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Normal Distribution 

If Probability Density Function of a continuous random variable like X with parameters 𝜇 and 𝜎2 is: 

𝑓(𝑋) =
1

√2𝜋𝜎2
𝑒

−
(𝑥−𝜇)2

2𝜎2                 − ∞ < 𝑥 < +∞ 

We can say that variable is normally distributed 

parameters 𝜇 and 𝜎2 are mean and variance of random variable 

 

 
 

Standard Normal Distribution 

The distribution of normal random variable with mean 0 and variance 1 is called a standard normal 

distribution (Z). 

𝑍 =
𝑋 − 𝜇

𝜎
      →   𝑓(𝑍) =

1

√2𝜋
𝑒−

𝑍2

2                 − ∞ < 𝑍 < +∞ 

 

A standard normal table, also called the unit normal table or Z table, is a mathematical table for the 

values of Φ, which are the values of the cumulative distribution function of the normal distribution. It 

is used to find the probability that a statistic is observed below, above, or between values on the 

standard normal distribution, and by extension, any normal distribution. Since probability tables 

cannot be printed for every normal distribution, as there are an infinite variety of normal 

distributions, it is common practice to convert a normal to a standard normal and then use the 

standard normal table to find probabilities . 

𝑝(𝑍 < 𝑧) = 𝜑(𝑧) 

 

𝑝(𝑍 > 𝑧) = 1 − 𝑝(𝑍 < 𝑧) 

 

 

https://en.wikipedia.org/wiki/Mathematical_table
https://en.wikipedia.org/wiki/Cumulative_distribution_function
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Probability
https://en.wikipedia.org/wiki/Statistic
https://en.wikipedia.org/wiki/Standard_normal_distribution
https://en.wikipedia.org/wiki/Normal_distribution
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𝑝(𝑧 < 1.00) = 𝜑(1) = 0.8413 

𝑝(𝑧 > 1.25) = 1 − 𝑝(𝑧 < 1.25) = 1 − 𝜑(1.25) = 1 − 0.8944 = 0.1056 
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𝑝(𝑧 ≤ 2.20) = 𝜑(2.2) = 0.9861 

𝑝(𝑧 > 0.25) = 1 − 𝑝(𝑧 < 0.25) = 1 − 𝜑(0.25) = 1 − 0.5987 = 0.4013 
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𝑝(𝑧 ≤ −0.64) = 𝜑(−0.64) = 0.2611 

𝑝(𝑧 > −1.95) = 1 − 𝑝(𝑧 < −1.95) = 1 − 𝜑(−1.95) = 1 − 0.0256 = 0.9744 
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𝑝(𝑧 > −3.55) = 1 − 𝑝(𝑧 < −3.55) = 1 − 0.0000 ≅ 1 

Example: a certain type of storage battery lasts, on average, 3 years with standard deviation of 0.5 

year. Assume that the battery lives are normally distributed. Find 

- Probability that a given battery will last less than 2.3 years 

- Probability that a given battery will last more than or equal 3.3 years 

 

𝑝(𝑥 < 2.3) = 𝑝 (
𝑥 − 𝜇

𝜎
<

2.3 − 3

0.5
) = 𝑝(𝑧 < −1.4) = 𝜑(−1.4) = 0.0808 

𝑝(𝑥 > 3.3) = 1 − 𝑝(𝑥 < 3.3) = 1 − 𝑝 (
𝑥 − 𝜇

𝜎
<

3.3 − 3

0.5
) = 1 − 𝑝(𝑧 < 0.6)

= 1 − 0.7257 = 0.2743 
 

 

Example: an electrical firm produces light bulbs that their lives before burn-out, are normally 

distributed with mean 𝜇 = 800 ℎ𝑟𝑠 and variance 𝜎2 = 1600 ℎ𝑟𝑠. Find  

- Probability that a bulb burn between 778 and 834 hours 

 

𝑝(778 < 𝑥 < 834) = 𝑝 (
778 − 800

40
<

𝑥 − 𝜇

𝜎
<

834 − 800

40
)

= 𝑝(−0.55 < 𝑧 < 0.85) = 𝑝(𝑧 < 0.85) − 𝑝(𝑧 < −0.55)

