitute back into the equation 2 from part 1:
y=3-2=1

So the solution to the systemis (1.2)

Step5. Check your result !!&



EXAMPLE 2 Solve by substitution

Solve using the substitution method.

Jy+2x=4
-ox +y=-7
Solution:
Step 1-Solve the second equation for y because it has a coefficient of 1.
-ox +y =-7
y=6x—7
Step 2-Write an equation containing only one variable and solve.
3y +2x=4

36x—-7)+2x=4
18x — 21 +2x =4
20x—21=4
20x =25 = x=1.25
Step 3 - Solve for the other variable in either equation.
-6(1.25) +y =-7
-15+y=-7 = y=05
Since x = 1.25 and y = 0.5, the solution is (1.25, 0.5).



EXAMPLE 3 Solve by substitution

Solve by substitution 3x+2y=1711
y=x+3
Solution.
1. They have already solve for y in the second equation.
So say "thank you" and proceed.
2. Now substitute x+23 in the place of y in the first
eqguation.
3xX+2(x+3)=11
3. Solve this equation:
Remove parentheses: 3x+2x+6=11
Collect like terms: Sx+6=11
Subtract 6 from both sides 5x=5
Divide both sides by 5
4. Now substitute back into the equation from part 1:
y=1+3=4
to the system is (1,4)




EXAMPLE 4 Solve by substitution

Solve by substitution x=2y—3

2X—3y=—5
Solution:
1. They have already solve for x in the first equation. So
say "thank you" and proceed.
2. Now substitute 2y—3in the place of x in the second
eqguation.

2Q2Qy—3)-3y=-5
3. Solve this equation: 4y—6—-3y=-—5

y—6=—5
y=1

4. Now substitute back into the equation from part 1:

x=2(1)-3=-1
So the solution to the system is (-1,1)




EXAMPLE 5 Solve by substitution

Solve by substitution y=2-3x
6X+2y=7
Solution.
1. They have already solve for y in the first equation. So
say "thank you" and proceed.
2. Now substitute 2—3x in the place of y in the second
eqguation.
ox+2(2—3x)=7
3. Solve this equation:
bXx+4—6x=/
4=7
This is called a contradiction.
So there is no solution. The system is inconsistent.




EXAMPLE 6 Solve by substitution

Solve by substitution 3x+4y=18

2x—y=1
Solution.
1. Let's solve for y in the second equation:
y=2x—1

2. Now substitute 2x—7 in the place of yin the
first equation. 3x+42x—1)=18
3. Solve this equation: 3x+8x—4=178

11 x=22
xX=2
4. Now substitute back into the equation y=2x—17
from part 1:
y=23

So the solution to the system is (2,3)




EXAMPLE 7 Solve by substitution

Solve by substitution 3 x+y=4

Ix+3y=12
Solution:
1. Let's solve for y in the first equation.
y=4—3x

2. Now substitute 4—3 x in the place of y in the second
eqguation.

OX+3(4—3x)=12
3. Solve this equation: Ox+72-9x=12
12=12
This is always true. So any value of x will work. So the
system has infinitely many solutions! The system is
dependent.




Attempting to Solve an Inconsistent System of
EXAMPLE 8 Equations

Solve the system of equations.
Cx+y=3 (O
2x+2y=9 (2)

9

Solution
Step 1. Solve equation (1) for y In terms of x.

x+ y=3
y=3—x
Step 2. Substitute into equation (2).
2x+2y=9

+2(3-x)=9




Attempting to Solve an Inconsistent System of
EXAMPLE 8 Equations

Solution continued
2X+6-2x=9 g
0=3

Since the equation 0 = 3
IS false, the system is
Inconsistent. The lines
are parallel, do not
Intersect and the system — o
1as no solution. ~1F

1




3) Solving Systems Using Elimination

You can use the Addition and Subtraction Properties of Equality
to solve a system by using the elimination method.

Step 1. Decide which variable you wish to eliminate.

Step 2. Multiply each equation by a number that will make
the coefficients of the chosen variable the same in value

but opposite in sign.

Step 3. Add the two new equations together. This eliminates
your chosen variable.

Step 4. Solve for the remaining variable in this new equation.

Step 5. Substitute this value for the variable back into one of the
original equations. This is called back substitution.