= 0.8023 − 0.2912 = 0.5114 
 

Example: an electrical firm produces two type of light bulbs that their lives before burn-out, are 

normally distributed with mean 𝜇 = 800 & 700 ℎ𝑟𝑠 and variance 𝜎2 = 1600 & 1400 ℎ𝑟𝑠. Find  

- Probability that total life of two bulbs will exceed 1700 hours 

- Probability that difference life of two bulbs will not exceed 50 hours 

 

𝑝(𝑥 + 𝑦 > 1700) = (
(𝑥 + 𝑦) − 𝜇𝑥+𝑦

𝜎𝑥+𝑦
>

1700 − 1500

√3000
) = 𝑝 (𝑧 >

200

54.77
)

= 𝑝(𝑧 > 3.65) = 1 − 𝑝(𝑧 < 3.65) = 1 − 1 = 0 

 

𝜇𝑥+𝑦 = 𝜇𝑥 + 𝜇𝑦 = 800 + 700 = 1500 

𝜎2
𝑥+𝑦 = 𝜎2

𝑥 + 𝜎2
𝑦 = 1600 + 1400 = 3000 

 

𝑝(𝑥 − 𝑦 < 50) = (
(𝑥 − 𝑦) − 𝜇𝑥−𝑦

𝜎𝑥−𝑦
<

50 − 100

√3000
) = 𝑝 (𝑧 <

050

54.77
)

= 𝑝(𝑧 < −0.91) = 0.1814 

 

𝜇𝑥−𝑦 = 𝜇𝑥 − 𝜇𝑦 = 800 − 700 = 100 

𝜎2
𝑥−𝑦 = 𝜎2

𝑥 + 𝜎2
𝑦 = 1600 + 1400 = 3000 
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Central Limit Theorem: 

The sum of large number of independent random variables is approximately normally distributed. 

Let 𝑥1, 𝑥2, … , 𝑥𝑛 be a sample from a population having 𝑚𝑒𝑎𝑛 = 𝜇 and 𝑠𝑑 = 𝜎. 

For 𝑛 large, the sum of 𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛 will approximately have a normal distribution with mean 

𝑛𝜇 and 𝑠𝑑 = 𝜎√𝑛. 

Example: An assurance company  has 10,000 automobile policy holders, if the expected yearly claim 

per policy holder is 260$ with standard deviation of 800$, approximate the probability that total 

yearly claim exceeds 2.8$ million. 

𝑦 = ∑ 𝑥𝑖

10000

𝑖=1

~𝑁(𝑛𝜇, 𝜎√𝑛)~𝑁(260 ∗ 104, 8 × 104) 

𝑝(𝑦 > 2.8 × 106) = 𝑝 (
𝑦 − �̅�

𝜎𝑦
>

2.8 × 106 − 2.6 × 106

8 × 104
) = 𝑝(𝑧 > 2.5) = 1 − 𝑝(𝑧 < 2.5)

= 1 − 0.9938 = 0.0062 

When n is large (𝒏 > 𝟑𝟎) then �̅�~ 𝑵(𝝁,
𝝈

√𝒏
) 

Example: The blood cholesterol level of a population of workers has mean equal 202 and standard 

deviation equal 14. If a sample of 36 workers is selected, approximate the probability that sample 

mean of their blood cholesterol level will be between 198 and 206. 

�̅�~𝑁 (𝜇,
𝜎

√𝑛
) ~𝑁(202,

14

√36
) 

𝑝(198 < �̅� < 206) = 𝑝 (
198 − 202

14
√36

⁄
<

�̅� − 𝜇
𝜎

√𝑛⁄
<

206 − 202

14
√36

⁄
) = 𝑝(−1.71 < 𝑧 < 1.71)

= 𝑝(𝑧 < 1.71) − 𝑝(𝑧 < −1.71) = 0.9564 − 0.0436 = 0.9128 

 

 

Note 1: for central limit theorem 𝑛 ≥ 30 is enough 

Note 2 : if the underlying population distribution is normal, then the sample mean �̅� will also be 

normal. No matter what the sample size is.  

 

 

 

 