N \\\\ .
,;
X W\ \/
X \ o



EXAMPLE Using the Elimination method

Solve the system. 3y — 4y =12 (1)
4
2x+5y=10 (2)

Solution
Stepl  Select the variable y for elimination.
15x—-20y =060
3x+20y=40
Step 2 23x =100
100
Step 3 X =

23




Step 4 Back-substitute y — @ In equation (2).

23
2x+5y=10
|
Z(EJ +5y=10
23
2
5y=10— 00 _ 30
23 23
_6
Y73
_ _ [100 6)
Step5 The solution set is 3 i)
Step6  You can verify that x = % and

6
—= — satisfy both equations (1) and (2).



EXAMPLE 1 Solve by elimination

Elimination by Addition

» For our system, we will seek
to eliminate the x variable.
The coefficients are 2 and -5.
Our goal is to obtain

2X-1y=3
_)
-5X+3y=7

- 5(2x-7y) =5(3) }

.. { —>
coefficients of x that are / 2(-5x+3y)=2(7)
additive inverses of each .

other.

- 10x—35y:15}

» We can accomplish this by / —-10x+6y =14

multiplying the first equation
by 5, and the second equation
by 2.

» Next, we can add the two
equations to eliminate_the x-

Ox—-29y =29 >
y=-1

- 2x-7(-1)£3—>
2X+1=3—>

variable.

»
>

into original (=2,-1)



EXAMPLE 2 Solve by elimination

Solve by elimination. 5x — 6y =-32
3X + 6y =48

Step 1-2-3 — Eliminate y pecause the sum of the coefficients of y
Is zero. oX — oy = -32

3x + 6y =48
8x+ 0 =16
step4 8Xx =16 = x =2

Step5 — Solve for the eliminated variable y using either of the
original equations. 3x + 6y =48
3(2) + 6y = 48
6 + 6y =48
oy =42 > y=7.
Since x=2andy =7, the solution is (2, 7).
CHECK5(2) — 6(7) = -32

10 -42 =-32
-32

-32
e e e ERERERRRRRRRRRRR R NN L. -



EXAMPLE 3 Solve by elimination

Solve by the elimination. 2x + 5y = -22
10x + 3y = 22
Solution: Stepl-Eliminate one variable. Start with the given system.
2X + 3y = -22
10x + 3y = 22
Step2- To prepare for eliminating x, multiply the first equation by 5.
5 (2x + 5y =-22)
Step3-Subtract the equations to eliminate x. Ox + 25y =-110
1&< +3y = 22
+ 22y =-132

Step 4 - Solvefory. 0 +22y=-132
22y =-132 = y=-6
Step 5 — Solve for the eliminated variable using either of the original
equations. 2X + by = -22
2X + 5(-6) = -22
2X — 30 =-22
2Xx=8 =» x=4 Thesolutionis (4, -6).



EXAMPLE 4 Solve by elimination

Solve by the elimination 4x + 2y = 14
/x—3y= -8
Solution:Step 1 — Eliminate one variable. Start with the given system.
dx+ 2y =14
/x—3y= -8
Step2-To prepare for eliminating y, multiply the first equation by 3 and
the other equation by 2. 3(4x + 2y = 14)

2(7x — 3y = -8)
Step3-Add the equations to eliminate . 12X + Gy = 42
14X — %/ =-16
26x + 0 = 26

Step 4 — Solve forx. 26x=26 = x=1
Step 5 — Solve for the eliminated variable y using either of the original
equations. Ix + 2y = 14
41)+2y =14
4+2y=14
2y =10 = y=5 The solutionis (1, 5).



EXAMPLE 5 Solve by elimination

Solve the system by the Elimination method
3x—2y=—1
X+y=3
Solution.:
1. Let's eliminate .

2. Multiply equation 2 by 2. Leave equation 1 as it is:

3x—2y=—1
2X+2y=6
3. Add the two equations together: 5x=5
4. Solve for x in this equation. x=1
5. Back substitute in the second equation.
1+y=3
y=2

Solution is (1,2)
ack the solution:
\‘ - ;';. : 3.1-2.2=—1




EXAMPLE 6 Solve by elimination

Solve the system by the Elimination method
xX—2y=4
IX+4y=2

1. Let's eliminate y.

2. Multiply equation 1 by 2
2X—4y=8
IX+4y=2

3. Add the two equations together:
5x=10

4. Solve for x in this equation:
X=2

5. Back substitute in the first equation.




EXAMPLE 7 Solve by elimination

Solve by the elimination method:
X+3y=2
IX+9y=6
Solution:
1. Let's eliminate y
2. Multiply equation the first equation by —3
—3Xx—9y=—6
IX+9y=6
3. Add the two equations together:
0=0
This is always true so the system is dependent. There are
infinitely many solutions.




EXAMPLE 7 Solve by elimination

Solve by the elimination method:
2X+4y=3
IX+6y=8
1. Let's eliminate x.
2. Multiply equation 1 by -3 and multiply equation 2 by 2
—bx—12y=—9
bx+12y=16
3. Add the two equations together:
0=7
This is a contradiction. The system is inconsistent. There
are no solutions




EXAMPLE 9 Finding the Equilibrium Point application

Find the equilibrium point if the supply and demand functions for a
new brand of digital video recorder (DVR) are given by the system

p=60+0.0012x (1)
»=280-0.0008x (2)

where p Is the price in dollars and x is the number of units.
Solution

Substitute the value of p from equation (1) into equation (2) and
solve the resulting equation. = 80— 0.0008x

60 +0.0012x =80 - 0.0008x
0.0012x =20—-0.0008x

To find the price p back-substitute 0.002;0: 20
X=———=
0.002

x=10,000



p=60+0.0012x

=60 +0.0012(10,000)
=72
PA

The equilibrium point is 80 Eqﬁgb(%%mg;nm
(10,000, 72). o
You can verify that this 70
point satisfies both
equations. 60¢= Supply

| | S
0 5,000 10,000 15,000 x




EXAMPLE 10 Finding the Equilibrium Point application

Find the equilibrium point if the supply and demand functions are
given by the system 3

=——qg+2 1
P =700 (1)

___I +12 (2)
P="7001

where p Is the price in dollars and g is the number of units.
Solution

Substitute the value of p from equation (1) into equation (2) and
solve the resulting equation.

To find the price p back-substitute 3
g = 100. —q+2=—-qg+12

3
— 2 (100)42=5 =10
P=150100)+ !




The equilibrium point is
(100, 5).

You can verify that this
point satisfies both
equations.

100 1200/7



Systems of Linear Equations in Three Variables

Definitions

Alinear equation in the variables X, X, ..., X, IS @n equation
that can be written in the form.

ax,+a,x,+..+ax =b.
where b and the coefficients a, a,, ..., a,, are real numbers. The

subscript n may be any positive integer.

A system of linear equations (or a linear system) in three
variables is a collection of two or more linear equations
Involving the same variables.

An ordered triple (a, b, ¢) is a solution of a system of three
equations in three variables x, y, and z if each equation in the

system is a true statement when a, b, and c are substituted for
X, Yy, and z respectively.




Solve

EXAMPLE 1 Solving Three - Variable Linear System

(dr+ v =3 (30)

{—x+2y+2z=1 (31) J
X y—3z=—6 (32)

A
(S

h

Solution: Thissystem consists of three linear equationsin three variables. From
Equation (32). x = y+ 3z — 6. By substituting for x in Equations (30) and (31),

we obtain

Simplifying gives

M

[ 2y +3z-6+y+tz=3
—{y+3z—6)+2y+2z=
\ Y= y43z—6

3y +Tz=15 (33) -
| (34)




.l

Note that x does not appear in Equations (33) and (34). Since any solution qf
~ the original systern must satisfy Equations (33) and (34), we shall consider theit :

solution first:
3y +T2=15 (33) 5
y— =3 (34)

From Equation (34). y = z—35. This means that we can replace Equation (33) by

PN PR

Hz~5)+Te=15 that is T=3

% b

H

1

[
]
v

L

Since z is 3. we can replace Equation (34) with y = —2. Hence. the previous

K
T

system is equivalent to ‘; i i,}
T==3
The original system becomes [/, _ 9
x=y+3z—-6
from which x = 1, The soiutionjis X =1,y = —2, and z = 3, which you should

verify.



